CHUNG-ANG UNIVERSITY
Linear Algebra Spring 2014

Solutions to Problem Set #4

Practice Problems

Problem 4.1

For what values of a, if any, is the vector vI' = [8c, —2] parallel to the vector u” = [4, —1]?

Answer

a=1

Problem 4.2

Let u and v be the following vectors:
u=[2 1,01, -11%; v=[-2, 3, 1,0, 27

and let
c=1[-8,8 3 -1, 77T

Find scalars a and b such that
au—+bv=c

Answer

b=3; a=-4+b=-1

Problem 4.3
Let P be the point (2, 3, —2) and @ the point (7, —4, 1).

(a) Find the midpoint of the line segment connecting P and Q.
(b) Find the point on the line segment connecting P and @ that is 3/4 of the way from P to Q.

Answer

(a) The midpoint between P and Q is
R

3(P+Q)=309-1,-1)
(b) The point that lies 3/4 of the way from P to Q is
R=3(P+3Q) = $(23,-9,1)

Problem 4.4

Let u and v be the following vectors,
u=[2 -1, 4,1, 0, 6, =3, 1]*
v=1[-2, -1,2, 3,7 2 -5 1]



(a) Find the (Euclidean) distance between u and v.
(b) Find the cosine of the angle between u and v.

(¢) Find a vector that is orthogonal to both u and v.

Answer

(a) The distance between u and v is

d(u,v) = /(42 + (0)% + (=6)2 + (=2)> + (=7)2 + (4> + (2)2 + (0)> = V125

(b) The cosine of the angle is

cosf =

V6897

(¢) The following vector is orthogonal to both u and v:

w=][0,1,0,0,0, 0,0, 1]"

Regular Problems (To be turned in for grading)

Problem 4.1*

Find a unit vector that is orthogonal to the vectors

u=[1,2 -1, 3T, v=[-1,0, 4, -1

Solution

We want to find a vector w that is orthogonal to u and v, or
w-u=0; w-v=0

If we let w = [w1, wa, w3, wa]”, then we may write these two equations in matrix form as follows,

1 2 -1 37| w | _
-1 0 4 -1 wy |

To find a solution to these two equations, we form the augmented matrix and then reduce it to row echelon
form,

1 2 -1 3 0 1 2 -1 3 0
-1 0 4 -1 0 0 2 3 2 0

So, ws and w4 are free variables. To find a vector that is orthogonal to u and v, let ws = 0 and w4 = 1 (these
can be any values as long as both are not equal to zero). Then, from the second equation that corresponds
to the second row in the augmented matrix, we have

2w + 3ws + 2ws =0 = wy = —1
and the equation corresponding to the first row of the augmented matrix we have
w1 +2we — w3 + 3wy =0 = w1 = —1

Therefore,
w=[-1, -1, 0, 1]"



Since we want a unit vector that is orthogonal to w and v, then we need to divide by the norm of this vector,
Iwl=v3

which gives
w = i[—l, -1, 0, 1]°

V3

Problem 4.2*

Find a point-normal form equation for a plane that passes through the point

P=(1,1, 4)
and is normal to the vector
n=[1,9, 87
Solution
The point-normal form equation for a plane that passes through a point P = (z1,z2,...,xp) that is normal
to the vector n = [n1,n2,...,np|7 is

ni(x —z1) +ne(x—x2)+ -+ np(z—2p) =0
Therefore, the point-normal form equation for a plane that passes through the point
P=(1,1, 4)
that is normal to the vector
n=[1,09, 8"
is
(x1 —1) +9(z2 — 1)+ 8(xz3 —4) =0

or
x1 + 922 + 8xz = 42

Problem 4.3

In each part below you are given a pair of linear equations that represent planes in R2. For each,
determine whether or not the planes are parallel, orthogonal, or neither.

(a)
r— 4dy—32=2

3r—12y — 92 =7

20 +3y— 2=6
r—4dy+4z=1

3xr+ y—22=26
20 —4y+ z2=0

Solution




(a) Note that the first plane is orthogonal to the vector
ni =[1, -4, -3]"
while the second plane is orthogonal to
ny = [3, —12, —9]"

Since
n; -no =3+48 427 =178

the planes are not orthogonal. However, since
[y ||nz] = V26v234 = 78

then
n; - n2 = |n|[n2|

Therefore, n; and n2 point in the same direction, so the planes are parallel.

(b) The first plane is orthogonal to the vector
n =[2, 3 —1]"
while the second plane is orthogonal to
no =[1, —4, 4"

Since
n-n,=2-12—-4=-14

then the planes are not orthogonal, and since
[z = vV14v33 # ni - ny

then the planes are not parallel.

(¢) The first plane is orthogonal to the vector
n =[3, 1, —2]"
while the second plane is orthogonal to
ny = [2, -4, 1]”

Since
n1~n2:6—4—2:0

then the two planes are orthogonal.

Problem 4.4%

Find |proj,ul, the projection of u onto the vector a, when

u=[1, -1, 0)7; a=12, 0, 1]7

Solution

The projection of u onto a is a vector in the direction of a with a length that makes the vector u — proj,(u)
orthogonal to a. The projection is given by

. (u,a)

With (u,a) = 2 and |a||®> = 5, then

2 2
pI'Oja(u) = ga = 5[27 07 1]T



and

—5

=2
25

, 4
[projaul® = 5= l[2, 0, 1]
SO

Iprojaul =

2
V5

Problem 4.5*
Find the component of the vector u along the vector a and the vector component of u that is
orthogonal to a when

(a) u=[3, -1, 2JT and a =1, 3, 0].
(b) u=1[5,0, -3, 7T anda=1[2, 1, -1, —1]7.

Solution

(a) The component of u = [3, —1, 2]7 along the vector a = [1, 3, 0]7 is the projection of u onto a, which
is

: (u,a)
proj,(u) = a
llall?
However, note that
(u,a) =0

which says that u and a are orthogonal. Therefore, there is no component of u along a

(b) With

(u,a) =6
and
la]* =7
it follows that the projection of u onto a is
(u,a) 6

y = =22, 1, -1, =17
pro.]a(u) ||aH2 a 7[ k] ) bl }

The component of u that is orthogonal to a is

6

u = proj(u) = [5, 0, =3, 71" = Z[2, 1, =1, —1]" = (23, =6, 15, 55]"

~ -

As a check, you can verify that these two vectors are orthogonal.

Problem 4.6*
Find the distance between the point P = (2, 1, 3) and the plane

3r—y—22=6

Solution

Given a hyperplane in R® defined by the following equation

T
nx+c=a1x1+ axe +azxrs+c=0

and given any point p = (p1,p2,ps) in R™, the distance from p to the plane is

_ |a1p1 + azp2 + asps + ¢|

2 2 2
vai+a;+az

D




We are given a plane defined by the equation
3r—y—22=6
Therefore, the distance of the point P = (2, 1, 3) to the plane is

2B+ (=D +B)(=2)—6] _ 7
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Problem 4.7%

Find the distance between the two parallel planes

20— y— z=25
—4x+ 2y + 22z =12

Solution

To find the distance between two parallel planes, all we need to do is select on point in one of the planes,
and find the distance from that point to the other plane. So, we can clearly see that P = (0, 0, 6) is a point
in the second plane, and the distance from this point to the first plane is

2)(0) + (=1)(0) + (=1)(6) —5] _ 11
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