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PREFACE

This book is the result of teaching applied mathematics courses to un-
dergraduate students at Harvard. The emphasis is on using certain con-
cepts of mathematics for applications that often arise in scientific and en-
gineering problems. In typical books of applied mathematics, when all the
details of the mathematical derivations and subtleties are included, the
text becomes too formal; students usually have a hard time extracting the
useful information from the text in a way that is easy to digest. Here I
tried to maintain some of the less-than-formal character of a lecture, with
more emphasis on examples rather than the exact statement and proof of
mathematical theorems.

Mathematics is the language of science. Someone can learn a new
language in a formal way and have a deep knowledge of the many aspects
of the language (grammar, literature, etc.). This takes a lot of effort and,
at least in the beginning, can be rather tiresome. On the other hand,
one can pick up the essentials of a language and develop the ability to
communicate effectively in this language without a deep knowledge of all
its richness. The contents of this book are a study guide for such a quick
familirization with some topics in applied mathematics that can be very
handy in science and engineering. It is a bit like learning a language at
a street-smart level, without being exposed to its fine points. Of course
much is missed this way. But the satisfaction of being able to quickly and
effectively use the language for new experiences may compensate for this.
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Chapter 1

Functions of real variables

In this chapter we give a very brief review of the basic concepts related to
functions of real variables, as these pertain to our subsequent discussion
of functions of complex variables. There are two aspects of interest: the
fact that a function implies a mapping, and the fact that functions can be
approximated by series expansions of simpler functions.

1.1 Functions as mappings

A function f(z) of the real number z is defined as the mathematical object
which for a given value of the variable x takes some other real value. The
variable x is called the argument of the function. Some familiar examples
of functions are:

f(z) = ¢, c:real constant (1.1)
f(z) = ax+b, a,b:real constants (1.2)
f(x) = ag+ aix +agx* +--- 4 a,2™, a, :real constants (1.3)

The first is a constant function, the second represents a line, the third is a
general polynomial in powers of the variable z, called n*" order polynomial
by the largest power of x that appears in it.

A useful set of functions of a real variable are the trigonometric func-
tions. Since we will be dealing with these functions frequently and exten-
sively in the following chapters, we recall here some of their properties.
The two basic trigonometric functions are defined by the projections of a
radius of the unit circle, centered at the origin, which lies at an angle 6 with
respect to the horizontal axis (€ here is measured in radians), onto the ver-
tical and horizontal axes; these are called the “sine” (sin(f)) and “cosine”

bt
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Figure 1.1:  The definition of the basic trigonometric functions in the unit
cirlce.

(cos(#)) functions, respectively. Additional functions can be defined by the
line segments where the ray at angle # with respect to the horizontal axis
intersects the two axes that are parallel to the vertical and horizontal axes
and tangent to the unit circle; these are called the “tangent” (tan(f)) and
“cotangent” (cot(6)) functions, respectively. These definitions are shown
in Fig. 1.1. From the definitions, we can deduce

sin(6) cos(0)
tan(f) = t(0) = 1.4
an(6) cos(6)’ ot(6) sin(6) (1.4)
The following relation links the values of the sine and cosine functions:
sin?(#) + cos?(0) = 1 (1.5)

From their definition, it is evident that the trigonometric functions are
periodic in the argument 6 with a period of 27, that is, if the argument of
any of these functions is changed by an integer multiple of 27 the value of
the function does not change:

sin(0 + 2km) = sin(f), cos(f + 2kw) = cos(#), k: integer (1.6)

Moreover, by geometric arguments, a number of useful relations between
trigonometric functions of different arguments can be easily established,



1.1. FUNCTIONS AS MAPPINGS 7

for example:

cos(fy; +63) = cos(f;) cos(fy) — sin(6,) sin(6s) (1.7)
= cos(20) = cos*(f) — sin*(6)

sin(y + 02) = cos(6y)sin(6z) + sin(6;) cos(62) (1.8)
= sin(26) = 2 cos(#) sin ()

Another very useful function is the exponential exp(x) = e”, defined as
a limit of a simpler function that involves powers of x.

f(x) = e = Jim (1 + %)N (1.9)

Other important functions that are defined through the exponential, are
the so-called hyperbolic sine (sinh(z)) and hyperbolic cosine (cosh(z)) func-
tions:

f(@) = cosh(z) = ze_x (1.10)
flz) = sinh(x):em;e_m (1.11)

Note that, from their definition, it is easy to show that the hyperbolic sine
and cosine functions satisfy

cosh?(z) — sinh?(x) = 1 (1.12)

which is reminiscent of the relation between the sine and cosine functions,
Eq. (1.5). We can also define the so-called hyperbolic tangent (tanh(z))
and cotangent (coth(x)) functions as:

sinh(z) e —e™*
tanh = = 1.13
anh(z) cosh(z) e*+e™® (1.13)
cosh(z) e +e*
th = = 1.14
coth(z) sinh(z) e*—e™® (1.14)

by analogy to the trigonometric sine and cosine functions. The exponential
and the hyperbolic functions are not periodic functions of the argument x.

The inverse of the mathematical object we called a function is not
necessarily a function: For the first example, every value of the variable
x gives the same value for the function, namely ¢, that is, if we know the
value of the argument we know the value of the function, as it should be
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Examples of functions 1

In[1]:= Plot [Exp[Xx], {X, -2, 2}]
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__///1'

-2 -1 1 2
Qut[1]= - G aphics -
Inf2]:=
Pl ot [Cosh[x], {x, -2, 2}]
3.5
3
2.5
2
1.5
-2 -1 1 2
Qut[2]= -G aphics -
In[3]:= Plot [Sinh[x], {X, -2, 2}]
3
2
1
2 -1 1 2
-1
-2
-3

Qut[3]= -G aphics -

Figure 1.2: The exponential function and the hyperbolic cosine and sine func-
tions for values of the argument in the range [—2,2].
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according to the definition. But, if we know the value of the function f(z),
we cannot tell from which value of the argument it was obtained, since all
values of the argument give the same value for the function. In some of
the other examples, the relation can be inverted, that is, if we know the
value of the function f(x) = y, we can uniquely determine the value of the
argument that produced it, as in the second example, Eq. (1.2):

y—2>b
a

y=ar+b=x= (1.15)

assuming a # 0 (otherwise the function would be a constant, just like Eq.
(1.1)). Thus, a function takes us unambiguously from the value of = to
the value of y = f(x), for all values of x in the domain of the function (the
domain being the set of = values where the function is well defined), but
not necessarily in the opposite direction (from y to ). If the relation can
be inverted, then we can obtain x from the inverse function, denoted by
=1, evaluated at the value of the original function y:

fla)y=y=z=[f""(y) (1.16)

This brings us to the idea of mapping. A function represents the map-
ping of the set of real values (denoted by the argument x) to another set
of real values. A given value of the argument x gets mapped to a precise
value, which we denote by f(x) or y. If each value of x gets mapped to
one and only one value y, then the relation can be inverted (as in the
second example, Eq. (1.2)), otherwise it cannot (as in the first example,
Eq. (1.1)). The mapping can be visualized by plotting the values of the
function y = f(z) on a vertical axis, for each value of the argument z on
a horizontal axis. Examples of plots produced by the familiar functions in
Eq. (1.9) - (1.11) are shown in Fig. 1.2.

These plots give a handy way of determining whether the relation can
be inverted or not: Draw a horizontal line (parallel to the = axis) that
intersects the vertical axis at an arbitrary value; this corresponds to some
value of the function. If this line intersects the plot of the function only
once, the relation can be inverted; otherwise it cannot. For example, it is
obvious from the plot of the exponential function, Eq. (1.9), that in this
case the relation can be inverted to produce another function. In fact, the
inverse of the exponential function is the familiar natural logarithm:

f(z)=¢e" = f(z) =In(x) (1.17)
The domain of the exponential is the entire real axis (all real values of ),

domain of exp(z): z € (—o0,+00)
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but exp(z) takes only real positive values. This means that the domain of
the logarithm is only the positive real axis

domain of In(z): z € (0,+00)

with the lower bound corresponding to the value of the exponential at the
lowest value of its argument (—oo) and the upper bound corresponding to
the value of the exponential at the highest value of its argument (+00).

1.2 Continuity

An important notion in studying the behavior of a function is that of
continuity. Crudely speaking, a function is called continuous if its values
do not make any jumps as the value of the argument is varied smoothly
within its domain; otherwise it is called discontinuous. To make this notion
more precise, we require that as the value of the argument x approaches
some specific value zg, the value of the function f(z) approaches the value
which it takes for xg, that is f(zo). In mathematical terms, this is expressed
as follows: For every value of € > 0, there exists a value of > 0 such that
when z is closer than ¢ to the specific value xg, f(x) is closer that € to the
corresponding value f(zy):

|z —mo| <0 = |f(z) — f(wo)] <€ (1.18)

This concept is illustrated in Fig. 1.3.

Since we require this to hold for any value € > 0, we can think of € being
very small, ¢ — 0, which means that for a function which is continuous
near ro we can always find values of f(z) arbitrarily close to f(zg), as we
change its argument by some amount §. Usually, when ¢ becomes smaller
we take 0 to be correspondingly smaller, but this is not mandatory.

A counter example is the function

f) =1

in the neighborhood of xy = 0: when x — 0F the value of f(z) — +o0, and
when  — 0~ the value of f(z) — —oo. Therefore, very close to 0, if we
change the argument of the function by some amount § we can jump from
a very large positive value of f(z) to a very large negative value, which
means f(z) cannot be restricted by an arbitrary value e > 0 within f(zo);
in fact, we cannot even assign a real value to f(xg) for o = 0. Therefore,
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foor

foagee

f( Xo) ! ‘
fou)g [l

x0_6 xg +6

Figure 1.3: Tllustration of continuity argument: when z is closer than § to g,
f(x) gets closer than € to f(zo).

this function is discontinuous at o = 0. Note that it is continuous at every
other real value of x. To show this explicitly, for a given € we take the value
of § to be:

€| zo)? B )

§ = ol %
1+ €|zo (|o| — ) |zo|

and consider what happens for |z — xy| < §: First, we have:

1 1
|xo| = |[zo—z+2z| < |vog—2|+|2| < I+|2] = |2] > |00| -0 = — <
|| Jwo| =0

where we have used the triangle inequality (see Problem 1) to obtain the
first inequality above. Using the last relationship together with |z —x¢| < §
we obtain:

1 1

T ZTo

) |z — x| ‘x—xo
€= =

= [f(x) = f(xo)]

(lzol = Ozl = [x[|zo] Ty
that is, with our choice of §, which is always positive as long as x¢ # 0, for
any value of € we have managed to satisfy the continuity requirement, Eq.
(1.18). For this proof to be valid, since € and § must both be greater than
zero, we must have |xy| > § which is always possible to satisfy as long as
xg # 0, for € being very small.
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1.3 Derivative

The notion of continuity makes it feasible to define the derivative of a

function,
Fan) = Loy = iy 10100
(the notation f’ is used interchangeably with the notation df/dz). When
the function is continuous at x = x( this limit gives a finite value, that is,
it is properly defined. If this holds for all values of x in a domain, then
the derivative is itself a proper function in this domain. Conversely, if the
function is discontinuous, the numerator in the limit can be finite (or even
infinite) as the denominator tends to zero, which makes it impossible to
assign a precise value to the limit, so that the derivative does not exist. As
an example, the derivative of the function 1/x is:
AW/D) oy = i HEZVT) oy oz 1 g
dz T=r0 o — T w0 (T — T0)TTo x3

(1.19)

which holds for every value of zg, except xg = 0, where the function is
discontinuous. Thus, the derivative of f(x) = 1/x is f'(x) = —1/2? for all

x # 0.
The derivatives of some familiar functions are:
flx)=2" — fl(zr)=az""' a:real (1.21)
fl@)=e" — [flx)=¢" (1.22)
f(x) =cosh(z) — f'(z) = sinh(x) (1.23)
f(x) =sinh(z) — f'(z) = cosh(z) (1.24)
f@) =In(z) — f(z)= % 2> 0 (1.25)
f(x) =cos(z) — f'(z)=—sin(x) (1.26)
f(z) =sin(z) — f'(z) = cos(z) (1.27)

Two useful relations in taking derivatives are the chain rule and the deriva-
tive of a function of a function:

%[f (2)g(@)] = [(2)g(x) + f(z)g'(x) (1.28)
L] = Flo@)@ (129

The notation f’(g(z)) implies the derivative of the function f with respect
to its argument, which in this case is g, and the evaluation of the resulting
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experession at g(z). Using Egs. (1.28) and (1.29), we can obtain the
general expression for the derivative of the ratio of two functions. We first
rewrite the ratio as the product, through

hz) _ . _1

@) h(x)f(g(x)), where: f(z) =~
which with the help of Egs. (1.28) and (1.29) gives
L)
i |0 =)o) + 1) ot

and this, by using Eq. (1.21) with a = —1 produces:
d h(ﬁ)] 1 1 W (x)g(x) — h(z)g'(z)
— | ——=| =W (2)— — h(x g'(z) =
i [57) =) ~ M e @) (P
(1.30)
The notion of the derivative can be extended to higher derivatives, with

the first derivative playing the role of the function in the definition of the
second derivative and so on:

o f(@) — f()

T — 2o

(1.31)

For higher derivatives it becomes awkward to keep adding primes, so the
notation f™ is often used for d" f/dz™ for the n'* derivative.

Another generalization is the “partial derivative” of a function of several
variables with respect to one of them. For instance, suppose that we are
dealing with a function of two variables, f(z,y), and want to take its
derivative with repsect to x for = xy, holding y constant at a value
Yy = yo; this is called the “partial derivative with respect to x”, evaluated
at (Sl?,y) = (x(]?y()):

of f(@,90) — f (20, y0)

- =1
5 (70, %0) Lo pr—

(1.32)

and similarly for the partial derivative with respect to y evaluated at the

same point:
OF (10, y0) = tim LF0:¥) = F(@0,90)
8y ’ Yy—Yo Y — Yo

(1.33)

The geometric interpretation of the derivative f’(x) of the function f(x)
is that it gives the slope of the tangent of the function at x. This is easily
justified by the fact that the line described by the equation

q(x) = f(xo) + f'(2z0)(x — 20)
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fx) (a) fot (b)

S} T
fa)py ;Z |

f (%)

0 X, x O0'a bx

Figure 1.4: Geometric interpretation of (a) the derivative as the slope of the
tangent of f(x) at © = xg and (b) the integral as the area below the graph of
the function from x = z; to x = x.

passes through the point (z = x¢,y = f(x0)), that is, q(z¢) = f(xo), and
has a slope of
z)—q(z
q( ) Q< 0) _ f/(xO)
T — X

as illustrated in Fig. 1.4.

1.4 Integral

A notion related to the derivative is the integral of the function f(z). We
define a function F'(z) such that its infinitesimal increment at z, denoted
by dF(x) is equal to f(z) multiplied by the infinitesimal increment in the
variable z, denoted by du:

_dF

dF(z) = f(x)dz = F'(z) = o

(z) = f(x) (1.34)
From this last relation, it is evident that finding the function F'(x) is equiv-
alent to determining a function whose derivative is equal to f(x) . Note
that because the derivative of a constant function is zero, F'(x) is defined
up to an unspecified constant. Now consider the summation of all the val-
ues dF'(x) takes starting at some initial point x; and ending at the final
point ;. Since these are successive infinitesimal increments in the value

1For this reason F(x) is also referred to as the antiderivative of f(z).
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of F(z), this summation will give the total difference AF of the values of
F(z) between the end points:

AF = F(xy) — F(x;) = zf: dF(z)

r=x;

Because this sum involves infinitesimal quantities, it has a special charac-
ter, so we give a new name, the definite integral, and use the symbol [
instead of the summation:

/m f f(x)de = F(zf) — F(a) (1.35)

If we omit the limits on the integration symbol, we call this quantity the
indefinite integral, which implies finding the antiderivative of the function
f(x) that appears under the [ symbol. In the definite integral, the dif-
ference between the values at the end points of integration cancels the
unspecified constant involved in F(z).

We can express the integral in terms of a usual sum of finite quantities
if we break the interval z; — z; into N equal parts and then take the limit
of N — oc:

. Ty — T

Ap— L — 2
X N,

rj=x;+jAx, j=0,...,N, 20=2z;,TNn =Ty

/::f f(z)dz = lim [Z_: flay)Az (1.36)

From this definition of the integral, we conclude that the definite integral
is the area below the graph of the function from z; to z; this is illustrated
in Fig. 1.4. From this we can also infer that the definite integral will
be a finite quantity if there are no infinities in the values of the function
f(z) (called here the “integrand”) in the range of integration, or if these
infinities are of a special nature so that they cancel. Moreover, if the upper
or lower limit of the range of integration is +o0o, then in order to obtain a
finite value for the integral, the integrand in absolute value should vanish
faster than 1/|x|, that is, as 1/|x|* with a > 1, as this limit is approached.

As a simple exercise we apply these concepts to a very useful function,
the exponential of —z? which is known as the gaussian function. The do-
main of the gaussian function is the entire real axis, but the function takes
non-negligible values only for a relatively narrow range of values of |z| near
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x = 0, because for larger values of |z| the argument of the exponential be-
comes very large and negative, making the value of the function essentially
zero. We can include a constant multiplicative factor in the exponential,
chosen here to be a?,

2.2

Jal(x) =77,

which allows us to adjust the range of the domain in which the gaussian
takes non-negligible values. Examples of gaussian functions with different
values of o are shown in Fig. 1.5. Using the rule for the derivative of a
function of a function, Eq. (1.29), we find the derivative of the gaussian to
be:

g.(z) = —202ze=""

where we have also used Eq. (1.21) with a = 2.

It is often useful to multiply the gaussian with a factor in front, to
make the definite integral of the product over the entire domain exactly
equal to unity (this is called “normalization” of the function). In order to
find the constant factor which will ensure normalization of the gaussian
function we must calculate its integral over all values of the variable x.
One of the nice features of the gaussian is that we can obtain analytically
the value of the definite integral over the entire domain. This integral is
most easily performed by using Gauss’ trick of taking the square root of
the square of the integral and turning the integration over the cartesian
coordinates (z,y) into one over the polar coordinates (r,#), with the two
sets of coordinates related by

x=rcos(f), y=rsin(f) —r = /22 +y? 0= tan™! <%)

These relations imply: dxdy = rdrd6.
r o o L
/ e = / e_o‘2x2dx/ e_a2y2dy} i
oo oo 3 T 00
— / / e_o‘z(xzwz)dxdy] = {/ / e_QZTQTdrdQ]
L/ —o0 J—o0o 0 0

1
= |27 /Oo e_o‘z’"zldrz] = VT (1.37)
L Jo 2 Q@
In the limit of @ — oo this function tends to an infinitely sharp spike
of infinite height which integrates to unity; this is a useful mathematical
construct called a d-function, which we will examine in great detail later.
A general expression that uses the rules of differentation and integration
we discussed so far is the so-called “integration by parts”. Suppose that
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Gaussian functions

In[1]:= Show[Pl ot [Exp[-Xx"2], {X, -1, 1}, PlotRange » {0, 1.1}],
Pl ot [Exp[-25x"2], {x, -1, 1}, PlotRange -» {0, 1.1}1]

-1 -0 0.5 1
0.5 1
-1 -0. 0.5 1

Qut[1]= -G aphics -

Figure 1.5: Examples of gaussian functions with « = 1 and 5. These plots do
not include the normalization factors a//m.
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the integrand can be expressed as a product of two functions, one of which
is a derivative:

[ r@aaas = [ (L] - o) a
= f@e@l - [ f@d @ (139

where we have used primes to denote first derivatives, we have employed
the rule for differentiating a product, Eq. (1.28), and we introduced the

notation
()] = h(zy) — h(=:)

An application of the integration by parts formula, which will prove very
useful in chapter 5, involves powers of x and sines or cosines of multiples
of z. Consider the following definite integrals:

s s
/ z* cos(nz)dz, / 2* sin(nz)dz
0 0
with k,n positive integers. Using the identities

d sin(nz)
dx

d cos(nz)

w - " sin(nz)

= ncos(nzx),

and the integration by parts formula, Eq. (1.38), we find:

/ﬂ 2* cos(nz)dr = —E/7r ¥t sin(nx)dx (1.39)
0 n Jo
k—1 —_1)» -1 T
— ko (2 ) —k(k2 )/ 2*72 cos(nx)dx
n n 0
/7T 2¥sin(nz)de = + / ! cos(nr)dz (1.40)
0
k —1
= Dt 5 )/ 2*2 sin(nx)dx
n n 0

where, to obtain the second result in each case, we have used the integration
by parts formula once again. The usefulness of these results lies in the
fact that the final expression contains an integrand which is similar to the
original one with the power of x reduced by 2. Applying these results
recursively, we can evaluate any integral containing powers of x and sines
or cosines.
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We give two more examples of definite integrals to demonstrate dif-
ficulties that may arise in their evaluation, in anticipation of integration
methods based on complex analysis (see chapter 3). The first example we
consider is the definite integral

o 1]
[
o 22+1
We note that the integrand is always finite over the range of integration

and it vanishes as ~ 1/z% for # — oo, which suggests that this integral
should give a finite value. Indeed, with the change of variables

: 2 .
sin(t) g o &8 (t) + sin®(t) 4 — 1

cos(t) cos?(t) - cos?(t) «

x = tan(t) =

we find for the original integral:

00 1 w/2 1 1 /2 T
de = / dt = dt = — 1.41
/0 2110 Jo tan?(t) + 1 cos?(t) 0 2 (141)

Other than the inspired change of variables, this integral presents no par-
ticular difficulties.
The next definite integral we consider is the following:

|
— dx
/0 x?2—1
which is somewhat more demanding: for * — oo the integrand again
vanishes as ~ 1/z?, but in this case there are infinities of the integrand as
x approaches 1 from below or above. Fortunately, these can be made to

cancel. To see this, just below x = 1 we write the variable z as x =1 — ¢
with € > 0 which gives
1 1 1

—— fi
(1—€)2—-1 6(6—2)_> 2¢ ore—0

and similarly, just above x = 1 we express write the variable z asx = 1+¢€
with € > 0 which gives
1 1

1
- g 0
Qref 1 eler  T2¢ T

so that when we add the two contributions they cancel each other. Notice
that this cancellation is achieved only if the value x = 1 is approached
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symmetrically from above and below, that is, we use the same values of €
for x — 17 and x — 17. In the general case where the integrand has an
infinite value at a point zy in the interval of integration x € [a,b], this
symmetric approach of the infinite value on either side of xy is expressed
as follows:

e—0 To+e

/abf(:c) dz = lim V:O_Ef(:c) Gt [ fa) dx] (1.42)

This way of evaluating the integral is called taking its “principal value”.

If we attempted to solve the problem by a change of variables analogous
to the one we made for the previous example, we might try first to separate
the integral into two parts to facilitate the change of variables:

/0 x2—1 _/x2—1dx+/ x2—1

and for the first part we could choose

sinh() cosh?(t) — sinh?(¢) 1
— tanh(t) = = dz = dt = dt
v = tanh(?) cosh(t) v cosh?(t) cosh?(t)

withx =0=1¢t =0, x =1 =t — oo and we have used Eq. (1.12), so
that the first integral gives:

/1 1 B 1 / &
0o 2% — 1 tanh2( t)—1 cosh2

while for the second part we could choose

cosh(t) Codp— sinh?(t) — cosh?(¢) & — 1

= coth(¢ ————dt
@ = coth{t) = sinh (%) sinh?(t) sinh?(t)

with x =1 =1t — 00, * — 00 = t = 0 so that the second integral gives:

/dex——/o ! ! dt= [~ di
1 22—1 " Joo coth®(t) — 1sinh?(t) ~  Jo

This, however, has led to an impass, because both integrals are infinite and
we cannot decide what the final answer is, even though from the preceding
analysis we expect it to be finite. The problem in this approach is that we
broke the integral in two parts and tried to evaluate them independently
because that facilitated the change of variables, while the preceding anal-
ysis suggested that the two parts must be evaluated simultatneously to
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make sure that the infinities are cancelled (at least in the “principal value”
sense of the integral). This is an illustration of difficulties that may arise in
the evaluation of real definite integrals using traditional approaches. The
approaches we will develop in chapter 3 provide an elegant way of avoiding
these difficulties.
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Problems
1. For any two real numbers x1, o show that:
|21 4+ xo| < |z1| + |22

This is known as the “triangle inequality”. Show that this inequality
can also be generalized to an arbitrary number of real numbers, that
is,

|1 4+ x| < x| 4+ -0+ x|

2. Is the inverse of cos(z) a properly defined function, if cos(z) is defined
in the domain x € (—o0,+00)? Is it a properly defined function, if
cos(z) is defined in the domain x € [0,27]? Is it a properly defined
function, if cos(z) is defined in the domain z € [0,7]? What about
the inverse of sin(z) for the same three domains?

3. Show that the even moments of the normalized gaussian are given
by the expressions below, by simply taking derivatives with respect
to a? of both sides of Eq.(1.37):

00 1
/ e qy = —ﬁ

2 o3

° 4 —a?z? 3\/7_1-

de = Y-

[t = 335
X o _a2s? . (272,—1)” ﬁ
/_Oox € dr = on a2n+l

where the symbol (2n — 1)!! denotes the product of all odd integers
up to (2n —1).

4. Prove that the derivative of the exponential function is given by the
expression of Eq. (1.22), using the definition of the exponential given
in Eq. (1.9).



Chapter 2

Power series expansions

We are often interested in representing a function f(z) as a series expansion
of other functions, g,(x), with n = 1,2, ..., which can be manipulated more
easily than the original function:

f(x) = f: () (2.1)

By this we mean that the functions in the series are easier to evaluate,
differentiate or integrate, and it is consequently easier to deal with these
functions than with the original function. There are three important issues
in dealing with series expansions:

e What are the functions g,(x) that should be included in the series?

e What are the numerical coefficients ¢, accompanying the functions
in the expansion?

e Does the series converge and how fast?

Typically, the series expansion is an exact representation of the function
only if we include an infinite number of terms. This approach is useful if the
exact infinite series expansion can be truncated to a few terms which give
an adequate approximation of the function. Thus, the choices in response
to the above questions should be such that:

e The functions g,(z) are easy to work with (evaluate, differentiate,
integrate).

e The coefficients ¢, can be obtained easily from the definition of g, (x)
and the function f(z).

23
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e The series must converges fast to f(x), so that truncation to the first
few terms gives a good approximation.

2.1 Taylor series

The simplest terms on which a series expansion can be based are powers of
the variable z, or more generally powers of (z — ) where x is a specific
value of the variable near which we want to know the values of the func-
tion. This is known as a “power series” expansion. Another very useful
expansion, the Fourier series expansion, will be discussed in detail in chap-
ter 5. For the case of power series, there exists an expression, known as
the Taylor series expansion, which gives the best possible representation of
the function in terms of powers of (z — x). The Taylor series expansion of
a continuous and infinitely differentiable function of x around xy in powers
of (x — xp) is:

1 1
f(z) = f(xo) + T "(wo)(x — 20) + gf”(l"o)(l" — x0)* 4 -+
1
with the first, second,..., n**, ... derivatives evaluated at + = z,. The

term which involves the n'* derivative is called the term of order n. The
numerical coefficient accompanying this term is the inverse of the factorial:
n!=1-2-3---n. For x close to xg, the expansion can be truncated to the
first few terms, giving a very good approximation for f(x) in terms of the
function and its lowest few derivatives evaluated at z = zg.

Using the general expression for the Taylor series, we obtain for the
common exponential, logarithmic, trigonometric and hyperbolic functions:

e’ = 1+I+%I2—|—%I3+'”, xg =10 (2.3)
log(l4+2z) = x— %xz + %xs +-0, =1 (2.4)
cosr = 1—%x2+2—14:c4+~-~, g =0 (2.5)

sinz = x—éx?’%—%zg’jt---, zo=0 (2.6)

tanx = ELZi = x4+ %x?’ + %f +-, 29=0 (2.7)
cotz = 2L _ l—lx—iz?’jt---, x90=0 (2.8)

sin z r 3 45
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coshx = 1+%x2+21—4x4+---, 29 =10 (2.9)

sinhz = x+%x3+1—;ox5+~-~, zo =0 (2.10)
tanh:EE:(i):Ez = x—%x3+12—5:£5+---, x90=0 (2.11)
(2.13)

Fig. 2.1 shows the exponential function near xy = 0, and its approxi-
mation by the two and three terms of lowest order in the Taylor expansion.
As is evident from this figure, the more terms we keep in the expansion
the better the approximation is over a wider range of values around z.

Another very useful power series expansion is the binomial expansion:

-1 —1(p—2
(a+bP = a+ %a”‘lb Nty 2' ) 22 PP B),(p V= 4.
—1WMp=2)---(p—(n—1
n!

+

with a > 0,0, p real. This can be easily obtained as a Taylor series expan-
sion (see Problem 1). Tt is evident from this expression that for p = N : an
integer, the binomial expansion is finite and has a total number of (N +1)
terms; if p is not an integer it has infinite terms. When p = NN : an integer,
the binomial expansion can be written as:

N! N!

Yy — N N-1p N-=2p2 .
(a+9) “rt oot Tt VT
NN
= 3T Nk 2.1
,;(N—k)!k!a (2.15)

With the help of the Taylor expansion of the exponential and the bi-
nomial expansion, we can decipher the deeper meaning of the exponential
function: it is the result of conitnuous compounding, which mathematically
is expressed by the relation

: Kt N Kt
zx}li%o (1 + N) =e (2.16)

where we use the variable ¢ (multiplied by the constant factor ), instead
of = to make the analogy to compounding with time more direct. The
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Taylor series of exponential 1

In[1]:= Show[Pl ot [Exp[x], {X, -1, 1}, PlotRange -» {0, 3}],
Plot [1+Xx, {Xx, -1, 1}, PlotRange » {0, 3}1,
Plot [1+x+1/2x"2, {x, -1, 1}, PlotRange -» {0, 3}1]
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Figure 2.1:  The exponential function and its approximation by the Taylor
expansion keeping terms of order up to one and two.
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argument goes as follows: suppose that at time ¢t = 0 we have a capital
K, to which we add interest at a rate k every time interval dt, that is, our
original capital increases by a factor (1 + kdt) at every time interval *. In
order to reach the continuous compounding limit we will let dt — 0. Then
we will have the following amounts at successive time intervals:

— at time 0 — K,

— at time dt — K(1 + rdt),

— at time 2dt — K (1 + rdt)?, ...,

— at time Ndt — K(1 + rdt)".

Now we choose N large enough, so that even though dt — 0, Ndt =t with
t a finite value. With the help of the binomial expansion we get:

(1+ kdt)N = kz_j ﬁ(mdﬂk

The general term in this series can be written as:

j(dt)” = 5

N Rl (kdt)*(N —k+1)(N —k+2)---N

but since N is very large, each factor involving N in the parentheses is
approximately equal to N, giving

and for N — oo, dt — 0, Ndt = t:finite, we get:

where the last equality follows from the Taylor expansion of the exponential
function.

2.2 Convergence of number series

An important consideration when dealing with series expansions is whether
the series converges or not. We are in principle interested in the conver-
gence of series expansions of functions, such as the power series expansions

'Tf we want to be very precise, we must assign dimensions of [1/time] to the constant
K, as in 1% per day, so for dt = 1 day, the capital would increase by a factor 1.01.
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we discussed above. However, it is easier to establish the basic concepts in
the context of series of real numbers.

To discuss the issue of convergence of a number series, we refer first
to the more familiar case of the convergence of a sequence. A sequence of
numbers

A1,A9,...,0n, ...

is said to converge if for n — oo the terms get closer and closer to a well
defined, finite value. For example, for the sequence

2 3 4 5
1’ 2" 3 4

defined by the following expression for the n** term

1
:n+ = limq, =1

n n—oo

Qn

that is, this sequence converges to the value 1 (for large enough value
of n, a, comes arbitrarily close to unity). The precise definition of the
convergence of a sequence is the following: A sequence a,, converges if for
any € > 0, we can find a value of the index n = N such that

la, —al <e, Yn>N

where a is the limit (also called the limiting or asymptotic value) of the
sequence. Since this must hold for any € > 0, by taking ¢ — 0 the above
defintion ensures that beyond a certain value of the index n all terms of
the sequence are within the narrow range a + ¢, that is, arbitrarily close to
the limit of the sequence.

Now consider an infinite series, defined by

0
> an
n=1

The issue here is whether or not the summation of the infinite number
of terms a,, gives a well defined (finite) value. Notice that the problem
comes from the infinite number of terms as well as from the values that
these terms take for large values of n. For this reason, typically we are not
interested in the sum of the first few terms, or for that matter in the sum of
any finite number of terms, because this part always gives a finite number,
as long as the terms themselves are finite. Accordingly, we usually focus
on what happens for the “tail” of the series, that is, starting at some value
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of the index n and going all the way to infinity. We will therefore often
denote the infinite series as a sum over n of terms a,, without specifying
the starting value of n and with the understanding that the final value of
the index is always oo.

In order to determine the convergence of an infinite series we can turn
it into a sequence, by considering the partial sums:

n
Sn = Z aj
j=1

because then we can ask whether the sequence s, converges. If it does,
so will the series, since the asymptotic term of the sequence s, for n —
oo is the same as the infinite series. We use this concept to define the
convergence of series: a series is said to converge if the sequence of partials
sums converges; otherwise we say that the series diverges.

As an example, consider the sequence of numbers given by:

aj=t, 0<t<l, j=0,1,...

and the corresponding series, given by:
Yoaj=) t=1+t+++ "4
5=0 j=0

which is known as the “geometric series”. The corresponding sequence of
partials sums is:

n . 1 _ tn-‘,—l
D L T
3=0 N
which for large n converges because
o . 1=t 1
t<1l= lim " =0= lim T S 13 (2.17)

which proves that the limit of the geometric series, for 0 < ¢t < 1, is

1/(1=1).
One useful thing to notice is that if the series of absolute values con-
verges, then so does the original series:

> lan| : converges = > a, : converges
n n
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The reason for this is simple: the absolute values are all positive, whereas
the original terms can be positive or negative. If all the terms have the
same sign, then it is the same as summing all the absolute values with the
overall sign outside, so if the series of absolute values converges so does
the original series. If the terms can have either sign, then their total sum
in absolute value will necessarily be smaller than the sum of the absolute
values, and therefore if the series of absolute values converges so does the
original series. If the series Y |a,| converges, then we say that the series
> a, converges absolutely (and of course it converges in the usual sense).

A number of tests have been devised to determine whether or not a
series converges by looking at the behavior of the n** term. We give some
of these tests here.

1. Comparison test: Consider two series, > a,, Y. by,:
if |by| <la,| and > a, converges absolutely
= Y _ b, converges absolutely (2.18)
if la,| < |by] and > a, diverges absolutely
= Y b, diverges absolutely (2.19)

Note, however, that if a series diverges absolutely we cannot conclude
that it diverges.

2. Ratio test: For the series Y a,,

Ap+1
Qp

if

<t <1, Vn> N = the series converges (2.20)

Proof: from the inequiality obeyed by successive terms for n > N we
obtain:

|an 2| < tlay]

|an+s] < tlanta| < 2|y

|anta] < tlania] < lan]

By summing the two sides of the above inequalities we obtain:

a
x| + lanta| + lanss| + - < lann L+t + 12 +--) = ilN—Jrilj)

where we have used the result for the geometric series summation,
Eq. (2.17). The last relation for the sum of a, with n > N shows
that the “tail” of the series of absolute values is bounded by a finite
number, |axi1|/(1 — t), therefore the series converges absolutely.
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3. Limit tests: For the series Y a,, we define the following limits:

hm |a'n+1| _L
= |a,| L

lim +/|an| = Lo
n—oo

if Ly or Ly < 1 — the series converges absolutely;
if L1 or Ly > 1 — the series diverges;
if L1 or Ly = 1 — we cannot determine convergence.

4. Integral test: If 0 < a,41 < a, and f(x) is a continuous non-
increasing function such that a, = f(n), then the series >.°°; a,
converges if and only if

/100 f(z)dx < 00

5. Dirichlet test: Suppose that we have a series with terms ¢; which
can be expressed as follows:

o0 o0
Yo=Y ajb
j=1 j=1

Consider a; and b; as separate series: then if the partial sums of a;
are bounded and the terms of b; are positive and tend monotonically
to 0, the series > ¢; converges.

As an example of a series that satisfies the Dirichlet test consider the series
with terms given by:

¢j = cos {(] — 1)%} %

Making the obvious choices a; = cos[(j — 1)7/4] and b; = (1/7), and
defining the partial sums as

n
Sn = Z aj
j=1

leads to the following table of values for a,, b, and s,:
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[n]t] 2 | 3 [ 4 [5]6 7 [8]9] ]
S| 1|1+ 1+55 ] 1 0 |-L|-%] 0|1
SR NN

As is evident from this table, the partial sums of a; are bounded by the
value (1+1/+/2), and the b; terms are positive and monotonically decreas-
ing. From this we conclude that the original series c; converges.

2.3 Convergence of series of functions

We turn next to the case of series of functions as in Eq. (2.1). Of course
for a given value of x this is just a series of real numbers, since given the
value of x, each function g,(x) takes on a specific real value. However, it
is useful to consider the convergence of the series as a function of x.

As in the case of series of numbers, we study the convergence of a series
of functions by turning them into sequences through the partial sums:

ul) = ilcjgj ()

where g;(z) is the set of functions we have chosen for the expansion. If the
sequence S, (x) converges to the limiting function §(x), so will the series
because

In this case, the condition for convergence of the sequence s, (z) is: for
any € > 0 and a given value of z, we can find N such that for all n >
N, |sn(x) — §(z)| < e. However, the dependence of this condition on z
introduces another dimension to the problem. This leads to the notion of
uniform convergence, which has to do with convergence of the series for a
range of values of . The definition of uniform convergence for z € [x1, z5] is
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the following: when for any € > 0 we can find N such that |s,(x)—$§(x)| < €
for all n > N and for all « in the interval of interest x € [z, x5].

The meaning of uniform convergence of the sequence s,(z) for = €
[21, x5 is that for € > 0, we can find N such that for n > N all terms of
sp(x) lie within +e of §(z) and this applies to all = in the interval [zq, o).
N always depends on € (usually, the smaller the value of € the larger the
N we have to choose), but as long as we can find one N for all z in the
interval [z1,xs] that satisfies this condition (that is, N is finite and does
not depend on x), the sequence converges uniformly.

As an example of uniform convergence we consider the sequence

sn ()

o n
Con+1

(1—x), forxzel0,1]

(we are not concerned here from what series this sequence was produced).
These functions for n = 1,2, 3 are illustrated in Fig. 2.2(a). We first need
to determine limit of the sequence:

$(z) = lim s,(x) = lim (1—z)=(1-2)

n—oo n—oo n, 4+

To determine whether the sequence is uniformly convergent, we examine

n 1 1
() — 8(z)| = 1—2)—(1-2)| = 1—x)| = 1-
(o) = 8()| = |- 2) = (1= ) = | (- ) = (- 2)
Notice that because = € [0, 1], we will have
11—z 1
S(-2) <12 fsle) 8| =0 <

Given an € > 0, we want to find the value of N such that (1—x)/(n+1) <€
forn > N. But (1 —x)/(n+1) < 1/(n+ 1), so it is sufficient to find N
such that 1/(n+ 1) < e. If we choose

1
<e=>N>--1
N+1_°°¢ ¢

then 1/(n+1) <1/(N+1) < € and

1 < 1 <
ntl N1l °oF€

|sn(2) = 8(2)] <

for n > N. Since our choice of N is independent of x we conclude that the
sequence s,(x) converges uniformly.
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s,(x) s,(x)
§(x) 54(x) s,(x)
s5(x) 5,(x)
s)(x)
s,(x)
0 1 x 0 s(x) x

Figure 2.2:  Examples of (a) uniform and (b) non-uniform convergence of
sequences s, (z). In each case the limiting function is denoted by §(x).

As a counter-example of a sequence that does not convergence uni-
formly, we consider the sequence

nx

= Tz ©E€l0:00)

Sn ()
These functions for n = 1,2, 3 are illustrated in Fig. 2.2(b). Again we first
determine the limit §(x): for a fixed value of z

$(a) = Jim 5,(0) = Jim, 0 =0

To determine whether the sequence converges uniformly or not, we examine
nx

the behavior of
|sn() — 5(z)| = 11 n2a? = sn(2)

Let us study the behavior of s,(z) for a given n, as a function of x. This
function has a maximum at = = 1/n, which is equal to 1/2. For fixed =,
and given € > 0, if the sequence converges uniformly we should be able to
find N such that nz/(1 + n?z?) < ¢, for n > N. How large should N be
to make this work? We define ng to be the index of the function with its
maximum at our chosen value of © = ny = 1/x (we assume that x is small
enough so that 1/x is arbitrarily close to an integer). For n larger than
no, we will have s,(x) < $,,(z) and for sufficiently large n we will achieve
sp(z) < €. Therefore, n must be at least larger than ny. How much larger?
Call N the first value of n for which s,(z) < €, then

no
1+ N2z2 1+ N2(L)

1
no

Nz NL N\? 1IN
2<e:>1—|—<—) > ——

Un € Ny
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This inequality is satisfied by the choice (N/ng) > 1/e:

N 1 N\*> N1 N\* N1
—>—:><—) >——:>1+<—> > —=
No £ No Ng € No Ng €
But N > ng/e = N > 1/(ex), which makes the choice of N depend
on x. This contradicts the requirements for uniform convergence. If we
concentrate for a moment to values x € [%, 00) where Z is a finite number

> 0, the choice

1 1
N>—>—

Te T we

covers all possibilities in the interval [z, 00), so that s, (x) converges unifromly
for z in that interval. But for z € [0, 00) it is not possible to find a single N
to satisfy N > 1/(xe) for all z, as required for uniform convergence, from
which we conclude that the sequence s, (z) does not converge uniformly for
x € [0,00). The problem with this sequence is that there is a spike near
x = 0, and as n gets larger the spike moves closer to zero and becomes
narrower, but it never goes away. This spike cannot be contained by an ¢
within §(z) which is zero everywhere. If we truncate the interval to [z, 00)
with z a finite value, then we can sqeeze the spike to values below z and
the sequence converges uniformly in this range, but if we include x = 0 in
the interval we can never squeeze the spike away.

As is evident from these two examples, non-uniform convergence implies
that the difference between s,(x) and $(z) can be made arbitrarily small
for each x with suitable choice of n > N, but cannot be made uniformly
small for all x simultaneously for the same value of N.

It is often useful to try to establish uniform convergence by a graphical,
rather than an analytic argument. For an example, consider the series

1 2 1 3 1 4 1 5
1—113'—}—51’—51' —I-Il’—al' + - (2'21)

in the range = € [0, 1]. The partial sums of this series are given by:
- KLk
sp(x) =1 +kz_:1(—1) Pk (2.22)

We easily see that in the limit n — oo this sequence becomes the Taylor
expansion of the exponential of —z, so that:

S(z) = lim s,(x) =e"" (2.23)

n—oo
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Uniform convergence of series expansion of exponential 1

In[1]:= Plot [ (Exp[-Xx] - (1 +Sum[(-x)"k/k!, {k, 1, 5}1)),
{x, 0, 1}, PlotRange -» {-0.0015, 0.0015}]

0. 0015
0.001
0. 0005

-0. 0005
-0.001

-0. 0015
Qut[1]= - Graphics -

In[2]:= Plot [(Exp[-X] - (L+Sum[(-x)"k/k!, {k, 1, 6}1)),
{x, 0, 1}, PlotRange » {-0.0002, 0.0002}]

0. 0002
0. 00015
0. 0001
0. 00005

-0. 00005
-0.0001
-0.00015
-0.0002

Qut[2]= -G aphics -

In[3]:= Plot [(Exp[-X] - (1+Sum[(-x)"k/k!, {k, 1, 731)),
{x, 0, 1}, PlotRange -» {-0.00003, 0.00003}]
0. 00003
0. 00002
0. 00001

-0. 00001
-0. 00002
-0. 00003

Qut[3]= - Graphics -

Figure 2.3: Graphical argument for the uniform convergence of the sequence
of partial sums defined in Eq. (2.22) to exp(—x) in the interval x € [0, 1].
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In order to establish uniform convergence of the original series in the given
interval, we must take the difference |$(z) — s,(x)| and ask whether or
not it is bounded by some ¢ > 0 for n > N and for all z € [0,1]. As
we can see from the plots of this difference as a function of z € [0, 1] for
different values of n, shown in Fig. 2.3, no matter how small € is, we can
always find a value for N which satisfies this condition. For example, if
e =0.0015 — N =5, if e = 0.0002 — N = 6, if e = 0.00003 — N =7, etc.
These plots also show that the worst case senario corresponds to z = 1, so
all we have to do is to make sure that |§(z) — s,(x)| for x = 1 is smaller
than the given e, which will then guarantee that the same condition is met
for all other values of = in the interval [0, 1].

By analogy to the tests for convergence of series of numbers, we can
devise tests for the uniform convergence of series of functions. Some useful
tests are:

e Weierstrass test: consider the sequence of functions s;(x) and the
sequence of positive numbers a;. If

|s;(z)] < a;, forx € [xy,z,]

and a; is a convergent sequence, then so is the sequence s;(x) in the
interval [z1,25]. Since a; does not involve x, this implies uniform
convergence of the sequence s;(x).

e Cauchy test: a sequence for which
|sn(z) — sm(x)| <€ form,m >N

is called a Cauchy sequence. This is a necessary condition for con-
vergence of the sequence, because if it is convergent we will have:

[s(2) = 3(2)| < 5, |sml@) = $(@)| < 5, forn,m >N

where we have called €/2 the small quantity that restricts s, (x) and
sm(z) close to §(z) for n,m > N. We can rewrite the difference
between s, (z) and s,,(z) as:

[$n(2) — sm(2)| = [sn(2) — 8(x) + 8(2) — sm(2)]
and using the triangle inequality and the previous relation, we obtain
[sn(2) = sm ()] < [sn(x) = 8(2)| + |sm(z) — 8(z)| <e

It turns out that this is also a sufficient condition, so that if a sequence
is a Cauchy sequence then it converges uniformly.
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Finally, we mention here four useful theorems related to uniform con-
vergence, without delving into their proofs:

e Theorem 1. If there is a convergent series of constants, > c¢,, such
that |g,(z)| < ¢, for all values of = € [a,b], then the series 3 g, ()
is uniformly and absolutely convergent in [a, b].

o Theorem 2. Let Y g,(x) be a series such that each g,(x) is a con-
tinuous function of x in the interval [a,b]. If the series is uniformly
convergent in [a,b], then the sum of the series is also a continuous
function of x in [a, b].

e Theorem 3. If a series of continuous functions Y g¢,(z) converges
uniformly to g(x) in [a, b], then

& & B &
/ g(x)dx :/ gl(:c)da:—i—/ go(z)dx + . .. —|—/ gn(z)dx + ...,
where a < a < b and a < f < b. Moreover, the convergence is
uniform with respect to o and (.

e Theorem 4. Let Y g,(z) be a series of differentiable functions that
converges to ¢(z) in [a,b]. If the series Y g/, (x) converges uniformly
in [a, b], then it converges to §'(z).

The usefullness of uniform convergence, as is evident from the above
theorems, is that it allows us to interchange the operations

d o
/d:E or P and Zn:

at will and thereby makes possible the evaluation of integrals and deriva-
tives trhough term-by-term integration or differentiation of a series. Non-
uniform convergence implies that in general these operations cannot be
interchanged, although in some cases this may be possible.
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Problems

1. Derive the binomial expansion, Eq. (2.14), from the Taylor expansion
of the function
f(x) =a?(1+2)?

with = (b/a), expanded around zy = 0.

2. Using the Taylor expansion, find power series representations of the
function

1
V1tzx

For what range of values of x can these power series expansions be
used effectively as approximations of the function, that is, they can
be truncated at some term, with the remainder of the terms making
an insignificant contribution?

3. Find the Taylor expansion of the following function:
f(x) = cos(me®), mnear o =0
f(x) = cosh(sin(z)), near xyg =0

4. (a) Show that the harmonic series:

diverges (Hint: use the integral test).
(b) Show that the series

«a
n=1 n

converges if and only if & > 1 (Hint: use the integral or com-
parison test).

(c) Show that the alternating harmonic series:

i::l (="

n

converges (Hint: combine successive terms in pairs in the partial
sums of the series. Show that the partial sums converge to
a unique limit, using another series, for which one can easily
determine the convergence.)
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5. Establish by both an analytic and a graphical argument that the

sequence
r\"

n =(1—-—

(o) = (1-7)

converges uniformly in the interval x € [0,1]. Does this sequence
converge uniformly in the interval z € [0,00)?

6. Consider the sequence s, (x) = 2nze™"*" for z € [0,1] and n > 1.

(a) For any chosen finite z in the give interval, what is the limit of
the sequence for n — oo? Call this limit §(x).

(b) Make a sketch showing the character of s,(x) for the values
n = 1,2,3. Uniform convergence requires that we be able to
bound the differene between §(x) and s,(x), for all z in the
interval, such that the bound — 0 as n — o0o. Does the sequence
converge uniformly?

(c) If the interval had been specified as x € [zo, 1], where 0 < g <
1, how might the index N be chosen for a given bound ¢, so that
|5(x) — sn(z)| < € for n > N and z € [z, 1]

(d) Evaluate the integral
1
/ Sp(z)dx
0

and take its limit for n — oo. How does this limit compare to
the integral

1
/ $(z)dx
0
7. Consider the sequence s, (x) = e~ /" for z € [0,00] and n > 1.

(a) For any chosen finite z in the give interval, what is the limit of
the sequence for n — oco? Call this limit §(z).

(b) Make a sketch showing the character of s,(x) for the values
n = 1,2,3. Does the sequence converge uniformly in [0, co]?
Explain in detail your answer.

(c) If the interval is specified as = € [0, x], where 0 < g, does
the sequence converge uniformly in this interval? Justify your
answer.

8. Consider the sequence s,(z) = 2n*e™"" for z € [0,00], n > 1 and A:
real. Find the values of A for which the sequence converges uniformly.



Chapter 3

Functions of complex variables

3.1 Complex numbers

We begin with some historical background to complex numbers. Complex
numbers were originally introduced to solve the inocent looking equation

2>+ 1=0 (3.1)

which in the realm of real numbers has no solution because it requires the
square of a number to be a negative quantity. This led to the introduction
of the imaginary unit i defined as

i=v-1=i=-1 (3.2)

which solved the original problem seemingly by brute force. This solution
however, had far reaching implications. For starters, the above equation is
just a special case of the second-order polynomial equation

ar’® +br+c=0 (3.3)
The usual solutions of this equation for A > 0 are
_ —bEVA
N 2a

but there are no real solutions for A < 0. With the use of the imaginary
unit, for A < 0 the solutions become:

T (3.4)

—b+iy/|A| .
2_72a (3.5)

41
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z is a complex number with real part —b/2a and imaginary part :I:\/W/2a.
We denote the real part of a complex number z by z = R[z] and the
imaginary part by y = Z[z]. Thus, the introduction of the imaginary unit
made sure that the second-order polynomial equation always has exactly
two solutions (also called “roots”). In fact, every polynomial equation of
degree n

™ +a, 12"V ar+ag =0 (3.6)

with real coefficients a;, 7 = 0, 1,2, ..., n has exactly n solutions if we allow
them to be complex numbers.

A significant breakthrough in working with complex numbers was in-
troduced by the representation of the complex number z = x + iy on the
so-called “complex plane” with abscissa (x) along the real axis (horizontal),
and ordinate (y) along the imaginary axis (vertical). This is illustrated in
Fig. 3.1.

imaginary axis

A
X . x =71 cos(0)
y = r sin(6)
T
y
0
0 real axis

Figure 3.1: Tllustration of the representation of a complex number z on the
complex plane, in terms of its real z and imaginary y parts and the polar coor-
dinates r and 6.

An extension of this idea is the so-called Riemannian sphere, introduced
to include the point at infinity in the representation. This is called the
extended complex plane. In this picture, illustrated in Fig. 3.2 the South
Pole corresponds to the value z = 0, the sphere has diameter equal to
unity, and the North Pole corresponds to the point z — oo. Each point
on the z-plane is mapped onto a point on the sphere through the following
construction: consider a line that begins at the North Pole and ends on
the z-plane; the point where this line intersect the surface of the sphere
is the image of the point where the line meets the z-plane. Trhough this
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procedure, the equator of the sphere maps to the unit circle on z-plane,
the points in the southern hemisphere map to the interior of this circle and
the points in the northern hemisphere map to the exterior of this circle.

Z7 :linefrom NP intersects sphere
NP at point in northern hemisphere
Z, :linefrom NP intersects sphere
at point on the equator
: line from NP intersects sphere
at point in southern hemisphere

x Z

Figure 3.2: Tllustration of the representation of a complex number on the
Riemannian sphere and its mapping to the complex z-plane.

A useful concept is the complex conjugate Z of the complex number z:
z=z+iy=z=x—1y (3.7)

A complex number and its conjugate have equal magnitude, given by

2] = V27 = /a2 4 32 (3.8)

We examine next the form that different operations with complex num-
bers take: The product and the quotient of two complex numbers z1, zo in
terms of their real and imaginary components, z; = x1 + iy, 20 = T + iys,
are:

2120 = (1122 — Y1ye) + (@12 + 22y1) (3.9)
z T1T9 + [~ +z
2 < 1 22 y;y2> +1< 13;2 223/1) (3.10)
% Ty + Y3 T35 + Y3

An extremely useful expression is the so-called Euler formula:

e’ = cos(x) + isin(z) (3.11)



44 CHAPTER 3. FUNCTIONS OF COMPLEX VARIABLES

We can prove Euler’s formula by using the series expansions of the trigono-
metric functions (see chapter 1):

1 1 1. L.

cos(x) = 1—§$2+Ix4—---:1+i(1x)2—|—1(w)4+

. SR S S A iy L. g3, 1. 5

isin(z) = iz —igz —1—153;’ —-~-—(1x)+§(1x) +a(1x) +-
where we have used i = —1,i® = —i,i* = 1,i® = i, etc. Adding these two
expressions we find

. N P D AP R S

cos(z)+isin(z) = 1+(1x)+§(1x) —i—a(m:) +E(ILL’) +§(1x) +--- (3.12)

in which we recognize the Taylor series expansion for the exponential of
(ix), which is the desired result. It may seem strange that we identify
the above infinite series with an exponential, because we have also dealt
with exponentials of real numbers so far. What allows us to do this is that
the laws of addition and multiplication are the same for real and imaginary
numbers, therefore the term by term operations involved in the above series
make it identical to the exponential of iz power series expansion a la Taylor.
Applying Euler’s formula for x = m we obtain:

™ =1 (3.13)
which relates in a neat way the irrational constants

e = 2.7182818284590452- - -
m = 3.1415926535897932 - - -

and the real and imaginary units.

There is a different representation of complex numbers in terms of po-
lar coordinates, which produces a much more convenient way of handling
complex number operations. The polar coordiantes radius r and angle 6
and the usual cartesian coordinates x,y are related by:

v =rcos(8), y = rsin(6) = v = /2> + 7, 6 = tan (¥)
X

as illustrated in Fig. 3.1. In terms of the polar coordinates the complex
number takes the form:

z = x + iy = r[cos(f) + isin()] (3.14)



3.2. COMPLEX VARIABLES 45

r is called the magnitude of z because r = |z|, and € is called the argument,
denoted by Arg[z]. Note that the use of polar coordinates introduces an
ambiguity: if the argument is changed by an integral multiple of 27 the
complex number stays the same:

rlcos(f + 2km) 4 isin(@ + 2kw)] = r[cos(d) + isin(0)] (3.15)

where k: any integer. This produces certain complications in handling
complex numbers using polar coordinates, which we will discuss in detail
below.

The use of Euler’s formula and the polar coordinate representation
trivializes operations with complex numbers:

product : z -2z = (r179)e@+%2) = (r 1)) [cos (8 + 02) + isin(f; + 6)]

inverse : 27! =7r"te™ = r~!cos(—0) + isin(—0)]
quotient : A Heii=6) E[(:08(91 — 02) + isin(6y — 65)]
<2 T2 T2
n' power : 2" =r"e™ = r"[cos(nd) + isin(nd)]
n" root 2 = pl/nei0+2km)/n L integer

Applying the expression for the n'” power to a complex number of magni-
tude 1, we obtain:

[eiﬂn = [cos(0) + isin(0)]" = [cos(nf) + isin(nh)]

the last equation is known as De Moivre’s formula. As an application of

this powerful formula, we can prove the trigonometric relations discussed
in chapter 1, Egs. (1.7), (1.8):

[cos(0) +isin(#)]* = [cos(20) +isin(20)] =

cos?(0) — sin?(0) = cos(260), 2cos(f)sin(f) = sin(26)

where we simply raised the left-hand side of the first equation to the square
power in the usual way and then equated real and imaginary parts on the
two sides of the resulting equation.

3.2 Complex variables

The next natural step is to consider functions of the complex variable
z. First, notice that the ambiguity in the value of the argument 6 of z
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in the polar coordinate representation has important consequences in the
evalution of the n'* root: it produces n different values for the root

L/ — pln [cos <9+2k”>+ism (9”“)1, k=0,..n—1 (3.16)

n n

This is actually what should be expected if we consider it a solution of an
algebraic equation: call the unknown root w, then

1/n

w=z""=w"—2=0

which implies that there should be n values of w satisfying the equation. A
value of k outside the range [0,n — 1] gives the same result as the value of
k within this range that differs from it by a multiple of +n. For example,
consider the equation

wt =16 = 0 = w? = 241 O™ = 4y = 261k L —0,1,2,3

= w=2, 22 2" 2°2 or w=2, 2i, -2, —2i
as can be easily verified by raising these four solutions to the fourth power.
From Euler’s formula we can derive the following expressions for the
trigonometric functions sin(z) and cos(z) in terms of exp(%ix):

cos(x) = cre (3.17)

sin(z) = ———— (3.18)

The exponential of (iz) involved in the above expressions is a new type
of function, because it contains the imaginary unit i. Taking this idea a
step further, we can consider functions of complex numbers, such as the
exponential of z =z + iy:

ez — em—l—ly — emely

and since we know how to handle both the exponential of a real number
exp(z) and the exponential of an imaginary number exp(iy), this expression
is well defined. It turns out (see Problem 1) that the exponential of z can
be experessed as:

eZ:1+z+%z2+%z3+-~- (3.19)
which is consistent with the Taylor expansion of the exponential of a real
variable (see chapter 1) or the exponential of a purely imaginary variable
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(see above, proof of Euler’s formula). We can also define the hyperbolic
and trigonometric functions of the complex variable z as:

cosh(z) = ° 4—26 , sinh(z) = ° _28 (3.20)
cos(z) = % sin(z) = S (3.21)
1

by analogy to the definition of the same functions for a real variable. These
definitions lead to the following relations:

cosh(iz) = cos(z), sinh(iz) = isin(z) (3.22)
cos(iz) = cosh(z), sin(iz) = isinh(z) (3.23)

Another use of the Euler formula is to provide a definition for the
natural logaritm of a complex number:

In(z) = In(rel @) = 1n(r) +i(6 4 2kn) (3.24)

In this case, the ambiguity in the argument of z produces an ambiguity in
both the argument and the magnitude of In(z) which are:

In(2)] = /[In(r))? + (6 + 2k7)?,  ArgIn(z)] = tan™* (M)

In(r)

which both depend on the value of k. This bothersome situation is dealt by
considering what is called the principal value, that is, limiting the values of
the argument to one specific interval of 27, usually chosen as the interval
0 < 6 < 27 (which corresponds to k = 0 in the above expressions).

The logarithm can be used to define arbitrary powers, such as raising
the complex number ¢ to a complex power z:

w=t"= In(w) = zIn(t) = In(ry,) + 10, = (x +iy) [In(ry) + 16, + 12kn]

where r, and 6, are the magnitude and argument of ¢, and again the last
expression allows us to determine the magnitude and argument of w by
equating real and imaginary parts on the two sides of the equation:

In(ry,) = xIn(ry) — y(0; + 2km), 0, = x(0; + 2k7) + yIn(ry)

Example: We are interested in finding the magnitude and argument of w
defined by the equation .
w = (1+1)*+)
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We first express (1 + 1) in polar coordinates:

14i= \/‘< i | = \/2ei(m/4+2km) :eln(\/i)ei(n/4+2kn)
7 -

which, when substituted in the above equation gives:

w— {eln(\/i)+i(7r/4+2k7r)](1+ D _ SIN(V2)H In(V2) il /44 2km) — (/A 2km) _

w = /26~ (T/AH2kT) JIn(VD+T/A) [ (r/a+2km) g :ln<\/§>+[
Y 4

that is, the magnitude of w takes an infinite number of values for k an arbitrary
integer, whereas its argument is unique (up to a multiple of 27 which is irrele-
vant). This is actually very problematic, because the function w is multivalued,
something that is not allowed for a properly defined function. The reason for
this multivaluedness is that we relied on the logarithm to obtain the expression
for w, and we have seen above that the logarithm suffers from this porblem
as well unless we restrict the value of the argument (as in the definition of the
principal value).

3.3 Continuity, analyticity, derivatives

As in the case of a complex number z = x + iy, a function of a complex
variable f(z) can always be separated into its real and imaginary parts:

F(2) = w = u(z,y) + iw(z, ) (3.25)

where u(x,y) and v(x,y) are real functions of the real variables x,y. The
function f(z) implies a mapping of the z-plane to the w-plane, a topic we
discuss in great detail in section 3.6.

We will consider several issues related to the behavior of functions of
complex variables, as we did for functions of real variables. The first is the
issue of continutity. We define continuity of a function f(z) of the complex
variable z as follows: the function is continuous if for any € > 0, there
exists 0 > 0 such that

|z — 20l <9 = |f(2) = f(20)] < e (3.26)

in close analogy to what was done for a function of a real variable in chapter
1. The essence of this condition is illustrated in Fig. 3.3. Usually, we must
take 0 smaller when we take e smaller, but this is not always necessary.
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X 0

\ z-plane w-plane

w = f(z)

Figure 3.3: Illustration of continuitty of function f(z) = w near the point

f(20) = wo.

As an example, consider the function
w= f(z) = 2*

In order to show that it is continuous, for any given ¢ < 0 we have to show
that when |z — 29| < J, then we can manage to make |w — wg| < e. We
must find a way to relate € and 6. Given that |z — zy| < §, we will have:

lw —wo| = |22 — 23] = |(z — 20) (2 + 20)| < 3|z + 20| = 8|(z — 20) + 22|
Using the triangle inequality, we obtain from the last relation:
|w — wo| < 0[]z — 20| + [220]] < [0 + 2]20]]
If we take the relation between § and € to be

€=06[6+2|z|] = 0 + 2|20 —e=0= 8= /|20 +€—|2] >0

(where we have chosen the positive root of the second-order polynomial
equation in ¢), then the last expression shows that no matter how small
€ is, we can always find a value for 6 > 0 that satisfies the contniuity
condition, Eq. (3.26). From this expression, it is also edivent that when e
gets smaller we must take a correspondingly smaller §, a situation that is
common but is not always necessary.

The next issue is the definition of the derivative. By analogy to the
case of functions of real variables, we define the derivative of a function
f(z) of a complex variable as:

f(z) = lim flz0 + A2) — f(z0) ~ lim f(2) = f(20)

Az—0 Az 20 Z =20

(3.27)
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In order for the derivative f’(z) to make sense, the limit must exist and
must be independent of how Az — 0, that is, independent of the direction
in which the point z; on the complex plane is being approached. This
aspect did not exist in the case of the derivative of a function of a real
variable, since the point xy on the real axis can only be approached along
other real values on the axis.

To demonstrate the importance of this aspect, we consider a counter-
example, that is, a function for which the derivative is not properly defined.
This function is the complex conjugate:

w=f(z)=2z
From the deifnition of the derivative we have:
by (o +AZ)—Z , Ax —iAy
flao) = fim =77 = a8 R0 Az T iky

If we choose the approach along the line determined by

Ay
= — = — =
y = yo+ pu(x — xo) N

then the derivative will take the form

L—ip_ (1—ip)?
L+ip 14 p2

f(20) =

This last expression obviously depends on the path of approach Az — 0,
that is, the value of the slope of the line u, therefore the derivative of z
does not exist.

The possible dependence of the ratio Af(z)/Az on the approach to z
introduces another notion, that of analyticity. A function f(z) is called
analytic in the domain D of the zy-plane if:

e f(2) is defined in D, that is, it is single-valued; and

e f(2) is differentiable in D, that is, the derivative f'(z) exists and is
finite.

If these conditions are not met, the function is called non-analytic. There
are important consequences of the analyticity of a function f(z):

— f'(2) is continuous (this is known as the Coursat theorem); and

— f(2) has continuous derivatives of all orders.
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In the following when we employ the notion of analyticity we will as-
sume that it holds at least in a finite region around some point z,. By region
we mean an area, that is, part of the complex plane that has the same di-
mensionality as the plane itself. For instance, the set of all points in a
straight line do not consitute a region, because the line is one-dimensional
whereas the plane is two-dimensional. In fact, had we been considering
lines as regions, we would conclude that the function f(z) = Z is analytic
along any straight line, as can easily established by the preceding analysis
of this function (the derivative of f(z) = Z is well defined along a particu-
lar line). The convention we adopt is that the notion of analyticity applies
strictly in a finite, two-dimensional portion of the complex plane.

By this convention, it does not make sense to talk about analyticity at
a single point of the complex plane. In contrast to this, it makes perfect
sense to talk about a function being non-analytic at certain points inside
a region where the function is analytic. For example, the function

is analytic everywhere on the complex plane except at z = 0, where it is
non-analytic because it does not have a finite value. For any other point,
arbitrarily close to zero, the function is properly defined and so are all its
derivatives. Isolated points where an otherwise analytic function is non-
analytic are called singularities. There exist different types of singularities,
depending on what goes wrong with the analyticity of the function, as
we will discuss in more detail in following sections. In order to classify
the singularities, we will need to develop the power series expansions for
functions of complex variables.
We give a few examples of analytic and non-analytic functions:

The function f(z) = 2™, where n is a positive integer, is analytic and so
are all simple functions containing it, except if it is in the denominator,
because then it can vanish for z = 0 causing problems; in fact f(z) = 1/2"
is analytic everywhere except for z = 0, which is a singularity.

The function f(z) = Z is a non-analytic function and so are all simple
functions containing it. For instance, the function f(z) = R[z] = z is not
an analytic function, because:

f(2) = Rle) = = 2=

contains z, which is not analytic, therefore f(z) is not analytic. What does
it mean to have a function like R[z]? This expression certainly leads to a
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mapping, since

f(z) =w=u(r,y) +iv(z,y) = u(z,y) =2, v(z,y)=0

but this mapping is not a function in the usual sense, that is, it cannot be
differentiated, etc.

3.4 Cauchy-Riemann relations and harmonic
functions

For an analytic function f(z) = w = u(z,y) +iv(z,y), the existence of the
derivative leads to the following relations between the partial derivatives
of the real and imaginary parts:

ou Ov Ou v

— =, = (3.28)

or Oy Oy ox
These are called the Cauchy-Riemann relations. To prove this statement
we rely on the definition of the derivative, which for an analytic function
must exist and must be independent of the approach Az — 0:

/ R T =4

1) = Jim 2L (3:29

Thinking of f(z) in terms of its real and imaginary parts, u(x,y) and
v(z,y) respectively, which are both functions of x and y, we can write the
differential of f(z) in terms of the partial derivatives with respect to = and

O U (00 (002
Af_axAx+0yAy_<8x+181’>A$+<8y+18y>Ay

ou  Ov Ju Ov

=|=—+i—|Ax+|—-i— + — |iAy = f.Ax + [,iA
<8x 8x> < dy 8y> y=1J Jily

where the last equation serves as the definition of the partial derivatives

fz and f, in terms of partial derivatives of u and v. Let us assume that f,

and f, are not both zero, and we will take f, # 0; then the derivative can

be put in the form

fi(z) = lim [

Az, Ay—0

Az +iAy v
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The derivative must be independent of the approach of Ax, Ay — 0 which
can be achieved only for f, = f,, because this is the only way of making
the coefficients of Az and iAy in the numerator equal, as they are in the
denominator. Consequently,

fe=f, = 8_u + i@ = —i@ + @
o or  ox) dy Oy
Equating the real and imaginary parts of f, and f, we obtain the Cauchy-

Riemann relations, Eq. (3.28). Taking cross-derivatives of these relations
and adding them produces another set of relations:

Pu 0™ 0%u v v 0
woy o ™ wmay T o T o ap 0 B
Pu v 0*u v Pu  *u
ox?  0x0y and Oy? 0xdy = Ox? + Oy? 0 (3.31)

Functions that satisfy this condition, called Laplace’s equation, are referred
to as harmonic.

The harmonic functions appear frequently in equations related to sev-
eral physical phenomena, such as electrostatic fields produced by electri-
cal charges, the temperature field in an isotropic thermal conductor under
steady heat flow, the pressure field for incompressible liquid flow in a porous
medium.

The Cauchy-Riemann relations have certain important implications:

e the u(z,y),v(x,y) functions (often called fields) are determined by
the boundary values;

e if one field is known, the conjugate field (u from v or v from w) is
determined up to a constant of integration;

e a complex analytic function is determined by the boundary values;

e any linear combination of the two fields u(x,y), v(z,y) of an analytic
function is a harmonic function (because it corresponds to multipli-
cation of the original function f(z) by a complex number).

From these we can also derive the following general statements. If
f1(2), f2(z) are two analytic functions in a domain D, then so is the function

f(z) given by:
f(z) = f[()+ f2)
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f(z) = fi(z)fa(2)

1 .
flz) = ) except where f;(z) =0 (i =1,2)

f(z) = filfa(2))

in the same domain D. By analogy to the case of functions of real variables,
the following rules also apply to the differentiation of analytic functions:

FA = ARG = 16 = | 11O 66+ 406 | a0
F = R = 16 = (Gt ) ()

Finally, an important implication of the Cauchy-Riemann relations is
of
0z

In order to prove this, we begin by expressing the variables x and y in
terms of z and Z:

=0 (3.32)

_ 1
$—§(Z+Z>, y_i(
from which we obtain for the partial derivatives with respect to x and y:

0 0z 0 0z 0 0 0

— =5t 5=+ =
Or Ordz 0Oxdz 0z Oz
0 _0:0 0:0_ 0 0

O_yzﬁ_y&_l_ay@z 0z 0z

Using these expressions in the Cauchy-Riemann relations we find:

ou Ov ou Ou 821 821

z—Z)

oz oy 9z 0z ‘0z ‘oz
ou B v Ou 0u ov Ov Ov Ov Ou Ou

N = _ = =
oy or o oz o: 0z 0 oz 9. 02
Adding the two equations on the far right of the above lines we get:

0 0 . 0
8Z(u+1v)+£(u+w) 8Z(u—l—w)—g(u—i-w)
which simplifies to the following result:
o o _or

0z 0z 0z
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as desired. A conseqgeunce of this result is that a function that contains
explicitly Z cannot be analytic, a fact we have already mentioned.

Example: To illustrate how these concepts work, we consider the following
simple example: given the field

u(x,y) = cos(x)e™

we would like to know whther or not it is harmonic, and if it is, what is conjugate
field v(z,y) and what is complex analytic function f(z) = u(z,y) +iv(x,y)?
To answer the first question we calculate the second partial derivatives of the
given field and check if their sum vanishes or not:

0?u 0u

— = —cos(x)e”?, —— = +cos(x)e?

ou = eos()e, T = teos(n)
the sum of which vanishes, which means that u(z,y) is a harmonic func-
tion. We next try to determine the conjugate field v(x,y). From the Cauchy-
Reimann relations we obtain:

o —2—3 = cos(e)e™ = v(a,y) = [leos(z)e]dr = e V[sin(z) + 1 (y)
% = U= sin(a)e = v(ry) = [ sin(r)e vy = sin(a)fe +er(r)

where ¢;(y) and cy(x) are constants of integration, produced the first from
the indefinite integral over dx, the second from the indefinite integral over dy.
The two different expressions for v(z,y) onbtained from the two integrations
must be equal, so
e Yey(y) = sin(x)eo ()

which can only be satisfied if they are both equal to the same constant c,
because the first is exclusively a function of y and the second is exclusively a
function of y. This conclusion gives

v(z,y) =sin(z)e™ + ¢

and we will take the constant ¢ = 0 for simplicity. Then the complex function
f(2) must be given by

f(2) = u(z,y) +iv(x,y) = [cos(x) +isin(z)]e? = ¥ = e
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3.5 Branch points and branch cuts

One type of singularity that is very important when discussing mappings
implied by functions of complex variables, is that which gives rise to mul-
tivaluedness. We call such singularities branch points. Not all singulari-
ties are branch points. For example, z = 0 is a singularity of the function
f(2) = 1/z because the function is not well defined at this point, but is not
a branch point because this function does not suffer from multivaluedness.
To illustrate the idea of a branch point, we use a simple function in which
this problem comes into play, the n'* root:

w = /" — (Tei(6+2kﬂ))1/n _ Tl/nei(0+2k7r)/n’ k=0,1,...,n—1

For any point other than zero, this function takes n different values de-
pending on the choice of value for k. Only for z = 0 it does not matter
what the value of k£ is. In this sense, z = 0 is a special point as far as the
function w is concerned. We can look at this from a different perspective:
suppose that we are at some point z = r # 0 and we start increasing the
argument from 6 = 0 at constant r. All the points we encounter while
doing so are different points on the complex plane for 0 < 6 < 2m, but
when 6 hits the value 27 we get back to the same point where we had
started. If we continue increasing the value of § we will hit this point again
every time 6 is an integral multiple of 2. When z is raised to 1/n power,
these values of z will in general be different from each other, since their
argument will be divided by n. Thus, for the same value of the complex
variable z we get multiple values for the function w. This only happens if
we go around the point z = 0 more than once. If we go around a path that
encircles any other point but not zero, the argument of the variable will
not keep increasing, and therefore the problem will not arise.

The same problematic behavior was encountered for the natural log-
arithm: if the argument of the variable z is allowed to increase without
limit, then both the argument and the magnitude of the function w = In(z)
change when we go through points on the complex plane whose argument
differs by a multiple of 27, even though these are the same point on the
complex plane. It is useful to notice that in the case of the logarithm
because of the relation

1
In (—) = —In(z)

z

the behavior of the function in the neighborhood of the points z and 1/z
is the same, with an overall minus sign. Thus, if z = 0 is a special point in
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the sense described above, so is the point z — co. We conclude that the
logarithm has two branch points, z = 0 and z — oco. In fact, since all non-
integer powers of complex numbers can be expressed with the help of the
logarithm, as we discussed above, we conclude that the functions involving
non-integer powers of z have the same two branch points. Note that by this
we refer to the values of the variable where the quantity whose logarithm
we want to evaluate, or the base of the non-integer power, vanishes or
becomes infinite. For example, the function

22 —1
fz)=In (ﬁ)

has branch points at z = £1, where the content of the parenthesis becomes
zero, and at z = 41 where the content of the parenthesis becomes infinite,
but not at z — oo because for this value the content of the parenthesis is
finite; the function

f(z) =4/(z—a), a: finite

has branch points z = a and z — oo; the function

fz) = (l—b)  b#0
z
has branch points z = 1/b and z = 0; and so on.

In order to remove these problems, which become particularly accute
when we discuss mappings implied by multivalued functions of z, we in-
troduce the idea of the branch cut. This is a cut of the complex plane
which joins two branch points: we imagine that with the help of a pair of
“mathematical scissors” we literally cut the complex plane along a line so
that it is not allowed to cross from one side of the line to the other. In
the case of the logarithm one possible cut would be along the x axis form
x = 0 to x — oo. This choice restricts the argument 6 in the range of
values [0, 27), where we imagine that we can approach the cut from one
side but not from the other. That is, we can reach the values of z that lie
on the z axis approaching from above the axis, but we cannot reach them
from below the axis. This is a matter of convention, and the reverse would
have been equally suitable, that is, being allowed to approach the values
of z that lie on the z axis from below the axis but not from above the axis;
this would be equivalent to restricting the argument 6 to the range (0, 27].
The effect of this is that it elminates any ambiguity in the values that the
function In(z) is allowed to take!
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There are usually many possible choices for a branch cut. In fact, for
the case of the logarithm or a non-integer power, any line joining the points
0 and oo is a legitimate choice, as long as it does not cross itself, because
then a portion of the complex plane would be completely cut off (it could
not be reached from the rest of the plane), which is not allowed to happen.
Each such choice of branch cut restricts the range of the argument of z to
one set of values spanning an interval of 27. For example, if we had chosen
the positive y axis as the branch cut, the allowed values of § would be in
the interval [7/2,57/2), if we had chosen the negative x axis as the branch
cut, the values of 6 would be in the interval [, 37), etc. Notice that the
introduction of a branch cut that restricts the values of the argument to
0 < 0 < 27 is equivalent to taking the principal value of the argument.
There are also more complicated possible choices, for which the range of
0 may be different for each value of the radius r, but it always spans an
interval of 27 for a given value of r.

With the introduction of branch points and the associated branch cuts,
we have therefore managed to eliminate the problem of multivaluedness
for the natural logarithm and non-integer powers. This approach can be
applied to any function that suffers from multivaluedness. So far we have
met only these two types of functions that suffer from this problem, the
logarithm and non-integer powers, which are in fact related. Thus, for
the purposes of the present discussion, the only truly multivalued function
that must be fixed by the introduction of branch cuts is the natural loga-
rithm, which occasionally lurks in the definition of other functions we will
examine.

3.6 Mappings

Next, we will study mappings of the z-plane to the w-plane through com-
plex functions w = f(z). These mappings take us from a value of z to a
value of w through f(z). A very simple, almost trivial case is the mapping
produced by the function

w=az+b, a,b: constants

which, expressing w in terms of its real and imaginary parts w = u + iv,
can be written as:

w=u+iv = (a +ig)(x+iy) + (b, + ib;)
= u(z,y) = (ax —ay) + b, v(z,y) = (ay+ ax) +b;
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where we have also separated the constants a and b into real and imaginary
parts. This represents a shift of the origin by —b and a rotation and scaling
of the original set of values of z and y. Specifically, if we define the angle
¢ through

¢ =tan™! (%) = a, = |a| cos(¢), a; = |a|sin(¢p)

the original values of x,y are rotated by the angle ¢ and scaled by the
factor |a|. Thus, if the values of x,y describe a curve on the z plane, this
curve will be shifted, rotated and scaled through the mapping implied by
the function f(z), but its shape will not change.

It is often useful, from a practical point of view, to view the mapping
from the opposite perspective. The central idea is to consider a set of
complicated curves on the z-plane which through f(z) gets mapped to a
set of very simple curves on the w-plane. Thus, we will pose the question
as follows: Given the function f(z), what kind of curves in the z plane
produce some simple curves in the w plane? This is because the usefulness
of the mapping concept lies in simplifying the curves and shapes of interest.
An even more difficult question is: Given a set of complicated curves on the
z plane, what function f(z) can map them onto a set of simple curves on
the w plane? We will not attempt to address this question directly, but the
familiarity we will develop with the mappings of several common functions
goes a long way toward suggesting an answer to it in many situations.

The simplest set of curves on the w-plane correspond to v = constant
(these are straight vertical lines, with v assuming any value between —oo
and +00), and to v = constant (these are straight horizontal lines, with u
assuming any value between —oo and +o0). Other simple sets of curves on
the w plane are those that correspond to a fixed argument 6,, and variable
magnitude 7, of w, which are rays emanating from the origin at fixed angle
0, with the v axis, or those that correspond to a fixed magnitude r,, and
variable argument 6,, of w, which are circlular arcs centered at the origin
at fixed radius 7, (the arcs are full circles for 0 < 6,, < 27).

We illustrate these ideas with several examples.

Example 1: We consider the mapping of the z-plane to the w-plane through
the exponential function:

w = ¢e* = e’ cos(y) +ie”sin(y) = u(x,y) = " cos(y), wv(z,y)=e"sin(y)

In the spirit discussed above, we consider what curves in the z plane get
mapped to vertical lines u(z,y) = wuy or horizontal lines v(z,y) = vg on the
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w = exp[z]

Sy

w = exp[z]

(%

z-plane

Sy

X

Figure 3.4: Mapping of z-plane to w-plane through w = f(z) = exp(z) using
cartesian coordinates in the w plane.
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w plane. For vertical lines on the w planes the corresponding curves on the z
plane are given by:

u(z,y) =e"cos(y) =ug = x =In(ug) — In(cos(y))

for [uo > 0, cos(y) > 0= —g <y< g]

= 1z =In(—ug) — In(— cos(y))

3
for [uo < 0, cos(y) <0:>g<y< 771

Similarly, for horizontal lines on the w planes the corresponding curves on the
z plane are given by:

v(z,y) =€"sin(y) =vy = z =In(vg) — In(sin(y))

for [vg > 0, sin(y)>O:>0<y<7T]
= 1z =In(—vy) — In(—sin(y))
)

for [vg < 0,sin(y) < 0= 7 <y < 27|

These mappings are illustrated in Fig. 3.4.
We can examine the mapping produced by the same function using polar
coordinates in the w plane:

w=¢e =In(w)=2z2=In(r,) +i0, =x+iy = In(r,) =z, 0,=vy

In this case, curves described by a constant value of z = x( with y in a range
of values spanning 27, map to circles of constant radius r,, = ¢*°

[z =29, 0<y <27 —[r,=¢€", 0<86,<2n7]

Similarly, curves described by constant value of y = yo and x taking all real
values —oo < x < 0o, map to straight lines (rays) emanating from the origin
at constant angle angle 0, to the u axis:

[—oo <z <00, y=1yo] = [0< 7y <00, Ou = Yo

as illustrated in Fig. 3.5.

This analysis of the mappings produced by the function w = exp(z) indi-
cates that every strip of width 27 in y and —oco < & < oo on z-plane maps
onto entire w-plane. This is true for the mapping using catresian or polar
coordinates in the w plane.

Example 2: We next consider the mapping of the inverse function of the
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w = expl[z]

w-plane

y z-plane v A w-plane

Figure 3.5: Mapping of z-plane to w-plane through w = f(2) = exp(z) using
polar coordinates in the w plane.
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exponential, namely the natural logarithm which will prove to be much trickier.
We employ polar coordinates for z, which, as we have seen earlier, with the
use of Euler's formula make things simpler.

w = In(z) =In(re?) =In(r) + i
= wu(z,y) =In(r) = In(y/22 +42), v(z,y) =0 =tan"* <g>

Since this is the inverse mapping of the exponential, we can make the cor-
respondence (z < u,y < v; r, < 71,0, < 0), and from this obtain the
mapping by reversing what we found for the mapping w = e*. This simple
argument gives the following mappings:

[T =79, 0< 0 < 27T] = [u(x,y) = Uo = hl(’r’o), 0< v(:):,y) < 271-]

[8:‘907 O§T<OO] = [—OO<U(.I‘,y) < 00, U(.I‘,y)zv(]:e(]]

that is, circles of radius r on the z plane map to straight vertical lines u(z,y) =
uyg = In(rg) on the w plane of height 27, while rays at an agle 6, to the x
axis on the z plane map to straight horizontal lines v(x,y) = vy = 6y on the
w plane. This is all well and nice when @ lies within an interval of 27, as
we assumed so far, but leads to difficulties if the range of values of 6 is not
specified. This feature is of course related to the problem of multivaluedness
of the logarithm, which can be eliminated by identifying the branch points and
introducing a branch cut. We have already established that the function In(z)
has two branch points, zero and oo, and any line between them which does
not intersect itself is a legitimate branch cut.

y4 z-plane

Figure 3.6: Branch cut for the function f(z) =1In(z + a) — In(z — a).
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As another illustrative example of the need to introduce branch cuts con-
sider the function:
+1In(z — z)

This function is often used to simplify the description of radial or circumferen-
tial flow from a source (with the + sign) or a sink (with the — sign) situated at
z = zg. The combination of the two choices of signs, centered at two different
points z = a and z = —a, is called the source-sink pair:

F(z) = () + fole) = In(z +a) = In(z = @) = In(2) + (6~ 62)
where 1, = |z 4+ al, 0, = Arg[z + a] and 3 = |z — a|,0; = Arg[z — a],
with the source at z = —a (denoted by the function fi(z)) and the sink at
z = +a (denoted by the function f»(z)). Evidently, for this function we need
to introduce branch cuts, because there are at least two branch points, z = *+a,
where the function is non-analytic. To see this, we notice that for a closed
path that encircles either both or neither of 2 = +a and z = —a the quantity
(01 — 05) takes the same value at the end of the path as at the beginning, that
is, it does not increase by a factor of 27 even though each of the angles 6,
and 0y increase by 27. Thus, such a path would not lead to multivaluedness.
For a closed path that encircles only one of z = a or z = —a the quantity
(01 — 05) increases by 27 at the end of the path relative to its value at the
beginning. These facts are established by inspecting Fig. 3.6. One question
we need to answer is whether the function has any other branch points. One
possible candidate is z — oo, but the function is actually well defined in this
limit:
zZ+a
z—a

f(z):ln(z+a)—ln(z—a):1n< )—>ln(1)=0for Z — 00

The other possible candidate, z = 0, also does not present any problem,

because:
£(0) = In(a) — In(—a) = In (i> —In(—1) = In(e") = ir

—a

Thus the only branch points are 2 = +a. Another way to see this is to evaluate
the derivative of the function, which is:

1 1

zZ+a Z—a

f'(z) =

which is well defined everywhere except for 2 = +a. Consequently, we need a
branch cut joining the points z = £a. Any such path will do, and it does not
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w-plane

Figure 3.7: Mapping of z-plane to w-plane through w = f(z) = 22.

have to pass through z — oo. A possible choice for a branch cut is shown in
Fig. 3.6.

Example 3: We consider next a simple power of z, the square. Using carte-
sian coordinates, we have:

w=2" = u(z,y) +iv(z,y) = (2° - y°) +i(22y)

The last expression gives, for the curves on the z plane that map to vertical
lines (u(z,y) = up) or to horizontal lines (v(z,y) = vy) on the w plane:

v
2 2 0
=y =uy, Yy=—
2z

which are hyperbolas, as illustrated in Fig. 3.7. From this mapping we see that
half of the z plane maps onto the entire w plane, because if we restrict the
values of z to x > 0 or to y > 0, we still can obtain all the possible values of u
and v. Similar arguments apply to sub-regions of the z plane, which through
w = f(z) = 2? are “inflated” to cover much larger regions on the w plane.
For instance, the region enclosed by the square

z:0<z<l, 0<y<lI
identified by the corners at z : (x,y)
a:(1,0), b:(1,1), ¢:(0,1), d:(0,0)
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Yi z—plane pr lane
v
B
c by
l
dlo u X C D
l i

Figure 3.8: Mapping of a square region on the z-plane to the w-plane through
w= f(z) = 2>

on the z plane, which lies entirely on the first quadrant (upper right quarter
plane), gets mapped to the region identified by the points w : (u,v)

A:(120), B:(0,2), C:(=120), D:(0,0)

with the correspondence a — A,b+— B,c+ C,d+— D. This region extends
over the first two quadrants of the w plane (upper half plane). If we think of
the square on the z plane as covering the entire first quadrant (I — o), then
its image on the w plane will cover the entire upper half plane.

Another way to see this is to use polar coordinates:

w= 2= r,e® =r2e® =, =12 6, =20
so0 <O <mr— 0<L40, <2m that is, the range of values from zero to =
in the argument of z is mapped to a range of values from zero to 27 in the
argument of w.

Example 4: As another example we examine the inverse of the previous
function, that is, the square root. Using cartesian coordinates, we have:

w:z%:>w2:z:>(uz—v2)+i2uv:x+1y:>x:(uz—UQ), y = 2uv

For the curves on the z plane that map to straight vertical lines (u(z,y) = wuo)
or straight horizontal lines (v(x,y) = vg) on the w plane, we will have:

2
_ _ Y 2 Y
U=1Uy — V= —— — U —

J— =
2uy O 4l
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w-plane

Figure 3.9: Mapping of z-plane to w-plane through w = f(z) = /z.

v:voeu:ﬁﬁi—vzzx
2U0 41)8 0
which are parabolas, as illustrated in Fig. 3.9. In this case, the entire z plane
maps onto half of the w plane, since the values of uy and vy appear squared
in the final equations, so that two values of opposite sign correspond to the
same curve. This is what we would expect, given that the function z'/2 is the
inverse of the function z2. This is a troubling fact, however, because we are
not sure at which of the two halves of the w plane we will end up. This has
actually to do with the fact that the function z'/2 is multivalued (it involves a
non-integer power, and hence the logarithm lurks somewhere in its definition).
To see this more clearly, we use polar coordinates:

Ow _ ,,,.1/261(9+2k7r)/2 = r, = ,,,,1/2’ ew _ g + ]{57'(', k= 0,1

w = zY? = e
so there are two possible choices for the values of k, giving rise to the two
possible mappings. In terms of real numbers, this corresponds to the fact
that the root of z2 is +2. In order to remove the ambiguity, we need again to
introduce branch cuts. Evidently, the branch points in this case are again z = 0
and z — oo, because of the involvement of the logarithm in the definition
of 2* with a: non-integer. Any proper branch cut joining these two points
removes the ambiguity and renders the function single-valued. For example,
the standard choice of the positive = axis as the branch cut with 0 < 6 < 27
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(equivalent to the choice k& = 0), leads to the entire z plane mapping to the
upper half (0 < 6, < morv > 0) of the w plane; the same choice for a branch
cut with 27 < 6 < 47 (equivalent to the choice k = 1), leads to the entire z
plane mapping to the lower half (7 < 6,, < 27 or v < 0) of the w plane.

Example 5: For another example we consider the function

and ask what is the image of a circle on the z plane through the mapping by
f(2) on the w plane. The equation for a circle on the z plane with its center
at (zo,yo) and radius p is:

(x—20)+(y—w)?=p*=al@®+9°) +br+cy+d=0 (3.33)

where the parameters a, b, ¢, d are related to xg, yo, p by ':

1 2 2 242
R R kA
P P P P
Using the following relations:
Z+Z zZ—Z 2, 2 _
Tr = = X = ZZ
5 Yy 5 )

and the fact that w = u+iv = 1/2 = w = u — iv = 1/Z, therefore

w+w  z+2Z W—w Z—Z 5 1
u = = —, V= — = ——, U +v =ww=—
2 22Z 21 2iz% ZZ

we find that the above equation for a circle on the z plane is transformed to
a+bu—cv+du®+v*) =0 (3.34)

which has exactly the same functional form in the variables u and v as the
equation for the circle on the z plane, Eq. (3.33), in terms of the variables x
and y. From this we conclude that the original circle on the z plane is mapped
to a circle on the w plane.

!The fact that we pass from a set of three parameters zg,o,p to a set of four
parameters a, b, c,d in describing the circle, is not a problem because the latter set
of parameters are not independent; the following relation between them can easily be
established:

b+ c? = da(d + 1)
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A related mapping is that given by the function

_ (s :(z—a)

which also maps a circle to a circle. To see this, we perform the following
changes of variables:

2 =z —b : shift origin by b

z" = — : maps circles to circles
z

w = A\z" +1 : linear scaling by A, shift origin by —1

which proves that the mapping by w = (z — a)/(z — b) is also a mapping of a
circle to a circle, since the only relation that involves a mapping is the second
change of variables; the other two merely shift or scale the curve without
changing its shape. All that remains to do is find the value of the scaling
parameter \. By requiring that the final expression is equal to the original one,
we find:

z—a

1= A=b—
z—b+ z—b:> “

1
w=A"+1=A=+1=2X
z

which completes the argument. A generalization of this is the mapping pro-
duced by the so-called Mobius funtion (see Problem 6).

y z—plane

w—plane

Figure 3.10: Mapping of the shaded region on the z-plane to the w-plane
through w = f(z) = 1/22.
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Having studied both the mapping of the function 1/z and the function
2%, we can consider the mapping produced by the composition of the two

functions, that is the function:

As an exercise, consider the region on the z plane shown in Fig. 3.10, consisting
of the entire upper half plane except for a semicircle of radius [ centered at the
origin. The mapping of this by the function 1/z produces a semicircle centered
at the origin, with radius 1/[, with the point at infinity mapping to the origin
of the circle. The function 22 produces a full circle centered at the origin, with
radius 1/1%. The net result from applying the two mappings is shown in Fig.
3.10 (see also Problem 7).

Example 6: We next study the mapping implied by a function which ivolves
both powers and inverse powers of z:

Expressing the complex variable z in terms of its real ad imaginary parts z =
x + iy leads to:

and setting as usual the function f(z) equal to w = u(x,y) +iv(zx,y) we find
for the real and imaginary parts of w:

u(z,y) = (2> — y?) (1 + m> o vlz,y) =2y (1 a m>

As an illustration of the mapping produced by f(z), we consider a curve on
the z plane described by the parametric form:

z(t) = e/ cos(t), y(t) =re’/sin(t), —r<t<mw (3.35)

where 7, a are real positive constants; this curve is illustrated in Fig. 3.11.
This curve is mapped through f(z) to a curve on the w plane given by:

2 /42
U(t) = 7“2e2t / COS(Qt) (1 + W)

. 1
U(t) = 7“2e2t2/a2 SlIl(Qt) <1 — W) (336)
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Mapping under f(2) = z2\2+1/2\2

In[2]:= ParametricPlot [{2Exp[t~2/5] Cos[t], Exp[t"2/5]Sin[t]}, {t, -Pi, Pi}]

Qut[2]= -G aphics -

In[3]:= ParanetricPlot[

60
40

0

:12.5 -10 -7.

5 -5 -2.5

{((2Exp[t~2/5] Cos[t])"2- (2Exp[t~2/5]Sin[t])~2) (1+1/ ((2Exp[t~"2/5])"4)),
2 (2Exp[t~2/5]Cos[t]) (2Exp[t~2/5]Sin[t])
(1-17 ((2Exp[t~2/5]1)74))}, {t, -Pi, Pi}]
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- %0
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- 60
Qut[3]= -G aphics -

100 150

Figure 3.11: Illustration of the curve on the z plane described by Eq. (3.35)
and its map on the w plane through w = 22 + 1/22, described by Eq. (3.36); in
this example we have chosen r = 2 and a = /5.
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which is also illustrated in Fig. 3.11.

Example 7: As our next example we will consider the mappings implied
by the hyperbolic and trigonometric functions, which are closely related. We
begin by examining the mapping implied by the hyperbolic cosine:

e*+e*  e”(cos(y) +isin(y)) N e (cos(y) —isin(y))

w = cosh(z) = 5 = 5 5

= wu(z,y) = cosh(x) cos(y), v(x,y) = sinh(z)sin(y)

We investigate first the types of curves on the z plane that produce vertical
(u = ugp: constant) or horizontal (v = wvy: constant) lines on the w plane. For
vertical lines we have:
e’ 4 e’ " 2u
ug = ————cos(y) = ¥ — C fe =0
2 cos(y)

which can be turned into a second-order polynomial in exp(x) by multiplying
through by exp(x), from which we obtain the solutions:

u U,2 1/2 u u2 1/2
f =2 4 0 1) =az2=In|—2 + 0 1
cos(y) cos?(y) cos(y) cos?(y)

The last expression is meaningful only for values of y which make the quan-
tity under the square root positive; for these values of ¥, the quantity under
the logarithm is positive for either choice of sign in front of the square root.
Similarly, for horizontal lines we have:

T —T

e’ —e " | " 20y
= ————sin(y) = e’ —
Vo 1 (y) sm(y)

2
9 1/2 9 1/2
¢ sin(y) (sinz(y) + ) v [sin(y) <sin2(y) + ) ]

where again we have used the second-order polynomial solutions. In this case
the quantity under the square root is always positive and the argument of the
natural logarithm is positive only for the solution with the plus sign in front
of the square root. From these equations, the sets of curves on the z plane
that correspond to vertical or horizontal lines on the w plane can be drawn.
These sets of curves are quite similar to the curves that get mapped to vertical
or horizontal lines through the function exp(z), which is no surprise since the
hyperbolic cosine is the sum of exp(z) and exp(—=z). From this statement,

—e ' =0=>
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we conclude that a strip of values on the z plane, extending over the entire z
axis and covering a width of 27 on the y axis, is mapped onto the entire w
plane, just as we had found for the case of the mapping produced by exp(z).
In the present case, the values z and —z get mapped to the same value of w,
in other words, the strip of width 27 in y gets mapped twice to the w plane.

From the above analysis, we can easily obtain the mappings due to the
other hyperbolic and trigonometric functions. For instance, from the relation:

z+im/2 —z—im/2 12 fA—Z
Y=t is = cosh(2') = iite / S isinh(z)
2 2 2

we conclude that the function sinh(z) can be viewed as the combination of two
functions three functions: the first consists of a shift of the origin by —in/2,
the second is the hyperbolic cosine and the third is a multiplication by —i:

™

22 =z + 15, 2 2" = cosh(z'), 2"

— w = —iz” = sinh(2)

But we know what each of these functions does in terms of a mapping, so it
is straightforward to derive the mapping of the hyperbolic sine. In particular,
since multiplication by —i involves a rotation by 7/2, we conclude that under
w = sinh(z) a strip of the z plane of width 27 on the x axis and extending over
the entire y axis gets mapped twice to the entire w plane. Similarly, because
of the relations

cos(iz) = cosh(z), sin(iz) = isinh(z)

we can derive the mappings due to the trigonometric sine and cosine functions
in terms of the mappings due to the hyperbolic sine and cosine functions.

Example 8: Finally, we consider the mapping due to an inverse trigono-
metric function,
w = sin~'(z)
Taking the sine of both sides of this equation we obtain:
» = sin(w) = sin(u+ iv) = (cos(u) + isin(u))e‘“z'— (cos(u) —isin(u))e” _
i

sin(u) cosh(v) 4 icos(u) sinh(v) = z = sin(u) cosh(v), y = cos(u) sinh(v)

From the last two relations, using the properties of the trigonometric and
hyperbolic sine and cosine functions, we find

12 y2

— gin? 2wy =1
cosk2 () + b2 () sin”(u) + cos®(u)
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yl

ellipse

Figure 3.12: Tllustration of the basic geometric features of the ellipse and the
hyperbola.

which is the equation for an ellipse with extend 2a = 2 cosh(v) on the z axis
and 2b = 2|sinh(v)| on the y axis, as illustrated in Fig. 3.12. Setting v = vy:
constant, we see that confocal ellipses on the z plane with foci at z = +1 get
mapped to straight horizontal lines on the w plane. Similarly,

,1’2 y2

sin®(u)  cos?(u)

= cosh?(v) — sinh?(v) = 1

which is the equation of a hyperbola with length scales 2a = 2|sin(u)| on the
x axis and 2b = 2| cos(u)| on the y axis, as illustrated in Fig. 3.12. Setting
u = ug: constant, we see that confocal hyperbolae on the z plane with foci
at z = £1 get mapped to straight vertical lines on the w plane. The images
of ellipses and hyperbolae on the z plane through w = sin™'(z) to horizontal
and vertical lines, respectively, on the w plane is illustrated in Fig. 3.13.

This example deserves closer scrutiny, because we are really interested in
obtaining the values of w from z, but we derived the relations between x and
y by going in the inverse direction, that is, by expressing z as a function of
w. This may have hidden problems with multivaluedness, so we examine the
expression of w in terms of z in more detail:

_ e—iw

z:sin(w):T:>eiw—2iz—e_i“’:0:>
i

ei“’:iz:I:\/l—z2:i(z:|:\/z2—1)

where we have used the solution of the second-order polynomial equation to
obtain the last exrpession. With this, we obtain the explicit expression of w as
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z—plane w-plane
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Figure 3.13: Mapping of ellipses and hyperbolae with foci at z = £1 on the z
plane to horizontal or vertical lines on the w plane through w = sin~!(z). The
wavy lines indicate the branch cuts, located on the x axis from —oo to —1 and
from +1 to +o00 on the z plane and their images, the vertical lines at u = +7m/2
on the w plane.

a function of z:
w=ii[i(z£vVA 1)) =2+ ifex (Vao1) (VEH))

from which we conclude that we do need to worry about branch points and
branch cuts for this situation. Specifically, there are two square root functions
involved as well as the logarithm function, all of which introduce branch points.
The two square roots imply that the points z = £1, 0o are branch points. The
branch points of the logarithm correspond to the values zero and oco. By
inspection, we see that the expression under the logarithm above is never zero,

because:
2+ V2—1=0=222=22-1

which cannot be satisfied for any value of z. On the other hand, for z — oo
we have:

12 1
z:l:\/zz—lzzzl:z<1——) :z:l:z<1——+-~-)
22 222

where we have used the binomial expansion to get the last result. With the
plus sign, the last expression becomes

1
z+z(1——+--->z22 for z — o0
222
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while with the minus sign, it becomes

z—z(l——+-~-) %i for z — oo
2z

Thus, the values where the argument of the logarithm becomes zero or infinity
are both approached for z — oo. In other words, the two branch points for
the logarithm are both at z — oco. From this analysis, we conclude that the
branch cut we need for this function must go through the points z = +1 as
well as through the point z — co. A possible choice for a branch cut is shown
in Fig. 3.13: it consists of two parts, —oco < x < —1 and +1 < z < +o0.
The images of these lines to the w plane are the vertical lines u = £7/2. The
entire z plane is mapped on to the strip of values extending over the entire
range of v and having width 27 on the u axis on the w plane. This is precisely
what we expect from the preceding analysis of the mapping of the function
sin(z)!
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Problems

1.

Using the Taylor series expansions for exp(iz) and exp(y), show that
the series which defines the exponential of z = = + iy is that given
by Eq. (3.19).

. Prove the relations between the hyperbolic and trigonometric func-

tions of z and iz given in Eqgs. (3.22) and (3.23).

By following the same steps as those that led to Eq. (4.3), prove the
more general result Eq. (4.4).

Find the mapping of the curve described in parametric form by Eq.
(3.35), through the function

f(z):z+%

From the proof that the function f(z) = 1/z maps a circle in the z
plane, Eq. (3.33), to a circle in the w plane, Eq. (3.34), determine
the radius and the position of the center of the circle on the w plane
in terms of the radius p and the position (xg, yo) of of the center of the
circle on the z plane.. Comment on what happens if (z3 + y2) = p*.
The function b
az

and the mapping it produces are named after Mcobius. Show that
this function maps circles to circles and lines to lines. Also show that
the combination of two such functions, that is:

asz’ + by , iz 4 by
w=——-—- ="
co? + dy c1z+dy

is another Md6bius fnuction; find the explicit expression for w as a
Mobius function in terms of the parameters that enter in the two
functions of the combination.

Show explicitly that the function

w=f()=

maps the region on the z plane shown in Fig. 3.10 to the full circle
on the w plane centered at the origin, by finding the images of a few
representative points on the boundary of the z-plane region.



78 CHAPTER 3. FUNCTIONS OF COMPLEX VARIABLES

8. We are interested in the mapping of the z plane to the w plane
through
w = sin~'(z)

which was discussed in the text. For this mapping to be meaningful,
we must introduce a branch cut which includes the points z = +1
and oco. Consider the branch cut consisting of the z axis from —1 to
+o0o, that is, —1 < x < +o00. Is this an appropriate branch cut for
the function of interest? What is the image of the branch cut on the
w plane, and what is the region of the w plane to which the entire z
plane is mapped? Does this region have the same area as the region
corresponding to the branch cut shown in Fig. 3.137



Chapter 4

Contour Inegration

4.1 Complex integration

By analogy to the case of integrals of real functions, Eqs. (1.35) and (1.36),
we define the integral of a complex function as:

/ij f(z)dz = lim [Zf: f(z)Az] (4.1)

z=2z;

There is a qualitative difference in performing definite integrals of functions
of real variables and functions of complex variables. In the case of real
variables, a definite integral is the integral between two points on the real
axis x; and xy and there is only one way to go from z; to xy. In the
case of complex variables z; = x; +iy; and 2y = ¢ + iy; there are many
(actually infinite) ways of going from one number to the other. It is then
possible that the definite integral between z; and z; depends on the path
(called “contour”) followed on the complex plane. Indeed, this is the case
in general: the integral

/: f(z)dz

depends on the contour along which the integration is performed. But it
is not always the case. Recall that the derivative evaluated at z = zj

df

dz (20)

in general depends on the direction of approach to zy, but for analytic

functions it does not depend on the direction of approach. An analogous
statement applies to the integral of f(z). For analytic functions integrated

79
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along a closed contour, that is, one for which the starting and ending points
are the same, the integral does not depend on the contour and is zero if
the contour does not enclose any singularities of f(z). This is known as
Cauchy’s Integral Theorem (CIT for short).

The simplest way to perform an integration of a function of a com-
plex variable along a contour is in a parametric fashion: suppose that the
contour C' can be described by z = z(t), with ¢ a real variable. Then

ds = %dt — 5(0)dt = (#(8) + ig(0)dt =

t’!?Lll(L'

| redz= | ) + )0 = [ ) + o) +i)de =

tmin tmin
tmaz tmaa
| i — i@+ [ @) + vl
and in this last expression we are dealing with integrals of functions of
real variables, which presumably we know how to handle. Although this
method is straightforward, it is not always applicable because there is no
guarantee that the variable z can be put in a parametric form along the
path of integration.

A useful relation that bounds the value of an integral of function f(2)
is the so-called M L inequality:

JELE

21

< max(|f(2)]) ‘/ll dl’ — ML (4.2)

where M is the maximum value of |f(z)| along the contour and L is the
length of the contour, with [, [y corresponding to the end points of the
path z1, 2o.

Related to the integral of f(z) over a contour are the notions of a con-
tour enclosing a simply-connected region, which is called a “simple con-
tour” and has a unique sense of traversing, and of a multiply-connected
region which we will call a “complicated contour” and has no unique sense
of traversing. The term complicated refers to the fact that such a con-
tour intersects itself, which is a consequence of the fact that it contains a
multiply-connected region; the points of intersection create problems with
the sense of traversing since at each intersection there are more than one
choices for the direction of the path. Examples of such contours are shown
in Fig. 4.1.

Another important notion is that of contour deformation: it is often
convenient to change the original contour along which we need to perform
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(a) (b) (0

Figure 4.1:  Tllustration of (a) a “complicated” contour enclosing a multi-
ply connected region, which does not have a unique sense of traversing; (b) a
“simple” contour enclosing a simply connected region with a unique sense of
traversing, in this example counter-clockwise; and (c) contour deformtation, as
described in the text.

the integration into a simpler one, as long as this deformation does not
change the result. For example, consider an irregularly shaped simple
contour such as the one shown in Fig. 4.1(b). Let us denote the integral
of the function around the contour as I,. Now assume that by deforming
the contour as shown in Fig. 4.1(c) the value of the integral over the new
contour vanishes:

[0+[1+]2+[3:0

But in the limit where the inside and outside contours are fully closed, we
will have I3 = —I; because along the two straight segments f(z) takes the
same values while dz; = —dz3. This means that we only have to evaluate
the integral I in order to find the value of Iy. Since the path for this new
integrals is a circle, it may be easy to perform a parametric integration,
which reduces the problem to one of doing integrals of real functions as
described above.

How useful is the above argument? In other words, can we use contour
deformation in a practial sense? The answer is a resounding yes, as nu-
merous examples will demonstrate in the following sections of this chapter.
As a first example consider the following integral

1
—dz
cz
where C'is an arbitrary simple closed contour around the point z = 0 where
the integrand is singular. We perform contour deformation as indicated
in Fig. 4.1(c). For the deformed contour, which does not enclose the
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singularity z = 0, we conclude by Cauchy’s Integral Theorem that the
integral is zero, since the function 1/z is analytic everywhere inside and on
this deformed contour. This leads to Iy = —Is, since the integrals along the
straight line segments cancel each other, by the argument mentioned above.
We can then evaluate the original integral by calculating the integral along
the inner circular contour, which can be done by parametric integration
because along this circle of radius R we have:

z=Re% 0<0<2r=dz=iRe’d0

and the contour is traversed in the clockwise sense, which means 6 goes
from 27 to 0. Substituting these relations for the integral along the circular
path we obtain:

1 01 . i
]{ _dZ:/erIRe df = —2mi

which shows that the original integral is

L = 1d,z = 27 (4.3)
cz
This is a very useful result, because it holds for an arbitrary simple closed
contour which encloses the singularity of the integrand at z = 0. By exactly
the same procedure, we can prove that for n a positive integer and for an
arbitrary simple closed contour C' enclosing z = 0:

jé L4z = 2nis,, (4.4)
C zZ

where ¢;; is the Kronecker delta, equal to one for ¢ = j and zero otherwise.

We next prove Cauchy’s Integral Theorem. The basic setup of the proof
is illustrated in Fig. 4.2. The function f(z) is assumed to be analytic on
and inside the simple closed contour C'. In general we have:

/ f(2)dz = / u(z, y) + iv(z, y)][de + idy]
= /u(z,y)dx— /v(:c,y)dy+i/u(iﬂ,y)dy+i/U(ffvy)dx
(4.5)

For the closed contour C, the various terms in the last expression give:
The first term

%u(m,y)dx = /mazul(:c,y)dx+ mmuu(x,y)dx
C x

min Tmazx
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y

Mnux

Mnin

Figure 4.2: Setup for the proof of Cauchy’s Integral Theorem.

- [t o= [ (Gt

min min Ymin

— / / < )dydx (4.6)

where u;(z,y) and u,(z, y) refer to the values that u(z, y) takes in the lower
and upper parts of the contour, respectively, as those are identified in Fig.
4.2, and S is the total area enclosed by the contour. The second term:

Ymazx Ymin

fowody = [ oy [ vy

min Ymax

= [t == [ [ (5t
- / / ( )dxdy (4.7)

where vy(z,y) and v,(x,y) refer to the values that v(z,y) takes in the left
and right parts of the contour, respectively, as those are identified in Fig.
4.2. Combining these two terms we obtain for the real part of the last line
in Eq. (4.5):

j{[ (z,y)dz — v(z, y)dy] = // <—— — —) drdy (4.8)

Similarly we can derive for the imaginary part of the last line in Eq. (4.5):

740[ u(z,y)dy + v(z,y)dz] = // <—@ + gz> dzdy (4.9)
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Therefore, if f(z) is analytic on and inside the contour C', from the Cauchy-
Riemann relations Eq. (3.28), we conclude that its integral over C' vanishes
identically.

A corollary of the CIT is that the integral of an analytic function be-
tween two points A and B on the complex plane is independent of the
path we take to connect A and B, as long as A, B and the entire path lie
within the domain of analyticity of the function. To prove this, consider
two different paths going from A to B (see Fig. 4.2, labeled path 1 and
path 2) . The combination of these paths forms a closed contour, if one of
the paths is traversed in the opposite sense (from B to A, rather than from
A to B), and the result of the integration over the entire closed contour is
zero. Therefore, the integration over either path gives the same result.

As a counter example, we consider the integral of a non-analytic func-
tion over a simple closed contour C'. Our example concerns the prototypi-
cal non-analytic function that we discussed before, namely z. Its integral
around C', which encloses a total area S, is:

jézdz_// (—a—Z—%>dzdy+1// (—@+ x)d:cdy—QlS

where we have used Egs. (4.8) and (4.9), which are valid for any function,
and the fact that

Z:x—lyju(%y):% v(a:,y)z—y:>

ou v ou ov
a—y—O, %—0, %—1, 8_y—_1

A notion related to the CIT is the Cauchy Integral Formula (CIF for
short): for a function f(z) which is analytic everywhere inside the region
enclosed by a simple contour C', which contains the point zj, the following
relation holds:

L

f(z0) = 5=

2mi Jo z — 2z

(4.10)

The proof pf this statement proceeds by considering a circular contour of
constant radius R around zj, and letting R — 0:

Cr : 2=z + Re’ = dz =1iRedl, 0<0 < 2x
in which case the integral of f(z)/(z — zp) around this contour is:

o i0 .
/(z) dz = lim Miﬁ’eledﬁ = 2mif(z)

lim
R—0Jcp 2 — 29 R—0Jo Re!
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Figure 4.3: Setup for the proof of the Cauchy Integral Formula.

By using contour deformation we can easily prove that this result holds for
any simple contour C' that encloses zg, as illustrated in Fig. 4.3.

The deeper meaning of Cauchy’s Integral Formula is the following: if
analytic function is known at the boundary of a region (the contour of
integration ('), then it can be calculated everywhere within that region by
performing the appropriate contour integral over the boundary. Indeed,
if 2z is in the interior of the contour, CIF gives the value of f(z) by
performing an integral of f(z)/(z — zo) over the contour, that is, by using
only values of the function on the contour C. This is consistent with the
statements that we made earlier, namely that harmonic functions are fully
determined by the boundary values and that an anlytic function has real
and imaginary parts which are harmonic funtions. CIF basically provides
the recipe for obtaining all the values of an analytic function (and hence
the harmonic functions which are its real and imaginary parts) when the
boundary values (the values on the contour C') are known.

Taking the CIF one step further, we can evaluate the derivatives of an-
alytic function, by differentiating the expression in Eq. (4.10) with respect

to zp:
e = | ] e

and similarly for higher orders:

™ (z) = ! ﬁ(&dz (4.11)

27i z — zp)"t!
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This is also consistent with an earlier statement that we had made, namely
that all derivatives of an analytic function exist. We should caution the
reader that in the case of derivatives, we cannot use a simple contour of
constant radius R and let R — 0 to obtain explicit expressions, but we
must perform the contour integration over C'.

4.2 Taylor and Laurent series

We next consider a series expansion of functions of complex vairables, and
use as the terms in the series (z — 29)"™ with n a non-negative integer,
assuming that we are interested in the behavior of the function near the
point zy on the complex plane:

f(z) = i_ojoan(z —2)" (4.12)

This is the power series expansion of f(z) at a reference point zy. By
analogy to what we discussed for power series expansions of functions of
real variables, and using our knowledge of convergence criteria, we conclude
that following statements must hold for the power series on the right-hand
side of Eq. (4.12):

— if it converges for z; and |z — 29| < |21 — 20| then it converges for zo;
— if it diverges for z3 and |z4 — 20| > |23 — 20| then it diverges for z,.

To justify these statements, we can think of the convergence of the series
in absolute terms and since |z — zp| is a real quantity:

|2 — 20 = \/(z — 20)2 + (y — y0)?

we can apply the tests we learned for the convergence of real series. In
particular the comparison test, Eq. (2.19), is useful in establishing the
two statements mentioned. These lead us to the definition of the radius of
convergence: it is the smallest circle of radius R = |z — zy| that encloses all
points around zy for which series converges. In the limit R — oo the series
converges everywhere on the complex plane; in the limit R = 0 the series
diverges everywhere on the complex plane.

Example 4.1: To illustrate these points, we consider the familiar binomial
expansion involving a complex number z:

—1 —1)(p—2
(a4 27 =av + par-tz 4 PP =D 20 PP =1 —2)

2l 3! @
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In this expression, we have put the function f(z) = (a+2)? in an infinite series
form of the type shown in Eq. (4.12), with well defined coefficients given by

=D p—(=1) .,

" n!

around the point zp = 0. Next, we ask what is the radius of convergence of
this series. Defining ¢ = z/a, we obtain:

(p—1)
2

plp—1)(p—2)
3!

(a+2)" =a” [1+pc+p ¢+ g3+.-.] (4.13)

We then apply the ratio test, Eq. (2.20), to determine the radius of conver-
gence of this series. The ratio of the (n + 1) to the n'* term is

[p@ - 1)(-n- -+<zlo)!— n><n+1] [p@ S ERVEIUE 1>><“]‘1‘ =

]
and the ratio test requires that this last expression be bounded by a positive
number smaller than unity for all n > N, but

p—n
ﬁ
n+1

n — oo = }
leaving as the condition for the convergence of the series
¢l <1 =[z] <lal

which gives the radius of convergence R = |a| of the series around 2z, = 0.

For the power series representation of a function f(z), as given in Eq.
(4.12), assuming that it convergences absolutely and uniformly inside the
disk |z — 29| < R, the following statements are true (some for obvious
reasons):

1. Since (z — zp)" is continuous, f(z) is also continuous.
2. The power series representation about zq is unique inside the disk.

3. We can differentiate and integrate the series term by term inside the
disk, to obtain a new convergent series, since the resulting series has
the same ratio of the (n + 1) to the n'* term as the original series.

4. For R > 0, the power series represents an analytic function, which is
infinitely differentiable within the disk of convergence.
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5. Conversely, every function has a unique power series representation
about zg when it is analytic in a disk of radius R around it, and any
method of obtaining this series is acceptable.

We present next two specific power series expansions of functions of
complex variables, known as the Taylor and the Laurent series expansions.
The first refers to a function that is analytic in a disk around a point z,
the second to a function which is not analytic in the neighborhood of 2z,
but is analytic in a circular annulus around z;. Both series are extremely
useful in representing functions of complex variables and in using those
representations for practical applications, such as evaluating integrals.

We discuss first the Taylor series expansion. This can be actually de-
rived for a function f(z) which is analytic everywhere on and inside a
simple closed contour C, by applying the CIF, Eq. (4.10) (note that in the
following proof we have replaced the variable of integration by the symbol
¢ and we have called the point where the function is evaluated simply z):

A0 s
L A Ll A= e

L f© c-m), (z==w\
N 27Tij{C(C—Zo) 1+<C_ZO>+<C_Z0> "

= f(a0) + (= = 20)(20) + 57 (= = )" (20) + -+

d¢

where in the next-to-last step we have used the geometric series summation

1
S IS I S
=t
(see chapter 1, Eq. (2.17)), with ¢ = (2 — 20)/(¢ — z0) which is valid for
[t = |2z — 20|/|IC — 20] < 1= |z — 20| < |C— 2], and for the last step we
have used the CIF for the derivatives of f(z), Eq. (4.11).

Example 4.2: Suppose we want to calculate the power series of

f(2) = sin”'(2)

about the point zg = 0. We first notice that this function is analytic in a
disk of non-zero radius around the point of interest. Therefore, it should have
Taylor series expansion around this point. However, it is messy to try to take
derivatives of the inverse sine function, so we resort to a trick: since any way
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of obtaining the power series expansion is acceptable for an analytic function,
we call the original function w and examine its inverse, which is simply the sine
function:

d
w = sin"'(2) = z = sin(w) = ﬁ = cos(w) = /1 —sin*(w) = V1 — 22
from which we can derive the following relation:

dw 1

QW _ L (22

oy s Al e
and in the last expression we recognize the familiar binomial as in Eq. (4.13)
with a = 1,{ = —2% p = —1/2, which, when expanded in powers of (—z?)
and integrated term by term leads to:

w:z+lz3+iz5+iz7+~-~
6 40 112

Note that we can apply integration term by term to the series we obtain for
dw/dz because the binomial series converges uniformly for [(| = |—2%| < 1, a
condition that is certainly satisfied for z in the neighborhood of zero. Moreover,
the constant of integration which appears when we integrate the series for
dw/dz in order to obtain the series for w, can be determined by observing
that from the definition of w we have z = 0 = w = 0, and hence the constant
of integration must be zero.

Zy
S

Figure 4.4: Circular annulus around the point zy on the complex plane, for
the derivation of the Laurent series expansion.
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Another important power series expansion is the Laurent series. Con-
sider a function f(z) which is analytic on a circular annulus with outer
radius p; on the circular contour C, and inner radius ps on the circular
contour Cy, both centered at z;. We will employ the following integrals on
the contours C; and (5, taken as usual in the counter-clockwise sense:

f(Q) -
74@- ol =12

We notice that if we join the two circular contours by two line segments
traversed in the opposite direction, as illustrated in Fig. 4.4, the function
f(2) is analytic everywhere in and on the resulting closed contour, and
therefore we can apply the CIF for this situation. In the limit where the
two line segments lie on top of each other, hence their contributions cancel
out, we obtain:

_ 1 f(€) 1 f(€)
=541, (c—z)dC‘%?{@ =% (4.14)

In the last expression, each contour is traversed in the counter-clockwise
sense and the integration over 'y has an overall minus sign because that
part was traversed in the clockwise direction in the joined contour. We
deal with the two integrals that appear on the right-hand side of the above
equation separately. The first integral can be written as:

IR S ((ORFYSINE & £(0)
"7 o 740 (¢C—2) =55 740 (1-=2)(C - ZO)dC (4.15)

and since for z in the annulus and ¢ on the C; contour we have

Z— 20

¢ — 2o

we can apply the geometric series expansion to obtain

1 £ c=an)  (z—n\"
W= b “(c—zo)*(c—zo) *

For the second integral we have:

_ fQ 1 f(©)
h=5 72 (g—z)dg_ 2_m7{c (1— <—zo)(z—z0)dC (4.17)

<1

dc (4.16)
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and since for z in the annulus and ¢ on the C5 contour we have

¢ — 2o

zZ— 20

<1

we can apply the geometric series expansion to obtain

2
e % (53 (23
) Z— 20 Z— 20

- 2mi z— 2p)
Combining these two results, we arrive at the general expression

d¢c (4.18)

f&) =g 3 (=) VC %dd (4.19)

n=—oo

with C' a closed contour that lies entirely within the circular annulus
bounded by the circular contours C; and C5, as can be easily justified
by contour deformation. The expression in Eq. (4.19) is known as the
Laurent power series expansion and contains both negative and positive
powers of (z — zp)™.

=y

L)

Figure 4.5: Example of Taylor and Laurent series expansions of the function
f(z) =1/[(z = 1)(z — 2)] around z = 0: the complex plane is separated into the
three regions labeled I, II, III, where the function is analytic on a disc or on a
circular annulus.

Example 4.3: To illustrate these concepts we consider the function

1 1 1

f(z):(z—l)(z—2)21—2+z—2
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and ask what is its power series expansion around z = 0. To answer this
question, we need to separate the complex plane in three regions in which we
can easily determine the analyticity of the function. These are:

— region I : |z| < 1, where both 1/(1 — z) and 1/(z — 2) are analytic;

— region I1: 1 < |z| < 2, which encloses a singularity of 1/(1 — z);

— region III : 2 < |z|, which encloses a singularity of both 1/(1 — 2) and of
1/(z —2).

In each region, we can determine separately the expansion of the two fractions
that appear in f(z), thatis, 1/(1 — z) and 1/(z — 2). The first fraction,
1/(1—=z), is analytic in region |, so we expect a Taylor expansion for it which is
easily obtained from the geometric series, since in this region |z| < 1. Regions
I1 and Il can be considered as circular annuli which contain a singularity at
z =1, so we expect a Laurent expansion; in both regions |z| > 1 = 1/|z| < 1,
hence if we rewrite the denominator so as to contain the factor (1 — 1/2) we
can use the geometric series again to obtain:

1
I =1+z+2"+-
1—-2
1 1 -1 1 1
ILIIT = = 14+ ...
’ 11—z (1-=3(-2) =z R

The second fraction, 1/(z — 2), is analytic in regions | and I, so we expect
a Taylor expansion for it which is easily obtained from the geometric series,
since in these regions |z| < 2 = |z/2| < 1. Region Il can be considered
as a circular annulus which contains a singularity at z = 2, so we expect a
Laurent expansion; in this region |z| > 2 = 2/|z| < 1, hence if we rewrite the
denominator so as to contain the factor (1 — 2/z) we can use the geometric
series again to obtain:

1 -1 1 -1 2 2\ 2
LIT = - _—|14+Z ol
’ z—2 2 (1-%) 2[+2+(2) " 1
1 1 1 2 22
Ir = = |1+ Z= z
z—2 (1-3)z z[+z+<z) * ]
Combining the results in the different regions, we obtain:
1 1 ) 1
[ : f(z>_§+z(1—1)+2 (1—§)+
11 1 1 1,
e f@ =G 75"
1 1
111 =(—1+4+2)— -1 22 _ . -1 2n—1 L
F(&) = (L2 5+ (L4 2) g+ (1427
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We note that the function has a Taylor expansion in region |, a Laurent ex-
pansion with all powers of z in region Il and a Laurent expansion with only
negative powers of z starting at n = —2 in region Ill.

4.3 Types of singularities - residue

With the help of the Laurent series expansion, we classify the isolated
singularities of a function into three categories:

1. zp is a removable singularity if the coefficients of the negative ex-
ponents in the Laurent series, b_1,b_o,..., are zero. In this case
the function has a Taylor series expansion around zy. If the value
of the function is assigned to be equal to the constant term of the
Taylor series expansion, the function is then continuous and analytic
everywhere in the neighborhood of zj.

2. zp is a pole of order m if the coefficient b_,, # 0 and coefficients
with lower indices n < —m are all zero. A pole of order one is also
called a simple pole.

3. zp is an essential sigularity if an infinite number of the coefficients
of the negative exponents in the Laurent series are non-zero.

We give some examples to illustrate these notions.

We have already encountered one type of removable singularities, the
branch points. In such cases, the singularity is due to multivaluedness of
the function which results from different values of the function when going
around the point zy more than once. This problem is eliminated (removed)
by the introduction of branch cuts that connect pairs of branch points.

A different type of removable singularity is one in which the function
itself is not properly defined at z = z, (hence the singularity), but the
Taylor series expansion that approximates it near z; is well defined for all
values of z, including zy. If we define the value of the function to be the
same as the value of the series expansion for z = zy, that is, the function
at zo is assigned the value of the constant term in the series expansion,
then the singularity is eliminated (removed) and the function becomes
continuous and analytic. For an example, consider the function

_ sin(z)

f(z) =

z
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which for z = 0 is not properly defined: both numerator and denomina-
tor are zeroes, so strictly speaking any value is possible for the function.
However, if we consider the power series expansion of the numerator and
divide by the denominator for finite 2z, we have:

1 1 i 1 1
sin(z):z—§z3+§z5—-~-:>sz(z) :1—§z2+§z4—-~-, z : finite

and the value of the last expression for z = 0 is unity. If we now assign the
same value to the function for z = 0, that is, f(0) = 1, then the apparent
singularity at z = 0 is removed and the function becomes analytic in the
neighborhood of this point, including the point itself.
As far as poles are concerned, the standard example of a pole of order
m is the function
1

(z — zo)™

Occasionally, the pole is a little harder to identify, as for example in the
case:

f(z) =

f(2) = —

~ sin™(z)

which has a pole of order m at z = 0. To see this, consider the expansion
of sin(z) near z = 0, which gives:

1 1 m
sin(z):z——z3—|—---:>sinm(z):Zm<1__z2+...>

3! 3!

1 1 - 1
f(z):—<1+—22+---> — — forz—0

2Zm 3! 2Zm

which is the behavior we expect for a pole of order m at z = 0.
An example of an essential singularity is the point z = 0 for the function

Wit T
fz)=e —1+z+2!z2 +3!z3
where we have used the familiar power sereies expansion of the exponential.
In the above expansion, all negative powers of z appear, hence we have an
infinite number of coefficients of the negative powers which are not zero (a
Laurent expansion). For z — 0, each term 2z~ gives a larger and larger
contribution as m increases.
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Another important consequence of the Laurent series expansion is that
the integral of a function f(z) around a closed contour C[z] ! which en-
closes a singularity of the function at zy, can be evaluated using the coef-
ficients of the Laurent series expansion. Assuming that the Laurent series
converges uniformly for z inside a circular annulus around z,, we have:

f(z) = i bn(z — 20)" = f(z)dz = i bn% (z — z0)"dz

n=—o00 Clz0] n——00 C|z0]

but we have shown earlier, Eq. (4.4), that:

1
j{ ———dz = 27idy,
C|z0] (Z — Z(])n

and of course all the terms (z — z)™ with n > 0 give vanishing integrals

because they are analytic, which leads to:
f[ } f(z)dz = 27i b_; = 27i(Residue at zp)
Clzo0

that is, the integral is equal to 27i times the coefficient of the term (z —zp)™
with exponent n = —1, to which we give a special name, the “residue” at
z = zg. This is known as the “residue theorem”. The usefulness of the
theorem lies in the fact that the coefficients in the Laurent expansion may
be determined by much simpler methods than by having to evaluate the
integrals which appear in the general expression of Eq. (4.19); this was the
case in the example of a Laurent series expansion that we discussed above.

4.4 Integration by residues

The simplest application of the residue theorem involves simple poles, that
is, integrands which have simple roots in the denominator. We assume that
the integrand can be written as a ratio of two functions, f(z) and g(z) such
that: f(z) is analytic inside the region enclosed by C' and ¢(z) has simple
roots at z = 2z, k = 1,...,n in this region. A simple root of g(z) at z = z
means that the function vanishes at this value of z but its first derivative
does not (see also Problem 2). Near the roots we can expand the function
g(z) in Taylor series as:

9(2) = g'(z) (2 — 2) + %g”(zk)(z — )

n the following we adopt the notation C[zo] to denote that the contour C' encloses
the point zg at which the integrand has a singularity. Other features of the contour C,
are indicated as subscripts.
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Figure 4.6: Tlustration of contour deformation for the integration of a function
with several simple residues at z = z1, ..., 2z in the closed contour C': the small
circles centered at each pole have vanishing radii and the contributions from the
straight segments cancel out.

since g(zx) = 0, where the dots represent higher order terms in (z — z)
which vanish much faster than the first order term as z — z,. We also
know that because we are dealing with simple roots of g(z), ¢'(zx) # 0.
We can then write:

g(Z) = g/(2k>(2 — Zk> [1 + %gg’/’((j:)) (z _ Zk) + .. ] =
g(z) = gl(zk)(Z—Zk) for z — z,

The integral of the ratio f(z)/g(z) over the contour C' is then given by:

f &g, -y / ) 4 omiy [ﬂzk/)]
Cler(k=1,..n)] g(2) i o) 9' () (2 — 21) = L9 ()
(4.20)

where the final result comes from performing contour deformation as indi-
cated in Fig. 4.6 and using the small circular paths with radii tending to
zero around each simple root of the denominator, for which the result of Eq.
(4.4) applies. Evidently, in this case the residues at z = 2z, (k = 1,...,n)
come out to be f(zx)/g’ (zx), which can be easily evaluated.

A generalization of this result is the calculation of the contribution from
a pole of order m at z = zg, that is, a root of order m in the denominator.
In this case, the function of interest can be written in general form as:

o b_m b—m—‘,—l b—l
f(Z) = (Z _ Zo)m + (Z _ Zo)m_l + + (Z _ ZO) -+ bo + bl(Z Z(]) +
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that is, it has a Laurent expansion starting with the term of order —m. We
define a new function h(z) by multiplying f(z) with the factor (z — z9)™:

hz) = (z2—20)"f(2)
= b+ b iz —20) + - +b1(z—20)""" +bo(z — 20)" + -+

which is a Taylor series expansion for the function h(z), since it contains
no negative powers of (z — z), therefore the coefficient of the term of order
m — 1 is the derivative of the same order evaluated at z = zy, with a factor
of 1/(m — 1)! in front:

1 dm—l
b= [<m g (2)1

or, equivalently, for a pole of order m the residue takes the form:

(Residue at zp) = b_y = [(m i 5 dd;:z_—l ((z — zo)mf(z))] (4.21)

z=20

With this result, we can generalize the residue theorem to any number n of
singularities at z = 2z (k = 1,...,n) within the contour C, each singularity
being a pole of arbitrary order (but not an essential singularity, because in
that case we cannot evaluate the residue):

z) dz = 271 Residues in C' 4.22
A iy 1) > ) (4.22)

These results are extermely useful in evaluating both complex integrals
as well as integrals of real functions. In fact, they can be used to evaluate
many real integrals by cleverly manipulating the expressions that appear
in the integrand. Since this assertion cannot be described in general terms,
we illustrate it by several representative examples.

Example 4.4: We consider the following real integral:

]
I:/ d 42
0 +1x ( 3>

T2

which we will evaluate as one part of a complex integral over a closed contour
C which is shown in Fig. 4.7:

dz

I+ 71 Izjé
TR cz2+1
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As is evident from Fig. 4.7, the real integral I corresponds to the integral
along the part of the contour C' extending from z = 0 to © — o0o. The other
two parts of the contour, along the negative real axis (z — —oo to z = 0)
and along the semicircle of radius R centered at the origin, give rise to the
contributions denoted as I’ and Iy respectively. From the residue theorem we

y

I

io

-R )& 0 I R X

Figure 4.7: Contour for evaluating the real integral of Eq. (4.23).
have for the total contribution to the contour C from its different parts:
1
I+1'+Ip=2m> (Residues in C) = 27ri§ =7
i
because there is only one singularity of the integrand contained in the contour
C at z =1 and the value value of the Residue for this singularity is 1/(2i),
as can be easily derived from Eq. (4.20) with f(2) = 1 and g(z) = 2% + 1.

But the integrand along the real axis is an even function of z, that is, it is the
same for x — —x, which leads to:

0 1 00 1
I'=[ —do= [T —d(-a) =1
o2+ 1 0 o (—x)2+1( @)
Moreover, the integral Ir over the large semicircle with radius R — oo van-
ishes, because the integrand goes to zero faster than 1/R. To justify this claim,

we note that we can write the variable of integration z and the differntial dz
over the semicircle as:

z:Reie, 0<0<7=dz= Ric’d0

and with these, the integral Iy in the limit R — oo takes the form:

. . ™ 1 0 i T e
im0 = o [ [ e ] = o 7 [ o] =0
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since the integral over 6 gives a finite value. Having established that I’ = I
and Iz — 0 for R — oo, we conclude that the value of the original integral is

© 1 T
1:/ dz =12
o x2+1 v 2

a result we had obtained in chapter 1, Eq. (1.41), using an inspired change
of variables; here the same result was derived by simply applying the residue
theorem.

Before we proceed we further examples, we will generalize what we
found above for the behavior of the integral Iz over a semicircle of radius
R centered at the origin. Consider the case where the integrand is the ratio
of two polynomials of degree p and ¢, respectively:

2 ag + a1z + agx® + - - - + a,rf
I:/
T; b0+b1$+bgl’2+"'+bql’q

and we will try to evaluate this integral by turning it into a complex integral
over a contour C' one part of which can be identified as the real integral I:

/ ap+ a1z + a2’ + -+ -+ a,2P
z
c

bo+ b1z +boz? + - - - 4 by24

Let us assume that the contour C' contains an arc of radius R centered at
the origin, which contributes I to the value of the contour integral. Along
this arc, the integration variable z and the differential dz take the form:

z:Reie, 91§9§92

which, when substituted in the complex integral, leads to:

iRel?d6

I_/®%+mﬁﬁ+@ﬁﬁﬂk~+%mﬂe
B Jor by + by R + byR?e0 + - . . + b, Rei?

Taking common factors RPe’ and R%'% from the numerator and the de-

nominator and keeping only the dominant terms (because eventually we

will let R — o) we arrive at:
ap

Ip= —P pp—atl /92 ellP=a+1)8i49 = @Rp—qﬂ 1
b

e | il e a2
q 1 q

where in order to obtain the last expression we must assume that p — q #
—1. Typically, we want this integral to give a vanishing contribution when
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R — oo, which is useful when one of the limits of the original is infinite.
For this to happen, we need to have

p—q+1<-1=qg>p+2

so that the factor RP~9*! makes the value of I tend to zero. The conclusion
from this analysis is that, when the integrand is a ratio of two polynomials,
the order of the polynomial in the denominator must be larger by at least

two than the order of the polynomial in the numerator, to guarantee that
Ir - 0as R— 0.

Path 1 Path 2

Figure 4.8: Two possible contour choices, labeled Path 1 (C7) and Path 2
(Cq), for evaluating the real integral of Eq. (4.25).

Example 4.5: As a second example, we consider a similar real integral,
for which a simple change of variables would not work. The residue theorem,
however, can still be applied with equal ease. The real integral we want to
evaluate is:

o1
I:/ d 42
0 x8+1x (4.25)

which, as in the previous example, we turn into a complex integral over a closed
contour C1, shown in Fig. 4.8:

1
1+I+1R=]( dz

o 28 +1
This contour is chosen so that one part of it lies along the positive real axis
(from z = 0 to x — 00), which gives the integral I that we want to evaluate.
There are two more parts to the contour, one along the negative real axis
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leading to the integral I’, and one along the semicircle of radius R centered
at the origin, leading to the integral /. We notice that the integrand is an
even function under x — —x, so the integral on the negative real axis (from
x — —oo to z = 0) is the same as [, that is, in the notation of Fig. 4.8,
I' = I. We can also argue, for the same reasons as in the previous example,
that I — 0 for R — o0, therefore

! . _ . . . .
I+1+ }QIE%)(IR) =21 =27 ) (Residues in ()

For the residues, we use the expression of Eq. (4.20) since the denominator
g(2) = 2% + 1 has only simple roots inside the contour C; and the numerator
is simply unity, which for each residue leads to:

T for 28 = —1 = 2, = @FV™/8 . —0 7
“k

Of those residues the ones with £ = 0,1,2,3 are within (. Moreover, we
note from the above relations that

1 1 zZ

8 7 k
=—1l=z=——=-—=——
k k Zk 82’; 8

which leads to the following result for the original integral:
—1r. . . .
2] = 271_1? [em/S + e137r/8 + el57r/8 + e177r/8}

and using the trigonometric relations

(5) = —eos(§)- s () =sn(
CoS )= cos <) sin g)= sin

<57r>_ <37r> . <57r>_ . (3%)
cos g)= cos s ) sin S = sin g

we arrive at the final result

1=7 (sin (g) +sin (%ﬁ)) =7 (Sm (g) o (g))

Let us try to evaluate the same integral with the use of contour Cs: As
for the previous path, the part on the z axis (from z = 0 to z — ©0) gives
the desired integral I, while the path along the circular arc gives a vanishing
contribution by the same arguments as before, I — 0 for R — oo. For the

%l
N——
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last part of this contour, along the line at an angle 7/4 relative to the x axis,
we can write the variable z and the differential dz as:

z=re™* dz =™ dr

which leads to the following contribution:

r__ im/4y _ _ in/4 _ _aim/4
I'= /7":00 (reim/4)8 + 1d(re ) ¢ /o ré + 1dr erd

We therefore have for the entire contour:

/ . . _in/4 _ . . .
I+1 +}21£n@(IR) =I(1—¢e™*) =27i) (Residues in Cy)

and since the only singularity within C is at 2y = exp(im/8), using the relations
we established above for the value of the residues, we find the final answer,

: -1 . T el™/8
IQ—e™ =27ri—e™ = = ———
(1 —e™%) i e 11—
or, after using Euler’'s formula for the complex exponentials,
mi 1 s T/, T s
I = = :—(sm——l—cos—)

S de B _ein/8 T 8sinT 4\ 8 8

which is identical to the previous answer from contour (7, as it should be.

Example 4.6: A slightly more complicated situation arises when the
integrand has poles on the real axis, as for example in the case of the integral

R
= x 4.26

/0 8 —1 (4.26)
with which we deal in the same fashion as before, that is, by turning it into
a complex integral over a closed contour, a part of which can be identified as
the desired real integral. Two possible contour choices are shown in Fig. 4.9.
In the following we concentrate on the first choice, which we will call contour

Cli
dz

I+F+h+@+h:f
o 28 —1

Note that in addition to the usual contributions from the positive real axis

(which corrsponds to the desired integral I), from the negative real axis (which
corresponds to I’ and as in the previous two examples I’ = I), and from the
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Y Path 1 Y Path 2

Figure 4.9: Two possible contour choices, labeled Path 1 (C;) and Path 2
(Ca), for the evaluation of the real integral in Eq. (4.26).

semicircle centered at the origin with radius R (which, for the same reasons
as in the previous examples vanishes for R — o0), we also have two more
contributions from the the semicircles with vanishing radii, centered at x =
+1. These contributions are required in order to avoid the singularities of
the integrand at z = +1. This situation is analogous to the example we had
discussed in chapter 1, for the integral

o ]
d
/0 21"
where we had argued that approaching the root of the denominator at z = 1
symmetrically from above and below is required in order to produce a well
defined value for the integral (we had called this approach taking the principal

value of the integral). This is precisely what the two semicircles with vanishing
radii lead to: For the semicircle centered at x = +1 we have:

Co[4+1] : 2o =14 €%, 7<6,<0 =

1 m 1 .
g:/ da:—/ _ Ll d6,
Calt1] 22 1 Z 0 (1 + Eaelea)s _ 16 1e

and similarly, for the semicircle centered at x = —1 we have:

@}H:%:—LHE%W§%SO$

= :—/ iei o
’ Cyl-1] 25 — 1 -1+ ebeleb 161’le b
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so in the limit ¢, — 0, i = a,b the integrals I and I’ are evaluated in the
principal value sense:

Fetim [ =gy [T g
_EaILnO[/o 8 —1 x+/1+eax8—1 x}

I = lim [/_Hb 1 d:c+/0 ! dx]
a0 ) a8 —1 |

We can expand the denominators in the integrands of I, and I, with the use
of the binomial expansion: for the pole at z = +1 we have

2B = (14 €ue®)® =1+ 8epel® 4. = 25 — 1 = 8e el
while for the pole at z = —1 we have
Zg = <_1 + €bei€b)8 — (1 _ €bei€b)8 —1— SEbeiGb 4o Zg 1= —8€beieb

where we have neglected higher order terms, since we are interested in the
limit ¢, — 0, © = a,b. When these expansions are substituted in the integrals
1, and I, we find:

limn (7,) 1 lim (1) . —1

im (1,) = —ir=, lim = —ir—

€q—0 8 ep,—0 b 8
that is, the two contributions from the infinitesimal semicircles centered at
x = £1 cancel each other. Putting all these results together, we arrive at the
final result:

I+1'+ limo(]a) + lim (1) + Il%ir%(IR) = 2] =2mi» (Residues in C)

e, —0

- 27ri% [eiﬂ/4 Loeim/2 4 ei37r/4}

because the only residues enclosed by the entire contour C' are the simple poles

at

im/4

i2m /4
Z1 =€ , 29 = € /,

23 = el37r/4

all of which are solutions of the equation
8 1
p=1= ==z, k=123
“k

Using the identities:

(3)=-eos(T) o (§) = () o=
cos4—cos4,sm4—sm4,e =i
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we get for the value of I:

I= —g(l +12) (4.27)

In the above example, it is instructive to write the expressions for I,
and [ in a different format:

lim (1,) = 2 (21) (—1)(Residue at z = 1)

€a—0 v

lim (1) = 27i <21) (—1)(Residue at z = —1)

e, —0 m

These expressions can be rationalized as follows: The integral over a circu-
lar arc of vanishing radius centered at z = zo where the integrand f(z) has
a simple pole, is equal to 27i times the fraction of the arc in units of 27
times the residue of the function at the simpe pole; an extra factor of —1
accompanies the residue when the arc is traversed in the clockwise sense.
This is actually a specific application of a the following more general
result:
Consider a function f(z) analytic on annulus centered at zy, with a simple
pole at z = zy; then

lim F(2)dz = 2ri (2ﬁ) (Residue at z = z0)  (4.28)

e—0 Ce,p[20] iy

where C. ,[20] is a circular arc of radius € and angular width ¢, which lies
entirely within the annulus centered at z:

Ceplzo) 1 2= 20+ e, 0y <Oh<by+¢

To prove this statement, we note first that since f(z) is analytic on an
annulus around zy we can use its Laurent series expansion in the neighbor-
hood of 2y assuming that it converges unifromly in the annulus:

[2)= 3 balz — z)"
Since the fuction has a simple pole at zg, b,, = 0 for m < —2 which leads

to:

© © boty . . i
[ feaz= 3 b [ el ag = 3 b,
Ceoliol %

n=-—o00 n=-—1
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where the integral I,, is defined as:
boty .
In — 6n—l—li/ el(n-i—l)ede
0o

and evaluation of this gives:

forn=-1 — [,=ip

forn>0 — I,= 6"“#6100("“) (ei“”("ﬂ) — 1) (4.29)
- n+1

In the limit € — 0 the terms with n # —1 vanish, and only the term n = —1
survives, leading to

/ . f(z) dz =ip b_; =i ¢ (Residue at z = z)
Ce,pl20

which proves the desired formula, Eq. (4.28).

Note that if ¢ = 27 this formula simply reduces to the residue theorem.
We emphasize, however, that the formula of Eq. (4.28) applies to simple
poles only, whereas the residue theorem is valid for a pole of any order.
To see where this comes from, we observe that for an arbitrary value of
© # 27 the expression on the right-hand side of Eq. (4.29) vanishes only
for n > 0, because for these values of n the power of € is positive and the
limit ¢ — 0 produces a zero value for I,,. In contrast to this, when ¢ = 27
the expression on the right-hand side of Eq. (4.29) vanishes identically for
any value of n, because of the identity

ei27r(n+1) -1

which is a direct consequence of the Euler formula. Thus, for ¢ = 27 we
can afford to have terms with n < —1 in the Laurent expansion, which
implies a pole of order higher than unity, since the integrals I,, produced
by these terms will vanish and we will be left with the value of the residue.

We also note that if the circular arc is traversed in the counter-clockwise
sense, the angle # increases, therefore ¢ > 0, whereas if it is traversed in the
clockwise sense, ¢ < 0 which produces the (—1) factor factor mentioned
earlier.

The formula of Eq. (4.28) allows us to skip simple poles that happen to
lie on the path of integration, which is equivalent to evaluating integrals by
taking their principal value, as already mentioned in the example above.
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Another very useful general criterion for when the integrals over circular
arcs of infinite radius vanish is the following:
Jordan’s Lemma: Consider the integral

In— /C oV f(2) dz (4.30)

where A is a real, positive constant, C'is a circular arc of radius R centered
at the origin and lying on the upper-half complex plane, that is,

C:2=Re% 0<6,<0<6, <7
and the function f(z) is bounded on C,
If(2)| < F, F:finite

then the integral Ip over the circular arc is bounded and for F© — 0 it
vanishes.

This statement can be proved as follows: on the circular arc, extending
from 6, to 6, we have:

2= Re, dz = Riel
and the absolute value of the integral over this arc takes the form:

ei)\(x-i-iy)f(z)iReiO do

02 . ) 02
|[R| _ |/ el)\(:c-i-ly)f(z)iRezG d9| < /
91 61
where the last relation is derived from the triangle inequality. But |i| =
|exp(i\z)| = | exp(if)| = 1 and y = Rsin(#), which lead to:

0 .
‘]R‘ <FR 26—)\Rsm(9) do
01

Assume 6; = 0,60, = m, which is covers the entire range of allowed values
for the situation we are considering, then since the integrand in the last
expression is a symmetric function of  with respect to 7/2, we can evaluate
it only in the range 0 < # < 7/2 and multiply it by a factor of 2:

m . /2 )
Sil’l(ﬂ' — ‘9) — Sll’l(H) = / e—)\R51n(9) df = 2/ e—)\Rsm(G) do
0 0
but in this range we have:

T 20
<fHP<— : si > —
0_9_2 s11r1(9)_7r
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which can be easily shown by a graphical argument, and if we replace sin(6)
in the integrand by 20 /7 we will get an upper bound for the original value:

/2 . /2
0<0< g : —sin(f) < —2—9 / e~ Misin(0) g < / o~ AR20/7 3
0 0

T
With all this we obtain:

w/2
In] < 2FR / oA/ g
0

The following change of variables

From this result, we obtain in the limit of R — oo

F
Rﬁoo:>\IR|<T7T

which shows that the integral Ir is bounded since F' is finite and in the
limit F© — 0 it vanishes. Note that Jordan’s Lemma can be applied for A
a real, negative constant as well, only then the path of integration must lie
on the lower half of the complex plane (that is, y < 0).

Example 4.7: Toillustrate the usefulness of Jordan's Lemma, we consider
the following example of a real integral which can be evaluated by contour

integration:
I= / cos(A (4.31)

oo$2—a2

with a, A real positive constants. First, note that we can rewrite this integral
in terms of two other integrals:

00 el’\x—l—e iz 1 1
dv = 1) + =I
) / T2 Tghitah
) el)\:v 00 e—i)\m
[1:/_oox2—a2d$’ IZ:/—ool'2—a,2dx
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y y
-R -a I, a R
NSNS e
IR+ I; I“
e |k I
-R —-a 0 11 a R X

Figure 4.10: Contour for the evaluating the real integral of Eq. (4.31) using
Jordan’s Lemma.

and I, I can be considered as parts of contour integrals on the complex plane
which satisfy the conditions of Jordan’s Lemma for the contours shown in Fig.
4.10. For I, we perform the integration on a contour skipping over the poles
at © = +a on the real axis and closing by a semicircle lying on the upper half
of the complex plane, because in this case the exponential in the integrand
involves the real constant A > 0 so that Jordan's Lemma is satisfied for y > 0
for the integral Ir,. This contour integration leads to:
L+ iir—{lo([a) - EliLnO(I;) + Il%iin@(IR+) =0=>5=- shr—{lo([a) — iiino(]é)

where the integral Iz, on the upper half plane is eliminated by Jordan's
Lemma. The other two integrals at the singularities on the x axis give:

. 1 . . i —ida
ELII_I}O(ICL) = —5(27T1)<R681due at z = —a) = %

lim (I!) = —1(27Ti)(Residue at z = +a) = —W—iei)‘“
€02 - 2a

For I, we perform the integration on a contour skipping over the poles at
x = +a on the real axis and closing by a semicircle on the lower half of the
complex plane, in order to satisfy Jordan's Lemma for y < 0 for the integral
Ir_, because in this case the exponential in the integral involves the real
constant —\ < 0. This contour integration leads to:

I + lim (1) 4 lim (I) + lim (Iz_) = 0 = I, = — lim (1,) — lim (I)
€q—0 €q—0 R—0 €q—0 €q—0
where the integral Ir_ on the lower half plane is eliminated by Jordan's Lemma.

The other two integrals at the singularities on the x axis give:
i e—i)\a

T L. .
6tlglo(fa) = 5(27T1)(R681due at z = —a) = ~ g
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= 1 . . mi ida

Elalino(l ) = 2(27r1)(R681due at z = +a) = %

In both cases, the integrals around the singularities at = +a were evaluated
in the usual way, using the results we discussed above for skipping simple poles.
This is equivalent to evaluating the integrals I; and I5 in the principal value
sense. Note that for I, and I/ the semicircle of radius ¢, — 0 is traversed
in the clockwise sense, while for I, and I’ the semicircle is traversed in the
counter-clockwise sense.

Combining the results we obtain for the value of the original integral:

1 ~ -
I = 3 I+ L] = ) limO(I )+ hm (I') + hm (I )+ limO(I;)
= —zsin()\a)
a

Example 4.8: We look at a different integral where Jordan's Lemma
comes again into play: consider the real integral

I= /OOO <w>2dx (4.32)

First, note that there are no signularities involved in this integral, because
sin(x)/x is well defined everywhere, even for x = 0 because:

lim <Sm(x)> —1
z—0 x

as can be easily established from the Taylor expansion of sin(z) near x = 0
(see chapter 1). Morover, we can extend the integration to negative values of
x because the integrand is an even function of z, so

2/ (Sm ) dz

We use the expression for the sine in terms of the complex exponentials and
rewrite the original integral as follows:

1 oo [elr _ iz 2 1 0o 2T _ 9 4 o2z
. - " ) de=-Z / d
2 /_oo ( 2iz ) TR l . 22 v
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5
=

-R

Figure 4.11: Integration contours for the evaluation of the three integrals,
I, I_, Iy, into which the real integral in Eq. (4.32) is decomposed.

From the last expression, we can break the integral into three parts and perform
contour integration in terms of the complex variable z, to find their values.

1 ) e:l:2i:v 0 ]
I=—S(y =2k +1), L _/_OO —-da, 10_/_00901:5
However, by doing this we have introduced in the integrands functions with
singularities. To avoid infinities that will arise from the singularities, we must
treat them on an equal footing, that is, by using the same variables to de-
scribe portions of the path that skip over the singularities. We will employ the
contours shown in Fig. 4.11, for which the contribution along the real axis
represents the desired integrals: For I, and I, we use a contour that closes on
the upper half plane by a semicircle of radius R — oo, whereas for I_ we use
a contour that closes on the lower half plane by a semicircle of radius R — oo.
We jump over the singularities at z = 0 with the same path, which consists
of a semicircle on the upper half plane of radius ¢ — 0, centered at zero,
for all three integrals. Since there are two contributions from this semicircle
corresponding to I, and /_ and one more contribution corresponding to I
which has an overall factor of —2 in front, and in the limit ¢ — 0 all these

contributions are equal, denoted by I, in Fig. 4.11, they cancel out:

Ic+1.—-21.=0

For contour that contains the integral I, from Jordan’s Lemma, the contri-
bution of the semicircle of radius R — oo and since the enclosed area contains
no sigularities we conclude that the contribution of this contour to the sum
is zero. As far as I is concerned, using the result for the integral of a ratio
of two polynomials, Eq. (4.24), we conclude that the contribution from the
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semicircle of radius R — oo vanishes, and since the enclosed area for the
corresponding contour contains no singularities its contribution to the sum is
zero. Finally, for the integral /_, from Jordan’'s Lemma we will have another
vanishing contribution from the semicircle of radius R — oo on the lower half
plane and the contour integral is therefore equal to 27i times the sum of the
enclosed residues. In this case, the contour encloses the point z = 0. Since the
singularity at this point is a second-order pole, we can use the general result
of Eq. (4.21) to find:

(Residue at z = 0) = 4 (e = —2i
esiaue a = = dZ 2,’2 » =

Putting all these partial results together, we obtain for the integral of Eq.
(4.32):

1
I = -3 [—27i(Residue at z = 0)] = g

Example 4.9: Another type of contour integral where similar issues arise
concerns functions which require a branch cut. Consider the real integral

oo A
I:/ dr, —1<X<0 (4.33)

o x+1
which can be expressed as part of a contour integral of a complex function.
Note that raising the variable x to the non-integer power A implies that we
will need to introduce a branch cut when we pass to the complex variable z,
from z = 0 to z — 0o. We therefore consider the contour shown in Fig. 4.12,
with the branch cut along the real axis, from z = x = 0to z = ¢z — .
The point z = 0, being a singularity of the integrand (a branch point) must
be avoided, hence the small circle of radius € — 0 around it. The contour is
closed by a large circle of readius R — oo also centered at the origin. The part
of the contour which lies just above the real axis approaches the value of the
desired integral I. For the part of the contour just below the real axis, where
the argument of the complex variable z approaches the value 27, we have:
omi Z_/\ — oi2mA x_)‘ [ — _i2mA

= e =
== z+1 r+1

The circle of radius e around the origin contributes:

(Eeie))\

eel? + 1

2 @if(14))

do

. 2m .
z=c? = [ = —/ ciel?dd = —ieH)‘/
0

0o eel? +1
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y A
IR
I ~ I
-R A% 7 R X

Figure 4.12: Integration contour for the evaluation of the real integral in Eq.
(4.33) with a branch cut along the positive real axis.

= lim(Z.) = 0

since the contribution of the integral over 6 for any € is a finite quantity and
14+ XA > 0. By analogous considerations, the circle of radius R — oo around
the origin contributes:
) 21t (Reie))\ )
z=Re’=1Ip= [ —-——Ried)=iR"™ | ——
7)o Re®+1 0o Re?+1

21 if(1+A)
dé =

14
. < T Ay
12W:>}%£1;10\IR|_}%£1;10(2WR )=20

21 .
|IR| < Rl“/ |Re! +1]71df < i
0 R

where we have used the ML inequality, Eq. (4.2), to find an upper bound for
the integral |/r| before taking the limit R — oco. Finally, the entire contour
encloses only one singularity, the point z = —1 which is evidently a simple
pole, the residue at that value being:

(Residue at z = —1) = (e™)* = "
Putting all this together, we obtain:

I+1+ lir%(le) - }%im (Ir) = 27i(Residue at z = —1) =

I(1 — 27T :2'1)\7r I =— Q
(1 —¢=™) = 271" = S ()
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Example 4.10: As a final example we consider an integration that re-
quires a rectangular rather than a semicircular contour. Integrals of that type
appear when the integrand involves trigonometric functions. Our example con-
sists ot the following real integral:

L= / ©sinAe) g [ / e dx] —Im(]  (4.34)

—oo sinh(z) —oo sinh(z)

We notice that from the definition of the hyperbolic functions,

o7 —x 427 _ —x—2m7i

sinh(z) = —Te = sinh(z 4 27i) = 2e

= sinh(x)

so we can use the contour shown in Fig. 4.13 for the evaluation of the integral
I in Eq. (4.34) because along the two horizontal parts of the contour the
denominators in the integrands are the same. For the part of this contour

Yy
on I
Ib
I Iy
Iﬂ
-R of R x

Figure 4.13: Rectangular integration contour for the evaluation of the real
integral in Eq. (4.34).

along z = x + 12w we have:

r 00 ei)\(x+27ri) 4 o —2)\7r]
T /_oo sinh(x + 271) (w4 2mi) = —e

For the contribution Iy along the vertical path z = R+ 1y, 0 < y < 27 the
integrand becomes:

2ei)\(R+iy) e~ ViR

(eftiy — e i) — oR(elv — o-2R-iv) =
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, , 1 27 2ie MWelrR
A () = i, <—/ oo W) =0
since the integration over y gives a finite value (the integrand is finite in
magnitude). Similarly for I}, along the vertical path z = —R+iy, 2r >y >0

we find
2ei)\(—R+iy) 2€—Aye—i)\R

(e—R+iy _ eR—iy) - eR(e—ZR-Hy _ e—iy)

1 2r e MWe AR
. / o . - e e —
A ) = éﬁ{;( il o ) =0
because again the integration over y gives a finite value. From the residue
theorem we have:

[+ Jim (Ig) + Jim () + lim (1,) + lim (1,) =

€q—0 ep,—0
I—e 2™ + limO(Ia) + limO(Ib) = 2mi(Residue at z = i)
€q— €p—
the singularity at z = i being the only one inside the closed contour, and
since the poles at z = 0, i, 271 are simple poles (see Problem 3), we obtain:

lim (/,) = (—1)7i (Residue at z = 0) = —mi

€q—0
lim (I,) = (—1)7i (Residue at 2 = 27i) = L
€p—>

(Residue at z = 71i) = —e ™"

which, when substituted in the previous equation give for the value of the
original real integral
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4.5 Problems

1. Evaluate the real integral in Eq. (4.26), using the contour C; labeled
Path 2 in Fig. 4.9, and make sure you get the same result as in Eq.
(4.27). Pay attention to the integrations along the two semicircles
with vanishing radii centered at z = 1 and at z = exp(in/4).

2. Consider a function g(z) which is analytic everywhere on the complex
plane and has at least one root at z = 25 : ¢g(z9) = 0. Show that if
it is a simple root, that is, if the function can be written as

9(2) = (z=20)91(2),  g1(20) #0

then the function f(z) = 1/¢(z) has a simple pole at z = 2. What
is the relation of g1(2) to g(z) near z,? Show that if the root of g(z)
is of order m, that is, if the function can be written as

9(2) = (2 = 20)"gm(2), gm(20) #0

then the function f(z) = 1/g(z) has a pole of order m at z = z.
What is the relation of ¢,,(2) to g(z) near z,?

3. Find all the poles of the following functions

A = i PO = e A = o B = o

 sin(z) ~ tan(2)

and show that they are all simple poles (Hint: use the results of
Problem 2, as they apply to the neighborhood of the denominator
roots).

4. Prove Jordan’s Lemma for the integral defined in Eq. (4.30) with
A < 0 and the integration path C' lying on the lower half of the
complex z plane, that is, z = Rexp(if), 7 < 6 < 27.

5. Using the same procedure as for the evaluation of the integral in Eq.
(4.31), evaluate the real integral

I:/ cos(z) dx, p>0
—o0 X2 +p2

Alternatively, use the result found for the integral in Eq. (4.31) with
a = ip; do the two answers agree?



Chapter 5

Fourier analysis

5.1 Fourier expansions

5.1.1 Real Fourier expansions

A very important representation of functions is in terms of the trigonomet-
ric functions. We consider a function f(x) of the real variable x and its
representation as a series expansion in terms of the functions cos(nx) and
sin(nx) with n: integer.

f(z) =ao+ i a, cos(nx) + i by, sin(nx) (5.1)

where a,, and b,, are real constants. We have explicitly separated out the
cosine term with n = 0, which is a constant ag (there is no such sine term,
because sin(0) = 0). The expression of Eq.(5.1) is referred to as the “real
Fourier series representation” or “real Fourier expansion”. Note that we
only need positive values for the indices n, since cos(—nz) = cos(nzx) and
sin(—nx) = —sin(nz); the sine and cosine functions with negative indices
are the same or involve at most a sign change (in the case of the sine), thus
they do not provide any additional flexibility in represneting the general
function f(z). The expression on the right-hand side of Eq. (5.1) implies
that the function f(z) is periodic:

fx +2m) = f(x)

because each term in the expansion obeys this periodicity.
Our first task is to determine the values of the coefficients a,, and b,
that appear in the real Fourier expansion. In order to do this, we multiply

117
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both sides of Eq. (5.1) by cos(nx) or by sin(nz) and integrate over x from
—7 to m, which produces the following terms on the right-hand side:
1
cos(nx) cos(mzx) = 5 cos(nx —max) + 5 cos(nx + mx)

1 1
sin(nx) sin(mz) = 3 cos(nr — mz) — 5 cos(nx + mx)

1 1
sin(nz) cos(mx) = 5 sin(nx — mx) + 3 sin(nz + mx)

where we have used the trigonometric identities
cos(a £+ b) = cos(a) cos(b) F sin(a) sin(b)

sin(a £ b) = sin(a) cos(b) £ cos(a) sin(b)

to rewrite the products of two cosines, two sines and a sine and cosine. For
n # m, we can easily integrate these terms over —m < x < 7 which all give
zeros because of the periodicity of the sine and cosine functions:

T 1 . _ . qm
/ cos(n) cos(ma)ds = = [sm(nx mzx) n sin(nz + mx) _0
- 2 n—m n-+m .
T 1 . _ . T
/ sin(nx) sin(mz)dz = - lsm(mj mae) _ sin(nz +ma))\ -
— 2 n—m n+m .
T 1 [cos(nz —mz)  cos(nz +mx)|"
/ sin(nx) cos(mzx)dr = —= + =0
- 2 n—m n+m .

The only non-vanishing terms are those for n = m:

/W cos?(nx)dx = /ﬂ sin?(nx)de = % /W [sinz(na?) + Cosz(nzc)} de ==

) ) ) (5.2)
and for n = 0 the integral is trivial and concerns only the cosine term,
producing 27. Collecting these results, we arrive

ag = % /_7; f(z)dx (5.3)
a, = %/_7; f(x) cos(nz)dx (5.4)
by — % " J@)sin(na)da (5.5)

These are known as the “Euler formulae”.
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The relations we derived above between sines and cosines with different
indices n, m, can be rewritten in more compact form with a change in
notation. We define the functions ¢, (z) and s, (z) through the relations

1 1
cn(x) = NG cos(nx), su(z) = N sin(nx) (5.6)
in terms of which the relations between sines of different indices n and m
take the form:

™

j/” en(@)em () At = Sy, j/ 5 (2)8m(2) A = G (5.7)

7 -7

™
/ Cn () S (x) dz =0
The sets of functions that satisfy such relations are called “orthonormal”:
they are “orthogonal” upon integration over the argument = from —m to m,
that is, the integral vanishes unless we have only one function multiplying
itself in the integrand; moreover, the integral is unity when it does not
vanish, that is, the functions are properly “normalized”. There are many
sets of orthonormal functions, some involving various types of polynomi-
als. These sets are extremely useful as bases for expansion of arbitrary
functions. Here we will only deal with the sines and cosines and linear
combinations of them, as in the complex exponential. We next give some
examples of real Fourier series expansions.

Example 5.1: Consider the function that describes a so-called square wave:

fle) = =k, —71<2<0
= 4k 0<z<n7 (5.8)

with £ > 0 a real constant, which we want to express as a real Fourier ex-
pansion. From the Euler formulae we can determine the coefficients of this
expansion, which turn out to be:

4k

a, =0, forallmn; b,=—, n=o0dd; b,=0, n=even

™
With these coefficients, we can then express the orginal function as a Fourier
expansion:

4 1 1 1
flz) = ?k sin(z) + 3 sin(3x) + s sin(bx) + = sin(7z) + - - -
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A useful application of this expression is to evaluate both sides at = = 7/2;
from f(x = m/2) = k obtain:

11+1 1+
3 5

n+1

P%
!
N

n:O

Example 5.2: As a second example, consider the function which descibes
the so-called triangular wave:

fl@) = —k=, —m<z<0;
T
— +k%, 0<z<m (5.9)

with k a real constant. From the Euler formulae we determine coefficients for
the Fourier expansion of this function:

k 4k
ap = =77 an = ——F5 %, n:Odd7 a’n:07 n = evel, bn:o? fOI' alln
2 m2n?

From these we reconstruct f(x) as a Fourier expansion

1 1
cos(bz) + — cos(7x) +

flx)==— — cos(x) + % cos(3x) + 5 15

A useful application of this expression is to evaluate both sides at x = 7; from
f(x =) = k obtain:

LI
925 " 49

P%
oo|>1

2n+1

n=0

It is instructive to consider the expansions in the above two examples
in some more detail. Both expressions are approzimations to the original
functions which become better the more terms we include in the expansion.
This is shown in Fig. 5.1, where we present the original functions and
their expansions with the lowest one, two, three and four terms. Moreover,
the terms that appear in the expansions have the same symmetry as the
functions themselves. Specifically, for the square wave which is an odd
function of z, f(—x) = —f(x), only the sine terms appear in the expansion,
which are also odd functions of z: sin(—nz) = —sin(nz). Similarly, for
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10 T 5

Figure 5.1: Fourier expansion representation of the square wave (left) and the
triangular wave (right): the bottom curve is the original wave, the next four
curves are representations keeping the lowest one, two, three and four terms in
the expansion. The different curves are displaced in the vertical axis for clarity.
In both cases, we have chosen the constant £ =1 in Egs. (5.8) and (5.9).

the triangular wave which is an even function fo z, f(—xz) = f(x), only
the cosine terms appear in the expansion, which are also even functions
of x: cos(—nx) = cos(nz). If the function f(x) has no definite symmetry
for x — —uxz, then the Fourier expansion will contain both types of terms
(sines and cosines).

5.1.2 Fourier expansions of arbitrary range

In the preceding discussion, we assumed that the functions under consid-
eration were defined in the interval [—m, 7] and were periodic with a period
of 27 (as the Fourier expansion requires). The limitation of the values
of x in this interval is not crucial. We can consider a periodic function
f(z) defined in an interval of arbitrary length 2L, with # € [—L, L] and
f(z+2L) = f(x). Then, with the following change of variables

o =lo= = éx’

L o7
and by rewriting the function as f(z) = g(2’), we see that g(z’) has period
27 in the variable 2’ which takes values in the interval [—m, 7]. Therefore,
we can apply the Euler formulae to find the Fourier expansion of g(z’) and
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from this the corresponding expansion of f(x). The result, after we change
variables back to x, is given by:

flx) = ag+ g:l ay, COS <%x> + g:l by, sin <%x> (5.10)
G — %/_Zg(:c')dx': %/_LL f(@)da
a, = %/:Tg(x') cos(nz')dz’ = %/L f(z) cos (%x) dz

b, = l/ﬂg(z)sm?w / sm< :1:>dx
T J—7 L

For functions that have definite symmetry for x+ — —x, we can again
reduce the computation to finding only the coefficients of terms with the
same symmetry. Specifically, for odd functions, f_(—z) = —f_(x), only
the sine terms survive, whereas for even functions, f,(—z) = fi(z), only
the cosine terms survive, and the coefficients can be expressed as:

2 L ™m
a, = Z/o f+(z) cos (Tx) dz, b, =0foralln

by, L/ fo(z sm( >dx a, = 0foralln

Often, the function of interest is defined only in half of the usual range.
For example, we might be given a function f(x) defined only in the interval
[0, ]. In this case, we cannot readily apply the expressions of the Euler for-
mulae to obtain the coefficients of the Fourier expansion. What is usually
done, is to assume either a cosine series expansion for the function in the
interval [—m, 7], or a sine series expansion in the same interval. The first
choice produces an even function while the second choice produces an odd
function in the interval [—m, 7|. Since both expansions approximate the
original function accurately in the interval [0, 7] (assuming enough terms
in the expansion have been retained), it does not matter which choice we
make. However, the behavior of the function may make it clear which is the
preferred expansion choice, which will also converge faster to the desired
resul.

5.1.3 Complex Fourier expansions

We can generalize the notion of the Fourier expansion to complex numbers
by using the complex epxonentials exp(inx) as the basis set, instead of
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the sines and cosines. With this complex notation we obtain the complex
Fourier series expansion:

flz) = _f:cnei"x (5.11)

where ¢, are complex constants. The values of these coefficients can be
obtained from the Euler formula for the complex exponential

e = cos(w) + isin(z)

and the Euler formulae for coefficeints that appear in the real Fourier series
expansion. Alternatively, we can multiply both sides of Eq. (5.11) by e™'™*
and integrate over x in [—7, 7], using:

/ L P ¥
that is, the fact that the complex exponentials with different indices n and
m are orthogonal. The coefficient ¢, of exp(inx) is given by:

1 g :
Cp = —/ flz)e ™ dx (5.12)
2T -
We discuss next a useful relation that applies to the Fourier expansion
of the convolution of two periodic functions, f(z) and g(z). Let us assume
that the Fourier expansions of these functions are known,

f(l'): Z Cnein:c g(l’): Z dmeimx

that is, the coefficients ¢, and d,,, have been determined. Then the convo-
lution of the two functions will be given by

frglw)= g [ Fgle—ndt= 3 S e [ et =

27 J—x n=—00 m=—00

- .- 1 imax T i(n—m .- .- 1 imax
Z Z %cndme / el =t gy = Z Z %cndme (27 0nm) =

n=-—00 M=—00 - n=-—00 M=—00

[e.9]

Z Cndneimv

From the last expression we conclude that the Fourier expansion of the
convolution of two periodic functions is given by the term-by-term product
of the Fourier expansions of the functions.



124 CHAPTER 5. FOURIER ANALYSIS

5.1.4 Error analysis in series expansions

As we have mentioned several times before, using series expansions to rep-
resent a function is useful because we have to deal with simpler functions,
those that consitute the basis for the expansion. However, the represen-
tation of the original function in terms of a series expansion is exact only
if we include an infinite number of terms in the expansion, which is not
possible from a practical point. Therefore, the hope is that we can truncate
the series to a finite number of terms and still get a reasonable representa-
tion. When we do this truncation, we inevitably introduce an error in the
function, as it is represented by the finite number of terms that we have
retained in the series. It is useful to have a measure of this error, typically
as a function of the number of terms retained, which we will denote by n.
Let us assume that we have an infinite series representation of the function

(@) )
flz) = Zlcjpj(:r)
where p;(z) is a set of orthogonal flelCtiOIlS in the interval [z;, z/]:
/:f pi(x)pk(z)de = §;N;,  Aj = /:f p?(:v)d:)s (5.13)
We define Z . Z
sn(2) = JZ; ¢;p; (@)

which is the approximation of f(x) by a truncated series, containing n
terms. A convenient measure of the error introduced by the truncation is
the square of the integral of f(z) — s,(x):

2
T xf e}
B = [ 1) - su@)de = | [Z cjpj<x>] d
i Ti | j=n+1
[ g 00 oy
= Y @[ Bwar+ Y o[ p@pd
g=ntl 7T j#k=n+1 i
=D Gy
j=n+1

where the last equation is obtained from the orthogonality of the functions
p;(x), Eq. (5.13). By considering ¢; and A; as functions of j, the error can
be bound by

Em) < [ GG
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5.2 Application to differential equations

5.2.1 Diffusion equation

The diffusion equation is typically used to describe how a physical quantity
spreads with time and space. Consider T'(x,t) to be the temperature dis-
tribution in a physical system. The behavior of this quantity is governed
by the diffusion equation
o°T T

"or T ot
where k is the thermal diffusivity coefficient. Assume that the tempera-
ture distribution is given at t = 0, and that the boundary conditions are:
T(0,t) =T(L,t) =0 for all t.
The usual way of solving differential equations is by separation of variables,
that is, by assuming that

(5.14)

T(z,t) = f(z)g(t)
We substitute this expression in the differential equation that T'(x, y) obeys

to obtain: f"(z) ()
) VR . x _ g
rf"(z)g(t) = f(x)g'(t) = flx) gt

In the last expression, a function of z is equal to a function of ¢ which
is possible only if they are both equal to a constant, which we call —c,
assuming for the moment that ¢ > 0. From this we obtain:

c .

F(w) = == f(@) = fla) = foeti=Vln
g'(t) = —cg(t) = g(t) = goe™*

In order to the satisfy boundary condition at ¢ = 0, we must choose the

+izy/c/k

linear combination of e functions which vanishes at x = 0: the

proper choice is
gHaVelr _ gmiav/elr _ o5 sin(x\/c/7k)
In order to satisfy the boundary condition at x = L we must have
sin(Ly/c/k) = 0= Ly/c/k = nt = ¢ = n*n’k/L?

With this we obtain:

T, (z,t) = T sin (%x) R
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and the most general solution is a superposition of these terms:

o) = 5 0w ()

n=1

Alternatively, we can use the Fourier expansion for the temperature
distribution:

T(z,t) = ni:o:l b, (t) sin <nf7rx>

in order to solve the diffusion equation. Our choice of the expansion au-
tomatically satisfies the boundary conditions 7°(0,0) = T'(L,0) = 0. The
solution proceeds as follows: we substitute the Fourier expansion in the
differential equation:

. (nT

sin ( 7 x)

Equating term-by-term the two sides of the equation we obtain:

mgbn(t)(_nzzz)sm (%x) _ 2 dbgft)

db,(t) n?m?
i = kb, (t)(— T3

) = bo(t) = e T, (0)

which gives the solution to the initial equation:
T(x,t) =) b, (0)e ™™ gin (n_gx)
n=1

and b,,(0) are obtained from 7'(z, 0) (which is assumed given) by using Euler
formulae. This is identical to the expression obtained from usual approach
through separation of variables, with T*) = b,,(0). The advantage of using
the Fourier expansion was that the boundary conditions are automatically
satisfied by proper choice of expansion functions.

5.2.2 Poisson equation

Teh Poisson equation is typically used to determine a multi-dimensional
potential function ® which arises form a source function with the same
dimensionality. For example, consider two-dimensional functions in (z,y):

0? 0?
<@ + 8—y2> O(z,y) = —4mp(z,y) (5.15)
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To find the solution for the potential ®(x,y) for a given source function
p(x,y), we use two-dimensional Fourier expansions for ®(z,y) and p(z,y)
which are defined in 0 <z <agand 0 <y <?b:

(I)(I,y): Z Z Cn7mein7rx/aeim7ry/b

n=—0o0 Mm=—00

1 a b . .
Crm = rqb La /_b(b(l,’y)e—mwx/ae—lmﬂy/bdxdy

The Poisson equation can then be solved by equating coefficients term-by-
term on the two sides of the equation and obtaining the coefficients of ®
from those of p, which is presumed known. Specifically:

pry) = S 3 d, e eyt

with the coefficients d,, ,,, given by

dnm _ L/a /b p(z’y)e—irmx/ae—imwy/bdxdy
’ dab J-a J-b

and considered known, since p(z,y) is known. Then
2.2 2.2

82 82 00 00 n2m m2n . )
_— — 1P — _ _ intz/a immy/b
<8x2 + 8y2> (y)= D> D cam < - s )e e

n=—0o0 m=—0oQ

= _477-/)(']:7 y)
and comparing the two sides term by term we obtain

—1
N Q4 n’m?  mir?
Cnym = Apm3aT
a? b2

which gives the solution for ®(z,vy).

5.3 The é-function and the 0-function

5.3.1 Definitions

A very useful, if somewhat unconventional, function is the so called o-
function, also known as the Dirac function. Its definition is given by the
relations::

5(0) — 0o, 8(z #0) =0, /°° 5z — ')A’ = 1 (5.16)

—00
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0(x)
o) \ height ~ 1/a

— - - width ~a

__

0 X 0 X

Figure 5.2: Definition of the #-function and the d-function (a — 0).

that is, it is a function with an infinite peak at the zero of its argument,
it is zero everywhere else, and it integrates to unity. The behavior of the
d-function is shown schematically in Fig. 5.2.

A function closely related to the d-function is the so called #-function
or step-function, also known as the Heavyside function:

O(x —2') =0, forx <2', Oxz—2)=1, forz > 2 (5.17)

The behavior of the #-function is shown schematically in Fig. 5.2.
From its definition, it follows that the product of the d-function with
an arbitrary function f(x) integrated over all values of x must satisfy:

/ T @8 — o)A = f(x) (5.18)

—00

This expression can also be thought of as the convolution of the function
f(x) with the o-function, which gives back the function f(x). Thus, the
d-function picks out one value of another function f(x) when the product
of the two is integrated over the entire range of values of f(x). The value
of f(x) that is picked by this operation corresponds to the value of x for
which the argument of the d-function vanishes. The #-function picks up a
set of values of the function f(x) when the product of the two is integrated
over the entire range of values of f(z). The set of of values of f(z) that
is picked by this operation corresponds to the values of x for which the
argument of the #-function is positive.

The ¢-function is not a function in the usual sense, it is a function rep-
resented by a limit of usual functions. For example, a simple generalization
of the Kronecker ¢ is:

1
w(a;z) = o for |[z| <a
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1/2a /b

Figure 5.3: Examples of simple functions which in the proper limit become -
functions: the window function w(a;z) defined in Eq. (5.19) and the triangular
spike function, defined in Eq. (5.20).

= 0, for|z|>a (5.19)

We will refer to this as the “window” function, since its product with any
other function picks out the values of that function in the range —a < x <
a, that is, in a window of width 2a in x around zero (the window can be
moved to any other point zy, on the x-axis by replacing z by = — z¢ in
the above relqations). Taking the limit of w(a;x) for a — 0 produces a
function with the desired behavior to represent the d-function. Another
simple representation of the d-function is given by the triangular spike
function:

1
s(a;x) = 3 ll—%}, for |z] <b
0, for |z| > b (5.20)

which for b — 0 produces a J-function. The window function and the
triangular spike function are shown in Fig. 5.3. Both of these functions
are continuous functions of x but their first derivatives are discontinuous.

5.4 The Fourier transform

5.4.1 Definition of Fourier Transform

The Fourier transform is the limit of the Fourier expansion for non-periodic
functions that are defined in interval —oo < x < co. We need to make the
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following assumption in order to make sure that the Fourier transform is
a mathematically meaningful expression:

[ l@)de <

where M is a finite number.
To derive the Fourier transform, we start with the Fourier expansion:

s : 1 L .
Z Cnelmrm/L C, = ﬁ /_L f(x)e—mmv/de

n=—oo

Define a variable w = nw/L. Note that, when L — oo the spacing of
values of w becomes infinitesimal. From the Fourier expansion coefficients
we obtain:

Jim (¢,2L) = / fl@)e o dz = f(w)

where f(w) is a finite quantity, because:

’/_O:O f(x)e_i“dx‘ < /_O:O 1f(z)|dz < M

From the expression for f(x) in terms of the Fourier expansion, we
obtain:

Z Cneirwrx/L: Z (2LCn) m7r:c/L Z f 1wx

n=—o0o n=—o0o n=-—00

The spacing of values of the new variable w that we introduced above is:

YT 7o o i \orn) T on

and therefore, the infinite sum can be turned into an integral in the con-

tinuous variable w: )
= %/_Oo f(w)ei“””dw

5.4.2 Properties of the Fourier transform

We discuss several properties of the FT, which can be easily derived from
its definition:
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1. Linearity: If f(w) and §(w) are the FT’s of the functions f(z) and
g(x), then the FT of the linear combination of f(z) and g(z) with
two arbitrary constants a, b, is:

af (x) + bg(x) — af(w) + bj(w) (5.21)
2. Shifting: Given that f(w) is the FT of f(x), we can obtain the FT
of f(z — xp):
/oo f(:(; B xo)e_iwwdx _ /OO f(;(; B xo)e—iu;(m—:vo)d(x _ xo)e—iwmo

= e w0 f(y) (5.22)
Similarly, the FT of e“o% f(z) is:

/_oo f(l’)eiwoxe_iwxdx _ ‘/_00 f(x)e_i(w—wo)gcdx
= flw—w) (5.23)

3. Derivative: Given that f(w) is the FT of f(x), we can obtain the
FT of f'(x), assuming that f(x) — 0 for 2z — $oc:

| r@e e = [f@e]” ~ [T fa)(-iw)e
= iwf(w) (5.24)
Similarly, the FT of f™(z) is given by (iw)"f(w).

4. Monents: The n'* moment of the function f(x) is defined as:

/OO 2" f(z)dx

— 00

From the definition of the FT we see: 0 moment = f(0). We take
the derivative of the F'T with respect to w:

df o : —iwx
d—w~(w) - /_ fa)(—ix)edr =
%(0) - /_fo(x)dx (5.25)

This is easily generalized to the expression for the n'* moment:

|7 ey =i " o) (5.26)

—00 dw”
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5. Convolution: Consider two functions f(x),g(z) and their FT’s
f(w), g(w). The convolution f x g(z) is defined as:

Frgla /f (z — t)dt = h(z) (5.27)

The Fourier transform of the convolution is:

hw) = /OO lwcd:z:—/ dze " [/ f(t)g(x —t)dt
_ / [ / dze @ g (7 — )} e F()dt

= fw)jw (5.28)

6. Correlation: Consider two functions f(x), g(x) and their FT’s f(w), §(w).
The correlation c[f, g](x) is defined as:

o0

dfg@= [ ft+gdt= [ fOgt-wa (529

— 00 — o0

The Fourier transform of the correlation is:

dw) = /_O:O clf, gl(x)e " dx = /_OO e T [/_O:O ft+x)g(t)dt| dx

-/ > [ / °:o oiw(t+e) f(t+9:)dx} ey () at

— o0

= f(w3i(-w) (5.30)

o0

7. FT of )-function: To derive the Fourier transform of the -function
we start with its Fourier expansion representation as in Eq.(5.11):

- | T g _ 1 L —{ Ty _ 1
= Y deE :>dn—2L/_L5(:c)e Frdr = = (5.31)

n=—oo

which in the limit L — oo produces:

b(w) = lim (2Ld,) = 1 (5.32)

Therefore, the Inverse Fourier transform of the J-function gives:

Lo / Lo /
—/ 5(w)elw(x_x)dw:—/ e“e=dw  (5.33)

5<x_$>:27r — 2 J—
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We give below several examples of Fourier transforms.

Example 5.3 : Consider the function f(x) defined as

flx) = e x>0
= 0, z<0
The FT of this function is
1

i(w —1ia)

flw) = /OOO e wrmaT g —

which is easily established by the regular rules of integration. The inverse FT

gives:
1 %) eiwx
f(x) / —dw

T2 ) i(w —ia)

To perform this integral we use contour integration: For x > 0, we close the
contour on the upper half plane to satisfy Jordan’s Lemma,

1
f(z) = 2—27ri(Residue at w =lia) = e
i
For x < 0, we close the contour on the lower half plane to satisfy Jordan's
Lemma,

f(x) =0 (no residues in contour)

Example 5.4: Consider the function f(x) defined as

fle)y = 1, for —1l<z<l;

= 0 otherwise

The FT of this function is

1 . . _2sinw

f(CU) _ /1 e—iwxdx _ _(e—lw . elw) _

-1 —lw w

The inverse FT gives:

1 00 iw —iw] 1 0o plw(z+1) 0o plw(z—1)
f(x):—/ C | eerdy = / ¢ dw—/ ¢ dw
21 J—oo | iw 1w 21 o W —0 W
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The last two integrals can be done by contour integration:

I, = mi, forz+1>0;
= —7i, forx+1<0
I, = 7, forx—1>0;

= —7i, forx—1<0

Combining the results, we find:

—oo<zxr<-—1: both x+1<0and z—1<0 — f(z)=0
—l<z<l: z4+1>0and 2—-1<0 — f(z)=1
l<z<oo: both z4+1>0and 2—1>0 — f(z)=0
Example 5.5: Consider the function defined as
flz) = 1, for —1<uz<1,
= 0 otherwise (5.34)
and calculate its moments using FT:
~ 2sinw 2 wd Wb 1 1
= = |- T | =2 e ot
JW==""=51""% " 3 T 60”
From this we obtain:
. Adf Ld2f 2 Ld3f Ldif 2
0)=2, i—(0)=0, i"—=(0)=—-, ’"—=(0) =0, i"—=(0)=—,---
oy =2 o =0 20 =2 P00 10 -1,

which give the 0t 15¢, 274 37 4% moments of f(z). In this case the results
can be easily verified by evaluating

2
n+1

/_O:O f(z)z"dz = /_11 z"dx =

for n = even, and 0 for n = odd.

Example 5.6: Consider the function f(z) which has a discontinuity Af at
Zo-

Af = li_{%[f(ﬁo +€) — f(wo — €)]
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We want to calculate the FT of this function:

flw) = /OO e f(r)dr = lim /xo_6 e W f(z)dw + - e W f(z)dr| =
—00 e—0 /-0 ro+e€
. e—iwm To—¢€ _e—iw:v o 00 e—iw:v ,
N ll—l}% { [ —lw f@)] o * | —lw f(x)] x0+6} a /—oo —lw Jw)de
e—iwmo 1 ° —iwx gt
o w AfJFE/_ooe fz)de

where we have assumed that f(z) — 0 for z — £o0, which is required for the
the FT to be meaningful. Simlarly, a discontinuity Af(™ in the n'* derivative
produces the following FT:

e—iw:vo (n)
Gy

Example 5.7: Calculate the FT of the gaussian function:

]_ 2 2 ~ ]_ S 2 2 .

—z?/2a / —z2/2a —iwz g

Xr) = ———€ — W) = e a
/() av?2m /(@) av2m J—oco

Notice that we are dealing with a properly normalized gaussian function. Com-
plete the square in the exponential:

x? 4 T 2 49 T iwa w?a? n w3a?

— 4 iwr = [ —= —_— — | =

2a? av/2 av/2 V2 2 2
A N iwa 2 N w?a?
a2 V2 2

which when inserted in the integral, with the change of variables: z = x/ax/ﬁ—l—
iwa/v2 = dz = d(z/av/2), gives:

T=00

~ 1 2 2.2 2,2
N —z —w?a®/2 _ o—wia /2
f(w) [\/E /:_ooe dz] e e

where we have used the fact that

T=0Q .2 i
/ e "de =7, z=2+iw
X

=—0Q
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as we showed in chapter 1 !. Therefore the FT of a gaussian is a gaussian.
Notice that for a — 0 the gaussian in x becomes a J-function, and its FT
becomes 1 for all w. The inverse FT also involves a gaussian integral which is
again performed by completing the square.

Example 5.8: Which function gives

as its Fourier transform?

(S

1 00 iwx
f@) =5 /_oo s
This is evaluated by contour integration, closing in the upper half plane for
x > 0, which gives f(x) = 1/2, and in the lower half plane for x < 0, which
gives f(x) = —1/2. The function f(x) then is: f(z) = 1/2, for z > 0;
f(z) =—1/2, for z < 0.

This is just like the Heavyside step function, shifted down by 1/2.

Example 5.9: Which function gives g(w) = mé(w) as its Fourier transform?
Here we define the d-function so that:

/o; o(z)de =1= /_O:o 6(x) f(z)dz = f(0)

1 o iwx . 1
g(x) = %/_oodwe mo(w) = 5

Using the linearity of the FT, we find that the function whose FT is

N ~ 1

g(w) + f(w) =mé(w) + —

iw
is the sum of the function g(z) = 1/2 for all z, and the function f(x) of
the previous example, which gives the following function: 1, for x > 0; 0, for

x < 0, that is the Heavyside step function.

Example 5.10: From the shifting properties of the FT and Example 5.9, we
deduce that the function whose FT is

flw) = m6(w — wo) + w6 (w + w)

INotice that this result was proven for a real variable . However, it is easy to extend
it to complex variable z = x + iw by the same trick we used to prove the original result,
and simply shifting the origin of both axes by —iw.
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is given by:
1. .
§e‘“’°w + §e_lw°m = cos(wo)

The function whose FT is

f(w) = —imd(w — wo) + imd(w + wp)
is given by:

—ige“’ox + ige_“’ox = sin(wor)

5.4.3 Singular transforms - limiting functions

We have seen in the previous section that

~ 1
flw)=— (5.35)
is the Fourier transform of the function
1
flx) = 3 forx >0 (5.36)
1
=~ forz <0 (5.37)

This FT is singular, i.e. it blows up for w — 0, which contradicts our
earlier assumption that f(w) is bounded. The reason for the contradiction
is that f(z) is discontinuous:

1 1
f(z) = 5,2 =07 f(z) = 50— 0

If we attempted to calculate the FT from f(x) we would take:

~ 00 . 1 r0& . 1 foo .
flw) = / e I f(z)dr = e “dx + = / e “dx
2 Jo+

oo 2/

The limits at +00 can be evaluated in principal value sense, R — oc:

f( ) 1 o —iwmd + 1 /R —iwmd 1 [1 in_'_l —in}
w) = —— (§] xr = [§ r = . — —€ —¢€
2J-Rr 2 Jo+ 2iw
In the last expression, [e“F + e 7] = 2 cos(wR) vanishes for R — oo be-
cause the argument of the cosine goes through 27 for infinitesimal changes
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sin(wR)/w
m Aheight ~ R
— | |- width ~ 1/R
A\ J \V N\ -
— N\ VT -

Figure 5.4: The function sin(wR)/w which behaves just like a §(w) function
for R — oo.

in w, and the average of the cosine function is 0. Then, what is left in the
above equation is exactly the relation of Eq. (5.35).
We have also seen in the previous section that

f(w) =mo(w) (5.38)
is the Fourier transform of

1
f(z) = o for all =

This FT is singular, i.e. it blows up for w — 0, which contradicts our
earlier assumption that f(w) is bounded. The reason for the contradiction
is that the integral of f(z) is not bounded:

/°° (1/2)dz — o

—00

If we attempted to calculate f(w) from f(z) we would have:

1 oo 1 : i
= / e “dx = lim [e_‘“’ﬂR = lim sin(wk)
2 —0o0 -R

— 2w R—o0 R—o0 w

The function sin(wR)/(wR) is 1 at w = 0, falls off for w — o0, and has
width 7/ R, obtained from the first zero of sin(wR) which occurs at wR = 7.
This behavior is illustrated in Fig. 5.4. Therefore, the function sin(wR)/w



5.5. FOURIER ANALYSIS OF SIGNALS 139

has height ~ R and width ~ 1/R. Its width goes to 0 and its heigh goes
to oo when R — oo, while its integral is:

iwR __ e—in

/OO lim ©— ° qw= Qﬂi /_O:o fw)e“’dw = 27 f(0) = &

o0 R—00 21w 2

Therefore, the function sin(wR)/w indeed behaves just like a § function in
the variable w for R — oo, but is normalized so that it gives 7 rather than
1 when integrated over all values of w, so we can identify

<sin(wR)

w

lim
R—o0

) =it

5.5 Fourier analysis of signals

In the following we will consider functions of a real variable and their F'T’s.
We will assume that the real variable represents time and denote it by t,
while the variable that appears in the FT represents frequency, and denote
it by w 2. Very often, when we are trying to measure a time signal f(t), it is
convenient to measure its frequency content, that is, its Fourier transform
f(w). This is because we can construct equipment that responds accurately
to specific frequencies. Then, we can reconstruct the original signal f(t)
by doing an inverse Fourier transform on the measured signal f(w) in the
frequency domain:

ft) == flw) == f(2)

Some useful notions in doing this type of analysis are the total power and
the spectral density. The total power of the signal is defined as:

total power : P = / |f(t)|%dt (5.39)
while the spectral density is defined as
spectral density : |f(w)[? (5.40)

A useful relation linking these two notions is Parceval’s theorem

/_Z | (w)[2dw = 2P (5.41)

2The variables t and w are referred to as “conjugate”, and their physical dimensions
are the inverse of each other, so that their product is dimensionless.
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We can prove Parceval’s theorem with the use of the F'T of the §-function,
Eq. (5.33). From the definition of the FT of f(¢) we have:

fw) = [ e tpnat = |f@)P = [~ e e [ e far

where f is the complex conjugate of f. Integrating the absolute value
squared of the above expression over all values of w leads to:

[ 1@rae = [T [ s [T ] arar -

2 /_ °:o /_ o; FOTA)S(t — ¢)dedt = 27 /_ °:o | (8)[2dt

where we have used Eq. (5.33) to perform the integration over w in the
square brackets, which produced a ¢ function with argument ¢ — ¢/, and
then performed an integration over one of the two time variables. The
result is Parcevel’s theorem.

An essential feature of time-signal measurements is their sampling at
finite time intervals. This leads to important complications in determining
the true signal from the measured signal. To illustrate this problem, sup-
pose that we sample a time signal f(¢) at the 2N discrete time moments
separated by a time interval 3, which we will call 7

t,=n1r, n=-N,...,0,...,.N—1 (5.42)

that is, the 2N values of f(t,) are what we can obtain from an experiment.
Usually, we are interested in the limit of N — oo and 7 — 0 with 2N7 =
tiot, the total duration of the measurements. Let us define the characteristic
frequency w. (also called Nyquist frequency)

We = —
T

Then, assume that we are dealing with “band-width limited” signal, that
is, a signal whose FT vanishes for frequencies outside the range |w| > w,:

flw)=0 forw< —w,and w > w,

For such a signal, the so-called “sampling theorem” asserts that we can
reconstruct the entire signal using the expression:

Z £t —Slz:;‘(__t ’;“> (5.43)

3This time interval is often called the “sampling rate”, but this is a misnomer because
a rate has the dimensions of inverse time.
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where t, are the moments in time defined in Eq. (5.42). This is a very
useful expression, because it gives the time signal f(t) for all values of
¢t (which is a continuous variable), even though we measured it only at
the discrete time moments ¢,,. In other words, the information content of
the signal can be determined entirely by sampling it at the time moments
t,. The reconstruction of the signal f(¢) from the measurements f(¢,)
essentially amounts to an inverse Fourier transform.

However, typically a time signal is not band-width limited, that is, it
has Fourier components for all values of w. If we are still forced to sample
such a signal at the same time moments defined above, then performing
an inverse Fourier transform will create difficulties. To show this, consider
two functions fi(t) and fy(¢) which are described by

fi(t) = e“ fo(t) = ') W —wy = 2wk, k: integer

that is, they each have a unique frequency content and the two frequencies
differ by integer multiple of 2w.. Then, if these two functions are sampled
at the time moments ¢,,, we will have

fl (tn) — eiwltn — ei(w2+2wck)tn — eiUJZtn — f2(tn)

because from the definitions of w, and t,, we have:

12wektn i2wkn — 1

e =e
The result is that the two functions will appear identical when sampled at
the time moments ¢,,.

We can apply this analysis to the sampling of a signal f(¢). If the
signal contains frequencies that differ by integer multiples of 2w,, then the
contributions of these frequencies will not be differentiated. This effect is
called “aliasing”. When the FT of the signal is measured by sampling the
signal at intervals 7 apart, the components that fall outside the interval
—w, < w < w,. will appear as corresponding to a frequency within that
interval, from which they differ by 2w.. For instance, the contribution of
the frequency w.+ 0w (where dw > 0) will appear at the frequency —w.+ 0w
because theses two frequencies differ by 2w.. Similarly, the contribution
of the frequency —w,. — dw will appear at the frequency w. — dw because
theses two frequencies differ by 2w.. The net result is that the frequency
spectrum outside the limits —w, < w < w, gets mapped to the spectrum
within these limits, which significantly alters the measured specturm from
the true one, at least in the regions near +w.. Fortunately, typical signals
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foy
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measured
‘

true signal true signal
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Figure 5.5: Tllustration of aliasing: the tails for w < —w, and w > w. get
mapped to values within the interval [—w,, w.], giving a measured signal different
than the true signal.

have spectra that fall off with the magnitude of the frequency, so that the
aliasing problem is not severe. Moreover, increasing the value of w,, that
is, reducing the value of the time interval 7 at which the signal is measured,
tends to eliminate the aliasing problem for most signals by simply pushing
w. to values where the signal has essentially died off. Typically, only the
positive portion of the frequency spectrum is measured, in which case the
negative portion appears in the upper half of the spectrum by aliasing:
this is equivalent to shifting all frequencies in the range [—w., 0] by 2w,, so
that their values appear in the range [w,, 2w,].

Example 5.11: As a practical demonstration, consider the following time
signal which at first sight appears quite noisy:

f(t) = sin(25(2m)t) cos(60(27)t) sin(155(27)t) + 1

(the signal is shifted by unity for ease of visualization). This signal is sampled
at the 2N = 512 time moments

t,=nt, n=-256,...,0,...,255, where 7= T
256
In this case, the Nyquist frequency is evidently given by

we = L = 956
T
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The Fourier analysis of the signal should reveal its characteristic frequencies.
Expressing the signal in terms of complex exponentials, we obtain:

F(t) = 1_1 [(8125(27r)t . e—i25(27r)t)(6160(27r)t + e—i60(27r)t)(eil55(27r)t . e—i155(27r)t)]

from which we expect the FT to contain J-functions at all the possible com-
binations +w; & ws & w3 of the three frequencies (in units of 27)

w1 = 25, Wo = 60, W3 = 155

Indeed, as is seen in Fig. 5.6, there are four very prominent peaks in the
Fourier transform of the signal in the interval [1,256] *, which are due to the
four possible combinations of frequencies that appear in the signal, namely:

4w +ws+ws = 425460+ 155 = 240

—Wi] +wr+wsy = —25+ 60 + 155 = 190
+Ww] —Wwo +wsg = +25— 60+ 155 = 120
—w] —wy+wz = —25—604155=70

The other combinations of the frequencies which have negative values appear
in the [257,512] range by aliasing:

—w] —wy —wsg + 512 = 512 —240 = 272
4wy —wy —w3+ 512 = 512 —190 = 322
—wy +ws —w3+0512 = 512 —-120 = 392
4w) +wy —wg+ 512 = 512 —70 =442

Notice that all frequencies have equal Fourier components, as expected from
the form of the signal.

4The additional feature at w = 0 comes from the uniform shift of the signal, which
appears as a component of zero frequency.
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Fourier analysis of time signal 1

In[23]:= signal =
Tabl e[N[Sin[252Pi n/512] Cos[602Pi n/512] Sin[1552Pi n/512] +1], {n, -256, 255}];
Li st Pl ot [si gnal, Pl otJoi ned - True]

1.5
1.25
1
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0.5
0.25
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In[25]:= ftsig = Fourier [signal ];
In[26]:= ListPlot[Abs[ftsig], PlotJoined- True, PlotRange » {0, 3}]
3
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2
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Figure 5.6: Illustration of Fourier analysis of a time signal by sampling at
a finite time interval. Even though the original signal appears very noisy (top
panel), the characteristic frequencies are readily identified by the Fourier trans-



Chapter 6

Probabilities and random
numbers

6.1 Probability distributions

We begin the discussion of probability theory by defining a few key con-
cepts:

1. Event space: it consists of all possible outcomes of an experiment.
For example, if our experiment involves the tossing of a fair die, the
event space cosists of the numbers 1,2,3,4,5,6, which are all the pos-
sible outcomes for the top face of the labeled die. If our experiment
involves flipping a fair coin, the event space is H,T (for “heads” and
“tails”), which are all the possible outcomes for the face of the coin
that is up when the coin lands.

2. Probability of event A: it is the probability that event A will
occur. This is equal to

P(A) = — (6.1)

where m is the number of outcomes in the event space that correp-
sonds to event A and N is the total number of all possible outcomes
in the event space. For example, if we define as event A that a fair die
gives 1, then P(A) = 1/6; that the die gives an even number, then
P(A) =3/6 = 0.5; that a fair coin gives heads, then P(A) = 1/2.

3. Permutations: it is the number of ways to arrange n different
things, taken all at a time. There aren!l =n-(n—1)-(n —2)---1
permutations of n objects. For example, if we label three objects as

145
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a, b, ¢, then the possible permutations are: abc, acb, bac, bea, cab, cba,
that is, 3-2 -1 = 6 permutations.

4. Combinations: it is the number of ways of taking £ things out of
a group of n things, without specifying their order or identity. The
number of combinations of k things out of n are given by:

n-(n—1---(n—k+1) n!

k- (k—1)---1 " (n—k)lk! (62)

This expression is easy to justify: there are n ways of picking the
first object, n — 1 ways of picking the second, ... (n — k + 1) ways
of picking the k* object our of a total of n. But since we do not
care which ojects we pick, we have to divide the total number by the
k possible choices for the first one, by the k& — 1 possible choices for
the second one, etc. Notice that these values enter in the binomial

expansion:
i n!

(p+q) = kZ:%) mpkqn_k (6.3)

with p, ¢ real values, that we have encountered several times before
(see Eq. (2.14)).

We define a general random variable x, which can be discrete or con-
tinuous, and the probability distribution function f(x) that the value
x of the variable occurs. For f(x) to be a proper probabiity distribution
function, it must be normalized to unity, that is:

+oo

 fla)de =1 (6.4)

N
> flz;))=1 or
j=0 B
where the first expression holds for a discrete variable with possible val-
ues x; identified by the discrete index j (taking the values 0,..., N), and
the second expression holds for a continuous variable. We also define the
cumulative probability function F(z) that any value of the variable
smaller than or equal to x occurs, which is given by:

T

F)= ¥ fla) or Fl@)= [ fu)ay (6.5)

.77ij$ >

for a discrete or a continuous variable. Note that from this definition, we
conclude that F(zq,) = 1, where x,,,, is the maximum value that = can
take (in either the discrete or continuous version).
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We define the median m as the value of the variable x such that the
total probability of all values of = below m is equal to 1/2:

F(m) = = (6.6)

From the definition of F'(x) we conclude that the total probability of all
values of z above m is also 1/2. Thus, the median m splits the range of
values of x in two parts, each containing a set of values that have total
probability 1/2.

The mean value i and the variance o of the the probability distri-
bution are defined as:

N

p=Yaifa) o p= [ af(e)de (6.7)

J=0

N +o0
o =3 (ay = flay) or of= [ (w-pPfla)de (6.8)
i=0 e
for the discrete and continuous cases. From the definitions of the mean
and the variance, we can easily prove the following relation:

N 400
o’ =Y @i f(x;) —p® or o= / 22 f(z)dx — p? (6.9)
j=0 o0

that is, the variance squared is equal to the second moment minus the mean
squared.

We define the expectation E of a function g(z) of the random variable
as

Blo(X) = gl () or B@(X) = [ “go)ftr)ar  (610)

— 00

for the discrete and continuous cases, respectively. The notation E(g(X))
signifies that the expectation involves a function g of the random variable,
but the expectation itself is not a function of x, since the values of x are
summed (or integrated) over in the process of determining the expectation.
With this definition, the mean and the variance can be expressed as:

u = E(X) (6.11)
o = E((X - ) (6.12)
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6.1.1 Binomial distribution

The simplest case of a probability distribution invloving a single random
variable is the binomial distribution. Consider an event A that occurs with
probability p. Then the probability that event does not occur is ¢ =1 — p.
The probability that the event A in n trials occurs x times (z here is by
definition an integer, thus we treat it as a discrete variable) is given by:

p-q--q-p=pg"

where we assumed that it occured in the first trial, it did not occur on
the second one, ..., it did not occur on the (n — 1) trial and it occured
in the n'* trial. But this corresponds to a particular sequence of trials.
If all we care is to find the probability of = successful outcomes out of n
trials, no matter in what sequence the successes and failures occured, then
we have to consider all the possible combinations of the above sequence of
outcomes, which we learned earlier is given by Eq. (6.2). Combining the
two results, we conclude that the probability distribution we are seeking is
given by:

n' T n—I
folz) = mp q

This is called the binomial distribution for the obvious reason that these
expressions are exactly the terms in the binomial expansion. Note that this
is a properly normalized probability distribution function, since according
to Eq. (6.3) we have:

Zn:fb :Z Al T =gt =1
=0

(6.13)

because (p+¢q) = 1.

We are interested (as in all cases of probability distributions) in the
mean and variance of the binomial distribution. To this end, we use the
expression of Eq. (6.7) for the discrete case:

Z :17 'p q" (6.14)

To calculate the value of u, we turn to Fourier transforms. The Fourier
transform of fi(x) is given by

n

n | .
fb(w) — Z 'x'pan T —1wx — Z n. (pe—lw)an—m

= O =0 (n—x)‘x'
— pe—lw + q) (615)
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where we have used the binomial expansion Eq. (2.14) to obtain the last
step. Since the mean is the first moment of the variable x with respect
to the function f(x), as is evident from the definition Eq. (6.7), we can
evaluate it from the general expression we derived for the first moment
using F'T’s, Eq. (5.25):

pp =1 l%} . =np(—i)-i(p+q)" " = up = np (6.16)

where we have also used the fact that p+q = 1 to obtain the last expression.
We can also use the expression for the second moment that involves FT’s,
Eq. (5.26), to obtain:

a2 f,
i? o =n(n—1)p* +np = np — np* + n*p? (6.17)
dw? | _,
But we have found that the variance squared is equal to the second moment
minus the mean squared, Eq. (6.9), which, combined with the above result
produces for the variance of the binomial distribution:
d2f,
2 .2 2 2 _
o, =1 [@ . — [y = 0, =npq (6.18)

where we have used ¢ = 1 — p to obtain the last expression.

Conclusion: the binomial distribution applies when we know the total
number of trials n, the probability of success for each trial p (the probability
of failure is ¢ = 1—p) and we are interested in the probability of x successful
outcomes. Both n and x are integers, both p and ¢ are real (0 < p,q < 1).

The mean is p, = np and the variance o7 = npq.

6.1.2 Poisson distribution

Another important probability distribution of a single variable is the so
called Poisson distribution. This is actually the limit of the binomial dis-
tribution for p very small, n very large, np = p finite and x < n. The
ensuing distribution for the variable = (z being still an integer (discrete)
variable) takes the following form:

pre

fol) (6.19)

x!
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To obtain this from the binomial distribution, we note first that

n!
——=Mn—-z+1)-n—2+2)---(n—1)-n=n®
= ) )= 1)
since for x < n each term in the above product is approximately equal to
n and there are x such terms. Next, we note that

1 —p)»
T = % =In(¢"*)=nln(l—p)—zln(l —p) = —np+ xp
-P

q

where we have used ¢ = 1 —p and In(1 —¢€) &~ —e for € — 0. From this last
result, taking exponentials of both sides, we obtain

qn—x ~ e P
where we have neglected zp compared to np, since we assumed r < n.
Combining this and the previous relation between n!/(n — x)! and n®, we
arrive at (np)
np)*e P
o)
which is the desired expression for the Poisson distribution if set u = np
everywhere.

Conclusion: The Poisson distribution applies when we know the mean
value i, and we are interested in the probability of x successful outcomes,
in the limit when the number of trials n is much larger than the number
of successes we interested in x < n, the probability of success for an
individual trial is very small (p < 1), but the mean is finite (np = p). z is
an integer and p is a real number.

6.1.3 Gaussian or normal distribution

Another very important probability distribution is the so-called Gaussian
or normal distribution. This is obtained from the binomial distribution in
the limit when n is very large and x is close to the mean pu, and is given
by the expression: X

210

folx) = glo—h)/2e? (6.20)
To obtain this expression, we will start again with the binomial distribution
and set:

w=mnp, r=p+06 n— o0 (6.21)
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with p, ¢ finite, which implies that
0K np, 6<Kng (6.22)
as well as the relations:
n—pu=n(l—-p)=ng, n—cr=n—pu—>0=ng—>= (6.23)
We will use the Stirling formula
n! &~ (2mn)*n"e™ (6.24)
which is valid in the limit of large n, to rewrite the factorials that appear

in the binomial expression Eq. (6.13). With this, we find that the binomial
expression takes the form:

1/2
n' ‘ 'pan—m ~ n" pan—m ( n ) 1
L] )

(n—2)
-y () ()

We will deal with each term in parentheses in the above expression sepa-
rately, substituting n, p and ¢ through the variables u, x and 9, using the
relations of Eq.s (6.21), (6.22) and (6.23). The first term produces:

()= () = 00)
- [ e — — 1_|__
x w0 I

Taking the logarithm of this expression, we get

—(u+5)ln<1+%>=—(u+5) <%—5—2+~-~>:—5—5—2-~-

where we have used the fact that 0 < np = p and we have employed the
Taylor expansion of the logarithm In(1 — €) for ¢ < 1 and kept the first
two terms in the expansion, with e = §/u. Similarly, the second term in
parentheses produces:

) () - ()
— (1=
n—ax ng—~90 ng
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Taking the logarithm of this expression, we get

J J 52
—(nq—é)ln(l—n—q> = —(ng — 9) <—n—q—W—l—---> :5—%---

where we have used the fact that 6 < ng and we have employed again
the Taylor expansion of the logarithm In(1 — €) for ¢ < 1 and kept the
first two terms in the expansion, with € = §/ng. The product of these two
parentheses, which upon taking logarithms is the sum of their logarithms,
produces:

p g

¢ & _ (1 1\ _Fte
2npq 202

since p+ ¢ = 1 and 0% = 2npq. The third term in parentheses produces:

() - (52) )
o Y

~ = L R P ~1/2 _ (2)~1/2
(npq) ( 5 + 5 + ) (npq) (%)

Putting all the partial results together, we arrive at:
fg(I) ~ 8_62/202(27{'0’2)_1/2

which, with § = x — p gives the desired result of Eq. (6.20).

In the final form we obtained, the variable x ranges from 0 to n. When n
is very large, it is difficult to work with the original values of the parameters
that enter in the definition of f,(z); it is much more convenient to scale
and shift the origin of x as follows: We define first the scaled variables

x 1 o

i==, p=%, == (6.25)
n n n

Next, we define the variable y through

P
Yy = ~'u:>dy:
a

| &

(6.26)

Since the limits of x are [0, n], the limits of the variable Z are [0, 1] and the
limits of the variable y are [—f/&, (1 — f1)/&]. But we have:
i

p=pm=p=—=p=(1-p)=1-p=gq
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We also have:

o L/
02:npq:>5:—:ﬂ

no

With these results, the limits of the variable y become:

:_\/ﬁ\/g (1—11):\/5@
q

o D

SH -

and since we are taking the limit of very large n, with p and ¢ finite values

between 0 and 1, we conclude that the limits of the variable y are essentially

+00. Note that the mean and variance of the variable y have now become
I

Py = —2 0, o,=1

The final expression we produced is a properly normalized probability dis-
tribution function, since

too ] 2
eV Py =1

—oo 1/ 2 Y
as was shown in Eq. (1.37). It is also convenient to define the following
function of the variable w

1 w 2 1 Foo 2
D) = = [ e Pay——— [ "o 6.27
(W)= [ e == | ey (6.27)
from which we deduce the following relations
O(+00) =1, P(—00)=0, P(—w)=1-P(w) (6.28)

The function ®(w) cannot be easily computed by simple methods so it has
been tabulated, since it is extremely useful in determining probabilities
that involve the gaussian distribution.

Conclusion: The Gaussian or normal distribution is valid when the
number of trials n is very large. There are two parameters needed to
completely specify this distribution, p and o, both real numbers. z is now
a real variable and can range from —oo to +o0.

Example 6.1 : Five fair coins are tossed at once. What is the probability
that the result is at least one head?

Anwer: There are 2° = 32 combinations, all of which contain at least one head
except one, that with all tails. Therefore the probability of at least one head
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is 31/32.

Example 6.2 : A fair coin is tossed n times. What is the probability of
getting x heads, where x =0, ..., n?

Answer: Here the binomial distribution applies because we need to select z
successful outcomes out of n tries, with the probability of success in each try
p = 0.5 (and probability of failure ¢ = 1 —p = 0.5), and we do not care about
the order in which the successes or failures occur.

n!

fole) = =—< """, p=q=

1
x!(n —x) 2

For instance, for n = 10, the probabilities are:
100 71N\ 71\ 1 100 /71N\' /1\? 10
= — — — = — 1 = — — — = —
1) = 501 <2) (2> o1 ) = 1) <2) (2> 1024
100 /1N\2 /1\8 45 100 /1N\3 /1\" 120
7o) =551 (§> <§) ~T0o1 0 = 3m <§) (§> T 1024
10! /1N\* /1\% 210 10! /1N\° /1\° 252
7o) = 151 (5) <§) ~T0o1r O = 5E <§) (5) T 1024
Note that from the general exrpession for fi,(z) we have fy(n — z) = f(x)
for 0 < x < n/2, so the remaining probabilities are the same as the ones we

already calculated. In Fig. 6.1 we show the values of f,(x) for all values of
0 < x < n for three values of n = 4,10, 30.

Example 6.3: A fair coin is tossed n = 10 times. What is the probability of
getting at least three heads?
Answer: Using the results of the previous example, the probability is 1 minus
the probability of getting any number of heads that is smaller than three, that
is, zero, one and two heads:

56

1— f(0) — f5(1) = fo(2) =1 — Tooq =~ 0-9453125

Example 6.4: We consider a fair coin tossed n = 10° times. What is the
probability that there is a 0.1% imbalance in favor of heads in all of the tosses
together?

Answer: Here we are obviously dealing with a gaussian distribution since n is
very large. We could, in principle, use again the binomial distribution, as in
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0.2 0.4 0.6 0.8

Figure 6.1: The binomial probability f,(z) for all z € [0,n], for three values
of n = 4 (squares), 10 (rhombuses) and 30 (circles). Note that the shape of
fo(x) evolves closer to that of a gaussian for increasing n and is very close to
the gaussian form already for the largest value of n = 30. In order to plot the
three distributions on a common scale, the horizontal axis is scaled, x/n.

Examples 6.2 or 6.3, but this would lead to extremely tedious and difficult
calculations, which would give essentially the same result. In the context of
the gaussian ditribution, we have:

1 1 1 1 1
p:§7q:§7ﬂznp=§><106, Uzznpqzzx106:>0—25x103

The question we are asked requires to calculate the probability that we get
at least 50.1% heads or at most 49.9% tails. This probability is given by the
integral of the gaussian probability distribution over all values of x from 0 (no
tails) to 1 = 0.499n (49.9% tails) with x and o determined above:

0.499n | o220 g

0 2mo
This, however, is an awkward integral to calculate. Instead, we change variables
as in the general discussion of the gaussian distribution:

=2 5=2—05%x10% a=E=05
n n n

so that the range of the new variable 7 is [0, 1]. We express the limits of the
integral in terms of i and &
x1

F1="—==0499=05-2x05x103 =1 —25
n
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0=05—-10°x 0.5 x 107% = i — 10°5

and the desired integral then becomes:

/ A R NPT

i—1036 \/ 270

We next shift the origin of the variable & by —fi and scale it by 7, defining a
new variable y:
S - 4
Yy = i — a = dy = i
o

with which the above integral becomes:

-2 1 2
——e ¥ /2dy = &(-2) = 0.0228
/—oo vV 2w J ( )
or a little over 2%. In the last expression we have replaced the lower limit of
y = —10% with —oo, since for such large negative values of y the integrand
is zero for all practical purposes, the value that it takes for y — —oo. The

numerical value is obtained from the values of the normalized gaussian integral
®(w) defined in Eq.(6.27).

Example 6.5: Cars pass though a toll booth at the rate of » = 20 per hour.
What is the probability that in 5 minutes 3 cars will go through?
Answer: In this case we can calculate the average number of cars i that passes
through the toll booth in the given time interval from the rate 7:

20 5

:5 1 = —
Ao X e i T 3

and we also know the number of cars that we want to go through at this given
interval, x = 3, so we can use the Poisson distribution:
pureH (5/3)38_5/3

folw =3) = = = = = 0145737 (6.29)

Alternatively, we can look at this problem from the point of view of the binomial
distribution, but then we must subdivide the total time interval of three minutes
into more elementary units 7 in order to have a well posed problem, and
eventually take the limit of these elementary units going to zero. For example,
for 7 = 60 sec, there are n = 5 such subdivisions in the total time interval of
interest (5 min), and the probability of success in one subdivision is

20 1

p = Imin X — = —
60min 3
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while the number of successful outcomes is = 3 and the probability of failure
isqg=1—p=>5/6, giving:

1 2 5 /1\? /2\?

Similarly, for 7 = 0.5 min, we find:

1 5 100 /71\2 /5\7

and for 7 = 0.25 min, we find:

1 11 20! 7 1\?% /11\'7
n=20p=—q= .0 =3= (3) = oo (E) (E) — 0.1503

We see that the result keeps changing and gets closer and closer to the answer
we obtained with the Poisson distribution as we decrease the size of the subdi-
vision 7 or equivalently increase the number of trials n, since nT = t, the total
time interval (5 min in this example). It is evident that in the limit 7 — 0
we find n — oo,p — 0, but np = 5/3 = p, as in the case of the Poisson
distribution, and we recover the earlier result of Eq. (6.29).

6.2 Multivariable probabilities

We consider next cases where we have more than one random variable.
We will deal explicitly with two random variables, but the discussion is
easily generalized to more. We will use the symbol P(X,Y") to denote the
value of the probability that depends on two variables, without specifying
the values of the variables (this is what the capital symbols X, Y mean).
When these variables take specific values the qantity P(X,Y) is equal to
the probability of these specific values occuring.

We define the probability distribution f(z,y) for the two random vari-
ables x,y as the probability of getting the first variable with value x and
the second variable with value y:

flz,y)=P(X ==xz,Y =vy) (6.30)

With this definition, we can define the probability of getting the value z
for the first variable independent of what the value of the second variable
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is, which is given by:

fi(z) = P(X =2,Y : arbitrary) =Y _ f(z,y) (6.31)

where the symbol >°, implies a summation over all the possible values of
y, whether this is a discrete or a continuous variable. The quantity f;(z) is
known as the “marginal probability” for the random variable x. Similarly,
the probability of getting the value y for the second variable independent
of what the value of the first variable is, is given by:

fo(z) = P(X : arbitrary,Y Zf z,Y) (6.32)

which is the marginal probability for the random variable y.
If the two variables are independent of each other, then the following
relation is true:

f(x,y) = fi(x) fay) (6.33)

A consequence of this is that the cummulative probability distributions
obey a similar relation:

F(x,y) = Fi(z)Fa(y) (6.34)

where Fi(x), F5(y) are the cummulative probability distributions corre-
sponding to the single-variable probability distributions fi(z) and fo(y),
the two marginal probabilities.

By analogy to what we had done in the case of single-variable probabil-
ity distributions, we define the expectation value of a function of the two
variables g(x,y) as:

Blo(x.¥) = [ glwy) (e, y)dedy (6.35)
Using this definition, we can derive the following relations
E(X+Y)=EX)+ E®Y) (6.36)
which holds for any pair of random variables. Also:

E(XY)=E(X)E(Y) (6.37)

which holds for independent variables only. We can express the mean
and variance of each of the random variables as:

po = E(X), 07 =E((X — 1)") (6.38)
wy=E(Y), oy=BE(Y - ) (6.39)
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A consequence of these relations is:
02 = B(X?) — i = B(X?) — [E(X)] (6.40)
2
= B(Y?) - iy = BE(Y?) - [E(Y)] (6.41)

We can define a new random variable z which is the sum of the original
two random variables:
Z=x+yY

For this new random variable, we can calculate the mean value and the
variance, using the corresponding values for the original random variables
g, O, [y, 0y as follows:

wo = B(Z) = B(X+Y) = + 1, (6.42)
02 =B((Z = p)*) = BE(Z* = 2Zp. + pi2) = E(Z°) — 112
But the first term in the last expression can be re-written as:
E(Z?) = E(X* +2XY +Y?) = E(X?) +2E(XY) + E(Y?)
and from the definition of E(Z) we have:
E(Z)] = [B(X) + E(V)? = [E(X)]* + [BY)] + +2E(X)E(Y)

Subtracting the second expression from the first and using Eq.s (6.40),
(6.41), we obtain:
02 =02+ 0, + 204, (6.43)

where we have defined the covariance o, as:
oy =E(XY)—-EX)E(Y) (6.44)

If the two variables are independent, the covariance is equal to zero.

Example 6.6: Consider two yards, which we will label A and B, and a big
tree which sits right in the middle of the fence separating the two yards. The
leaves from the tree fall randomly in one of the two yards, with probabilities p
and ¢. The values of p and ¢ are not necessarily equal (for example, a slight
breeze may lead to p > ¢) but they always add up to unity: p+¢ = 1. Let
x be the random variable associated with the fate of leaf 1, which may land
either in yard A, in which case we assign the value o = 0 to it, or in yard
B, in which case we assign the value z; = 1. Similarly, the random variable
y describes the fate of leaf 2, and it can also have values yo = 0 or y; = 1,
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depending on where leaf 2 lands. The random variables x, i take on the values
0 with probability p each, that is

po(X =0)=p, p(Y=0)=p
and they take on the values 1 with probability ¢ each, that is:
p(X=1)=q p(Y=1)=¢

We define a new random variable z as the sum of z and y. From the way
we have indexed the possible values of the random variables z, 3, we have:

xz:'Lv y]:.jv 27]2071
The values that the random variable z assumes are:
20 = 0 - (X7 Y) = ($07y0>
z1=1—(X,Y) = (z1,%) or (wo,y1)
29 =2 — (X7 Y) = ($1ay1)
From the way we have indexed the possible values of z we deduce:
2k = T + Yk—i

As far as the probabilities associated with the three possible values of z are
concerned, from the above relation we find that:

but this expression is exactly what we have defined as the convolution of the
two functions p,(z) and p,(y), if we think of the subscript of the variables
X,Y as the integration variable in the general definition of the convolution.
From the definition of the probabilities for p,(X;) and p,(Y;) we then find:

p-(0) = po(0)p,(0) = p°

p=(1) = px(1)py(0) + po(0)py(1) = 2pq
p=(2) = pa(L)py (1) = ¢*
It is easy to check that

SNvAZ) =p"+ 2+ =(p+q)° =1
k
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that is, p.(Z) is normalized to unity, whatever the values of p and ¢ are, as
long as they add up to unity; thus, p,(Z) is a proper probability distribution
function.

We next want to calculate the average and variance of p.(Z) in terms
of the averages and variances of p,(X), p,(Y), defined as (i, y1,,, and o, oy,
respectively. We can use the fact that p,(Z) is the covolution of the probability
distributions p,(X) and p,(Y’) and the fact that the Fourier transform of the
convolution of two functions is the product of the Fourier transforms of the
the two functions:

P:(w) = Pa(w)Py(w)
From the moments of the probabilities p,(X), p,(Y"), using the Fourier trans-
forms and their derivatives (which are all evaluated at w = 0), we have:

0" moment :  p,(0) = 1 = j,(0)

1
1* moment :  —p,(0) = fta, 725;(0) = My
1 1
1
moment : Wﬁﬁ(o) =02+ u2, - 235;/(0) = UZ + “12/

while for the Fourier transform of the probability p,(Z) we have:

2nd

~/

. . . . 1_

Pw) = Po(@)py(w) + Pe(w)py (W) = 27.(0) = pz = p1a + 11y
as we would expect for any random variable defined to be the sum of two other
random variables. Similarly, for the variance in the variable z we obtain:

~//

Pr(w) = Pr(w)py(w) + 20, (), (w) + Po(w)Py(w) =

02 + 12 = (07 + ) + 2tapsy + (0, + i) = 02 = 0} + 0,

as we would expect for two independent variables, which is what the variables
x and y are in the present case.

6.3 Conditional probabilities

Consider two sets of events, one denoted by A, the other by B. The events
common to both A and B comprise the intrsection AN B. The events that
can be either in A or in B comprise the union A U B. If all events belong
to a superset S that includes both A and B and possibly other events that
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do not belong to either A or B, then the following relations will hold for
the probabilities P(A), P(B), P(S), associated with the various sets:

P(S)=1, 0<PA) <1, 0<PB)<I1 (6.45)
P(AUB)=P(A)+ P(B)— P(ANnB) (6.46)

the last relation justified by the fact that the events that belong to both
A and B are counted twice in P(A) + P(B). We define as mutually
exclusive the sets of events that have no common elements, that is, A N
B = 0; in that case:

P(AUB) = P(A) + P(B) (6.47)

We further define the complement of A, denoted by A¢, as the set of all
events that do not belong to A, and similarly for the complement of B,
denoted by B¢; the complements satisfy the relations:

A°=S—A, AUA=S, P(A°)=1-P(A) (6.48)

We define the conditional probability P(A|B) as the probability that
an event in B will occur under the condition an event in A has occured:
P(ANB)

P(BIA) = =5

(6.49)

Based on this definition, we find that the probability of an event which
belongs to both A and B to occur, given by P(A N B), is obtained from
the conditional probabilities as:

P(AN B) = P(B|A)P(A) = P(A|B)P(B) (6.50)

that is, this probability is equal to the probability of an event in B occuring
under the condition that an event in A has occured times the probability
of an event in A occuring (the same holds with the roles of A and B
interchanged). Notice that

P(ANB) = P(BnA)

P(A[B) # P(B|A)

We call the events in a A and B independent if the probability of an
event in A occuring has no connection to the probability of an event in B
occuring. This is expressed by the relation:

P(AN B) = P(A)P(B) (6.51)
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In this case the conditional probabilities become:

P(AN B) P(BNA)

PIAIB) = =55 P(A)

= P(A), P(B|A) = = P(B) (6.52)
which simply says that the probability of an event in A occuring under the
condition that an event in B has occured is the same as the probability of
an event in A occuring, P(A), since this has no connection to an event in

B (the same holds with the roles of A and B interchanged).

Example 6.7: Consider two fair dice that are thrown simultaneously. We
define two events A and B as follows:

event A: the sum of values of the two dice is equal to seven;

event B: only one of the two dice has the value two.

We can consruct the table of all possible outcomes and identify the events A
and B in this table, as shown below (the line of values i = 1 — 6 represents
the outcome of the first die, the column of values j = 1 — 6 represents the
values of the second die):

i 1 [ 2 | 3 | 4 ] 5 [ 6 |
1 B A
2 B B | B |AB| B
3 B A

4 B | A

5 A B

6 A | B

The total number of outcomes 6 x 6 = 36 is the event space S. The boxes
labeled with A represent the set of values corresponding to event A and the
boxes laleled with B the set ov values corresponding to event B. There are
several boxes carying both labels, and this is the intersection of the two sets,
AN B; all the labeled boxes comprise the union of A and B, AU B.

From this we can calculate the probabilities:

1 1 1 10
P(A) = —=—-, P(B)=1 — = —
(A)=6x35=75 PB)=10x35=15
that is, the probability of event A is the total number of boxes containing the
label A, which is 6, divided by the total number of possible outcomes which is

36; similarly for the probability of event B. We also have:

6 10 2 14
P(AUB) = P(4) + P(B) = P(ANB) = 50+ o2 — 22 = =
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that is, the probability of either event occuring is the probability of the event
A occuring plus the probability of event B occuring minus the probability of
the intersection wich is counted twice. Indeed, there are 14 occupied entries
in the entire table, two of which have two labels (representing the intersection
ANB).
Finally, the conditional probabilities are obtained as follows:
the probability that event A will occur (sum of values is 7) under the condition
that event B has occured (only one die has value 2) is
P(ANB) 2/36 2

P(AIB) = P(B)  10/36 10

and the probability that event B will occur (only one die has value 2) under
the condition that event A has occured (sum of values is 7) is
P(BNA) 2/36 2

POBIA) = =5y =636 o

These results make good sense if we check the table of events: out of the 10
boxes containing a label B, that is, all the cases that only one die has value
2, there are only two boxes that also contain the label A, that is, the sum of
values of the two dice is 7: thus, the probability that the sum of values is 7
under the condition that only of the two dice has value 2 is 2/10, which is
precisely the conditional probability P(A|B). We can rationalize the value we
obtained for the conditional probability P(B|A) by a similar argument.

Example 6.8: Consider two boxes, both containing gold and silver coins,
but in different proportions: the first box contains 70% gold, 30% silver coins
and the second box contains the reverse ratio. The total number of coins in
each box is the same. From the outside, the boxes are identical in size, shape
and total weight. We want to figure out which contains more gold coins by
samplng them: we are allowed to pick coins from each box, see what kind of
coin they are, and put them back in the same box. Based on our sampling, we
should be able to figure out which box is which with certain degree of certainty.
We will use conditinal probabilies to do this.
We define the following events:

Event A: choose a coin from box 1; A° then must correspond to choosing
a coin from box 2. Since the boxes look identical from the outside we must
assign P(A) = P(A°) =0.5.

Event B: choose a gold coin; B¢ then must correspond to choosing a silver
coin, since these are the only two possibilities as far as the type of coin we can
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pick are concerned. In this case we cannot easily determine P(B) and P(B°),
which depend on which box we are chosing the coin from, and we cannot tell
this from the outside.

We next calculate the conditional probabilities, which in this case are ac-
tually easy to determine:

P(B|A) = 0.7, P(B|A°) =0.3, P(B|A) =03, P(BA°)=0.7

These are the result of the definitions we have made: The probability of getting
a gold coin under the condition that we have chosen the first box is 70%, or
P(B|A) = 0.7, etc.

We can use these results to calculate the probabilities of the intersections
P(ANB),P(A°N B), P(AN B, P(A°N B°), using the general fromula of
Eq. (6.50):

P(ANB) = P(B|A)P(A) = 0.35, P(AN B°) = P(BY|A)P(A) = 0.15
P(ANB) = P(B|A%)P(A) = 0.15, P(ANB°) = P(A°|B°)P(A°) = 0.35

We put these intersection probabilities in a table:

L B [B] |
A [0.35]0.15 || 0.50
A< 0.15 | 0.35 || 0.50
| ] 0.50]0.50 | |

The four entries under B, B¢ and across A, A¢ are the corresponding in-
tersection probabilities P(AN B) = P(BN A), etc. The extra entries are the
column and row sums. These are interesting quantities: The first row sum is
the sum of the probabilities P(A N B) + P(A N B¢), that is the probability
of getting either a gold coin (event B) or a silver coin (event B¢) from box
1 (event A), but this is the same as the probability of choosing box 1 itself,
which must be equal to P(A) = 0.5, as indeed it is. Similarly for the second
row. The first column sum is the probability of choosing a gold coin (event
B) from either box 1 (event A) or box 2 (event A€), which turns out to be
P(B) = 0.5. Similarly for the second column, P(B¢) = 0.5. These are the
marginal probailities for events B and B¢: that is, the first column represents
the probability of getting a gold coin (P(B)) whether we picked it from box 1
(event A) or from box 2 (event A¢); similarly for the second column.

Our next step is to consider a situation where we pick not one but several
coins at a time. We illustrate what can happen if we pick three coins from one
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box. If we assume that the box was the one containing 70% gold and 30%
silver coins, then we can actually figure out the probabilities of picking three
gold coins, two gold and one silver coins, one gold and two silver coins or three
silver coins, using the binomial distribution. We know that the probability of
getting a gold coin from box 1 is p = 0.7 and the probability of getting a silver
coinis ¢ = 1 — p = 0.3; each time we pick a coin these probabilites are the
same. Therefore, the probabilities of gettins, 3, 2, 1, 0 gold coins (and hence
0, 1, 2, 3 silver coins) in n = 3 tries, on the condition that we are picking
coins from box 1 (event A), are:

3!

P(Bs3|A) = ﬁ(0.7)3(0.3)0 =0.343: 3 gold, 0 silver
P(By|A) = %!(0.7)2(0.3)1 =0.441: 2gold, 1 silver
P(B|A) = 1?!’—;!(0.7)1(0.3)2 =0.189: 1 gold, 2 silver
P(BylA) = 0?!’—?!)!(0.7)0(0.3)3 =0.027: 0gold, 3 silver

where we have now defined the events B;: get n gold coins (j = 0,1,2,3) in
the three picks. These probabilities add up properly to 1. We can use these
conditional probabilities to obtain the intersection probabilities P(A N B;) by
the same procedure as before, through the relation

P(AN By) = P(B,|4)P(A)

with P(A) = 0.5. Similarly for the intersection probabilities P(A°N B;), with
P(A€) = 0.5. We put all these intersection probabilities in a table as before:

L [ B [ B [ B [ B [ |
A ]0.0135 | 0.0945 | 0.2205 | 0.1715 ]| 0.50
A ][ 0.1715 | 0.2205 | 0.0945 | 0.0135 || 0.50
| ] 0185 | 0.315 | 0.315 | 0.185 || |

The numbers under both entries A or A and B; are the intersection proba-
bilities P(B;NA) or P(B;NA¢), while the last column is the sum of individual
rows of intersection probabilities which, as expected, sum up to 0.5, and the the
numbers in the last row are the column sums of the P(B; N A) or P(B; N A°)
entries. Notice that the column sums represent the marginal probabilities

P(Bj) = P(B;NA)+ P(B;n A9



6.3. CONDITIONAL PROBABILITIES 167

of getting j coins, whether we chose box 1 (event A) or box 2 (event A°).
Thus, the numbers of the bottom row in the above table are the marginal
probabilities P(By), P(B;), P(Bs), P(Bs), in this order.

Having determined the intersection and marginal probabilities, we can use
those to calculate another set of conditional probabilities, which are actually
more interesting. Specifically, we can calculate the probability that we have
chosen box 1, under the condition that we drew three gold coins in our three
trials; this is given by the expression:

P(BsnA) 01715

P(A|Bs) = P(B;)  0.185

=0.927

In other words, if in our three tries we get three gold coins, then the probability
that we have found the box with the most gold coins (box 1 or event A) is
92.7%. This is indeed very useful information, if our goal were to identify the
box with the most gold coins by picking coins from one of the two identical-
looking boxes! Conversely, if we had obtained three silver coins (and hence
zero gold coins) in our three picks, the probability that we had found box 1

would be:
P(BynA) ~0.0135

P(By)  0.185
or 7.3%, a rather small value, and equal to 1 — P(A|Bs3).

Let us also calculate the average number of gold coins in the n = 3 picks:
it is given by

P(A|B,) = = 0.073

= ZjP(Bj) =0x0.184+1x0315+2x%x0.315+3 x0.185=1.5
j=0

w15
—=—=05
n 3

We note that because of the statement of the problem and the fact that the
ratio of gold and silver coins in box 1 is the reverse of that in box 2, the average
number scaled by the nmber of picks will not change if we change n, and will
remain equal to 0.5.

What would be the right strategy for finding the box with the most gold
coins? A logical strategy would be to choose as the box with the most gold
coins that from which we get a larger than average number of gold coins in
three picks. Since the average is 1.5, getting more than average gold coins
means getting two or three gold coins. We should then compare the probability
of getting tow or three gold coins to the probability of getting zero or one gold
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coins. We note that the events of getting ¢ and j gold coins are mutually
exclusive for i # j, therefore:
P(BiUB;) = P(Bi) + P(B;), i#]
and the same relation will hold for the intersection probabilities:
P((BiUBj))NA)=P(B,NA)+P(B;NA), i#j
P((B;UBj)NA°)=P(B,NA°)+ P(B;NA"), i#}j

From the table of intersection probabilities for the individual B; events, we then
can calculate the intersection probabilities P((ByUB3)NA), P((ByUB;)NA),
P((B2 U B3) N AC) and P((BO U B1> N AC):

| [BoUB [BUBs | |
A 0.108 0.392 [ 0.50
Acl 0.392 0.108 | 0.50
| | 050 | 050 | |

From these entries, we can next obtain the conditional probabilities of
getting more than average gold coins (B2 U Bj3) or less than average gold coins
(By U By), on the condition that we are picking from box 1 (event A) or box
2 (event A°):

P((ByU Bs)|A) =0.784, P((BoU By)|A) = 0.216

P((By U By)|A%) = 0.216, P((Bo U By)|A°) = 0.784

These results tell us that if we get more than average gold coins there is a
78.4% probability that we have hit on the right answer, that is, the box that
actually contains the larger percentage of gold coins. There is also a non-
negligible 21.6% probability that we have the wrong box, that is, the one with
smaller percentage of gold coins, even though we got more than average gold
coins in our three picks. Similarly, if we had gotten fewer than average gold
coins, there is a 78.4% probability that we are picking from box 2, the box
with the smaller percentage of gold coins, but there is also a 21.6% probability
that we were picking from the box with the larger percentage of gold coins.
Assuming that our strategy is to keep as the right choice the box if we got
more than the average gold coins and to reject the box if we got fewer than
the average gold coins, then we would be making the correct choice with a
probability 78.4%, and the wrong choice with probability 21.6%.
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It is evident that if we increase the number of samplings n, the odds of
finding the right box will increase, but there will always be a non-zero chance
of making the wrong choice. Essentially, with n increasing, the distribution
of probabilities for each case evolves into a gaussian, and for large enough n
the gaussians corresponding to A and A° will have very little overlap. This is
shown in Fig. 6.2.

0.6 4
n=10
0.4
n=3
0.2 & 4
0 L
0 0.5 1

Figure 6.2: The probabilities of intersections, P(B;NA), P(B;NA€), (shown by
open symbols) and the marginal probabilities P(B;) = P(B; N A)+ P(B; N A°)
(shown by filled symbols), for j = 1,...,n. Circles correspond to n = 3, squares
to n = 10 and rhombuses to n = 30. The probabilities for n = 10 and n = 30
have been shifted up for clarity (by 0.4 and 0.6, respectively). In order to display
all values in the same range, j is scaled by n, that is, the horizontal axis is j/n.

We next pose the problem in a more general, and challenging manner:
Suppose that we wanted to be assured of a desired degree of certitude that
we picked the right box, the one that has a majority of gold coins. How many
trials should we make to make sure we have the right box with the right degree
of certitude? If the number of trials n is large enough we know that we will
have gaussian distributions. If we are picking from box 1, then:

A oy =npy, p1:0.7:>&:0.7
n

If we are picking from box 2, then:

A g = npo, p2:O.3:>&:0.3
n
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Since the two boxes look identical from the utside, we may be pcking coins
from either box, and therefore the normalization of each gaussian representing
the probabilities of getting any combination of gold and silver coins must be
equal to P(A) = P(A°) = 0.5. For both curves, the variance will be given by

g1 09 \/0.21

1 P141, 2 P2q2 0 0 \/ﬁ

The first curve will be peaked at i1 /n = 0.7, the second at ps/n = 0.3, and
for large enough n the overlap between them will be small.

The tails of the gaussians have interesting meaning (in both cases, the
random variable represents the number of gold coins divided by n):

— the tail of the first curve for values of the random variable less than 0.5
corresponds to situations where we would get less than half gold coins by
picking from box 1;

— the tail of the second curve for values of the random variable greater than
0.5 corresponds to situations where we would get more than half gold coins by
picking from box 2.

Assuming that the strategy is to keep the box if we get more than gold coins
and to reject it if we get less than half, then we could be making a mistake if
we hit the values corresponding to either tail. The first type of mistake would
be a false rejection because we hit an event in the tail of the first curve;
the second type of mistake would be a false acceptance, if we hit an event
that corresponds to the tail of the second curve.

Suppose that we want to make sure that either type of mistake is avoided
with a certain degree of confidence. The only freedom we have is to make more
picks n. How big should n be to guarantee that the probability of making either
type of mistake is less than 1%?

To answer this question, we have to sum up all the probabilities that cor-
respond to the tails of the two gaussian curves above and below the average
number of gold coins. In the present example, the two gaussians are the same
as far as variance and normalization is concerned, and their position with re-
spect to the average is symmetrical, therefore the contribution of each tail
is the same. We then simply calculate the contribution of one of the tails
and simply multiply that by 2; this turns one of the gaussians into a properly
normalized one. We will choose the gaussian that corresponds to event A,
centered at p; = 0.7n. We then want to calculate the gaussian integral:

®(w 2y = 0.01 = w = —2.326

1 w
):E/_ooe
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which says that the integral of the tail of the normalized gaussian from —oo
to u gives a 1% contribution. The tabulated values of ®(w) give the value of
w = —2.326 for this case; this is f course expressed in units of the variance
(defined to be 1 for the integrand of ®(w)) away from the mean (defined to
be 0 for the integrqgand of ®(w)). All that remains is to turn this result to an
actual number of picks n. To this end, we need to express everything in terms
of the scaled variables

o V021

i="2=07, &

n " n Vvn

and express the value of the average (scaled by n), which denotes the cutoff
point of the tail, in terms of the mean and variance of the gaussian:

0.5 = 11 — 2.3260,

Plugging into this expression the values of fi; and ; from above, the latter
containing a factor of y/n, and solving for n we find n = 28.4. If we take
the value of n to be the nearest integer larger than this non-integer calculated
value, then we are guaranteed that the overall error of either type in choosing
the right box will not exceed 1%.

We can generalize the results of the example above to the case where we
have a choice of two possible events, A and A€, one of which is the desired,
and we try to figure which one is the right choice by sampling n times the
possible outcomes. The two choices need not be symmetrical as was the
case in the example above. For large n the distributions will be gaussian,
but the normalizations N; and Ny will not necessarily be each equal to 0.5,
although their sum must be 1. The two choices will have different means
11, pto and different variances oq,09. The overall mean value of a random
variable sampling the two districutions will be given by:

1% 251 M2 - - N

p= p1 N1 + pa Ny = o= ;Nl + ;Nz = fi = N1 + fia(1 — Ny)

We will assume that the values of fi1, i and Ny, Ny are such that:
fa < < [l

If the value of u is used as the criterion for choosing one of the two possible
options, then the tails representing the two types of errors extend from
it — +oo for the first distribution and from —oo — [ for the second; these
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must be expressed in terms of the mean and standard deviation of each
distribution:

ﬂ:ﬂl—i_)\la-h [L:[LQ_)\25-27 )\17)\2 >0

Then, the total proability of a wrong call is given by:

—A o)
/ o 24y 4 / e 2244
_ A1

[e.e]

This will be related to the tolerable value of error, from which the number
of trials n can be determined. In order to proceed, more information is
needed about the various quantities that enter in the above expression, fiq,
2, 01, 09 and Np, as was the case for example 6.8.

Example 6.9: A television game played between a host and a player consists
of finding a prize which is hidden behind one of three doors. The rules of the
game are:

1. The player chooses one of the three doors without opening it.

2. The host opens one of the two remaining doors, which does not have
the prize behind it.

3. The player has a chance to change her choice of door or stick with the
original choice.

What is the right strategy for the player to maximize her chances of finding
the prize: switch choice of doors or stay with the original choice?

Answer: We label the door that the player chooses initially as door 1 and the
other two doors 2 and 3. We have to calculate probabilities from the player's
perspective, that is, taking into account only the information that the player
has. We define the following events:

A;: the prize is behind door i = 1,2, 3.

B;: the host opens door ¢ =1, 2, 3.

From the player's perspective, the prize can be behind any one of the three
doors, hence P(A;) = P(Ay) = P(A3) = 1/3. Also, the host will not open
door 1 since the player picked it first, but can open door 2 or 3 with equal
probability as far as the player is concerned, hence P(B;) = 0,P(By) =
P(Bs) = 1/2. We can also calculate the following conditional probabilities:

if the prize is behind door 1: P(By|A;) =1/2, P(Bs|A;) =1/2
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since the host is equally likely (from the player's perspective) to open door 2
or 3, and

if the prize is behind door 2: P(By|A;) =0, P(Bs|A2) =1

if the prize is behind door 3 : P(By|A3) =1, P(Bs|A3) =0

since the host will not open the door with the prize. With this information
and the marginal probabilities for A; and B;, we can now calculate the table
of intersection probabilities:

L BB [B] |
A0 1/6]1/6]1/3
A, lo o0 [1/3]1/3
A, 10 [1/3] 0 [[1/3
[ Tofiefre] ]

The entries that are under both By, By, B3 and across A;, Ay, A are the
intersection probabilities, the entries in the last column are the marginal prob-
abilities P(A;) and the entries in the last row are the marginal probabilities
P(B;). From this table we can then construct the following conditional prob-
abilities, which is what the palyer actually wants to know:

P(A|By) = % — %7 P(A|B;) = % — %
P(Ay|B;) = % — %7 P(As|Bs) = % _ %

Thus, the probability that the prize is behind door 1 (the original choice)
under the condition that the host opens door 2 or 3 is 1/3 in each case, but
the probability that the prize is behind door 2 if the host opens door 3 or
behind door 3 if the host opens door 2 is 2/3 in each case. Therefore, the
player should always switch choice of doors to maximize her chances.

6.4 Random numbers

It is often useful to be able to generate a sequence of random numbers n
the computer, in order to apply it to various problems related to proba-
bilities. However, since by definition these numbers will be generated by
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some deterministic algorithm, they cannot be truly random; such numbers
are “pseudo-random” numbers. If a sequence of pseudo-random numbers
can adequately approximate the properties of a truly random sequence of
numbers, it can be very useful.

A standard algorithm for generating random numbers is the modulo
algorithm:

R, =mod[(AR;,_1 + B), M|, r; = L i=1,.... N M (6.53)
where r; are the random numbers and A, B, M, Ry are positive integers;
the r; numbers are in the range r; € [0,1). Ry is usually referred to as
the “seed”. A different choice of seed with the same values for the rest of
the parameters generates a different sequence of random numbers. Note
that with this algorithm we can generate a number N of pseudo-random
numbers where N < M, because otherwise the numbers are not really
random. The reason for this restriction is that the numbers generated by
this algorithm repeat after a period M. For example, with

M=4 A=5 B=3, Ry=1
the first five values generated are
Ri=0, Ro=3, R3=2, Ry=1, R;=0

and then the numbers keep repeating (Rg = R;, etc.) because at Rs we
have hit the same value that Ry had. Actually this is to be expected, since
M = 4 and all the possible outcomes of the modulo are 0,1,2,3. These
numbers appear to occur in a “random” sequence in the first period, until
the range of possible outcomes is exhausted, and then the sequence starts
over. Thus, if we allow N to reach M, then the numbers we generate do
not have any semblance of randomness anymore!

As this simple example shows, a careful choice of the variables A, B,
M, Ry is important to avoid a short period. In particular M should be
very large. Actually, the sequence of pseudo-random numbers generated
by the modulo algorithm always involves correlations for any finite value
of M. Specifically, if we use D such numbers to define a random variable
in an D-dimensional space (D = 2 for a plane, D = 3 for a cube, etc.),
then these points do not fill uniformly the D-dimensional space but lie
on (D — 1)-dimensional hyper-planes, and there are at most M'/? such
hyperlanes, if A, B, M, Ry are carefully chosen (there can be fewer such
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hyper-planes, meaning poorer quality pseudo-random numbers, if the val-
ues of the parameters are not well chosen).

One way to improve the randomness of pseudo-random numbers is to
create a shuffling algorithm. This works as follows: we first create an array
of N random numbers r;,5 = 1,..., N, with IV large. Next we choose
at random a value j between 1 and N and use the random number r;,
but at the same time we take it out of the array, and replace it by a new
random number. This continuous shuffling of the random numbers reduces
the correlations between them. Elaborate algorithms have been produced

to make this very very efficient, which are known as Random Number
Generators (RNG’s).

6.4.1 Arbitrary probability distributions

An important consideration is to be able to generate random numbers of
any desired probability distribution. This can be achieved by requiring
that two distributions p(x) and p(y) are related by

dx

" (6.54)

Ip(z)dz| = |p(y)dy| = p(y) = p(x)

For example, we may start with a uniform probability distribution of ran-
dom numbers z in the range [0, 1], that is, p(z) = 1, and derive from it
random numbers y that have an exponential probability distribution, that
is, the probability of finding the value y is proportional to e™¥. To achieve
this, we would then need:

eV = |j—§| =zx=e¢"=y(x)=—In(x)
that is, the new random numbers y are given in terms of the original
random numbers = (which have uniform probability distribution) through
the relation y(z) = —In(x). The scheme we described earlier, using the
modulo algorithm, generates random numbers x with uniform probability
distribution p(x) = 1 in the range [0, 1]. Taking the natural logarithm of
these numbers (with a minus sign, which makes sure that the new num-
bers are positive) generates random numbers y in the range [0, co] with a
probability distribution p(y) = e~¥.

Another important distribution, which we discussed in detail in this
chapter is the gaussian distribution. This can be generated from ran-
dom numbers of uniform distribution as follows: starting with two random
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numbers of uniform distribution x1, x5, we define the new numbers y;, 2
tgrough:

y1 = \/—2In(xy) cos(2may) Yo = \/—2In(x,) sin(2mxs) =

T e B T <@>
2T Y1

and we use the general formula of Eq.(6.54) to relate the two distributions:

8(I1, LUQ)

dy1d
8(y1,y2) Y1dYys

(Y1, y2)dyrdys = p(, 22)

where the quantity inside the absolute value is the Jacobian:

o(xy,x 92y  zz
‘7( 1, 72) :‘ Q. on | (6.55)
8(y17 y2) Oy2  Oya

Using the relations between x1, xo, and 1, 2 from above, we can calculate
the Jacobian to obtain:

1 2 1
s — —e_y1/2—
P y2) = = oL

which is actually two indpendent gaussian probabilities in the variables
Y1, y2. This is useful, because no computation will be wasted in producing
two (rather than one) random numbers x1, x5 of uniform distribution.

e v3/2 (6.56)

6.4.2 Monte Carlo integration

We can use random numbers to do integration and other calculations that
may be otherwise very difficult to perform, by sampling efficiently the
relevant space of possible outcomes.

For example, we can calculate the value of m by generating random
numbers in pairs, representing the (x,y) coordinates in space. By shifting
and scaling the random numbers generated by a RNG we can arrange their
values to span the interval [—1,1]:

r'=2(r—0.5) (6.57)

where r is the original set of random vlaues generated by the RNG with
uniform distribution in [0, 1] and 7’ is a random number with uniform
distribution in the interval [—1,1]. If we keep generating such numbers in
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Figure 6.3: Example of Monte Carlo evaluation of 7. Filled dots are random
points within the range of the circle and open circles are outside this region.

pairs corresponding to points on a plane, we would eventually fill a square
of side 2 and total area 2 x 2 = 4. If we keep track of how many of these
points are inside a circle or radius 1, that is, 22 + y?> < 1, and compare
this number to the total number of generated points we could calculate the
value or 7: The number of points inside the circle of radius 1 compared to
the number of points inside the square of side 2 must give the same ratio
as the respective areas, that is m/4. Alternatively, we can use the random
values in the interval [0, 1] in pairs as the (z,y) points, and check whether
2% +1y?% < 1, which would give us the number of points within one quadrant
of the circle of radius 1. The area of this quadrant is 7/4. Comparing
again the number of points within the quadrant to the total number of
points generated, which would fill the square of side 1, we can calculate
the value of 7. In Fig. 6.3, we show the distribution of random points for
N = 102 for this calculation. A simple code in Mathematica that does this
calculation with N = 10° random points is given in Fig. 6.4.

We can use the same concept to calculate integrals. For example, we
calculate the integral

1 1 1
h= [ 2= [gﬂ — 0.333333 (6.58)
0 0

by generating random points in the range [0, 1], which will be tha values
of the variable z, and for each point compare the value of f(x) to another
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N v AO [1 Al I2 A2

10% || 3.164000 0.022407 | 0.334000 0.000667 | 1.002143  0.047643
10* || 3.121200 -0.020393 | 0.331700 -0.001633 | 0.952834 -0.001666
10° || 3.142560 0.000967 | 0.333970 0.000637 | 0.957605 0.003105
10% || 3.143352  0.001759 | 0.333440 0.000107 | 0.954688 0.000188
107 || 3.142856  0.001263 | 0.333544  0.000210 | 0.954613  0.000113
108 || 3.141668 0.000075 | 0.333385  0.000052 | 0.954552  0.000052
10° || 3.141624  0.000031 | 0.333350 0.000017 | 0.954511  0.000011

Table 6.1: Monte Carlo calculation for 7 and the integrals I of Eq. (6.58) and
I5(2) of Eq. (6.59). N is the number of random points used and A;,7 = 0,1,2
are the differences from the exact result.

random point, y. If y < f(z), then this point would be under the curve
f(x). Since the integral represents the area under the curve, we can com-
pare the number of points that satisfy the relation y < f(x) to the total
number of points generated, and this ratio will give the result for the inte-
gral of Eq.(6.58). A simple code in Mathematica that does this calculation
with N = 10° random points is given in Fig. 6.4. In Fig. 6.5, we show the
distribution of random points for N = 103 for this calculation.

As another example, we can use Monte Carlo integration to calculate
the following integral:

e " dy (6.59)

for finite values of ). This caan also be obtained from the tabulated
values of the gaussian integral ®(Q). In this case, we must generate values
of the random variable in the interval [—@Q), @], or, due to the fact that the
integrand is an even function of x, we can do the integration in the interval
[0, @] and multiply the result by a factor of 2. We must also make sure that
we scale the result by the total area which would be covered by random
points. In order to not waste computation, we can arange the total area to
be a rectangle of width 2@, the range of the variable z, (or @ if we use the
half range [0,Q]), and height 1/v/27 = 0.39894228, which is the highest
value of the integrand. In Fig. 6.6, we show the distribution of random
points for N = 102 for this calculation.

In Table 6.1 we collect the results of the three Monte Carlo calculations,
using different numbers of random points N (from one thousand to one
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billion). As is seen from this table, the larger the number of points used, the
more accurate the result (closer to the exact value), as we would intuitively
expect. This can be quantified by using the following expression, for an
integral in the range x € [0, L]:

[ @ == i - )" (6.60)
where the expressions in brackets are defined as:
1 ¥ 1 ¥
= F oSl () = L) (6.61)

This expression states that the fluctuations, which are proportional to
[(f?) — <f)2]1/2, die out with a prefactor 1/v/N. This is not an exact result,
but a rough estimate of the deviation from the exact value, assuming that
it is one standard deviation in a gaussian type distribution.
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Examples of Monte Carlo Calculations

MONTE CARLOI NTEGRATI ONOF x » 2
fIx_]:=x"2

In[39]:= xrange = 1

Qit[39]= 1

In[40]:= frange = f [xrange]

Qit[40]= 1

In[41]:= ncount = 0

Qit[41]= O

In[42]:= Do[lf [ (f [Random[Real, {0, xrange}]] - Random[Real , {0, frange}]) > 0, ntount ++],
{i, 1000000}]

In[43]:= N[ncount /1000000]

Qut[43]= 0.333142

MONTE CARLOCALCULATI ONOF Pi

In[44]:= nctount =0

Qut[44]= 0

In[45]:= Do[|f[ (Random[]1”*2 + Random[]”"2-1) <0, ntount ++], {i, 1000000}]
In[46]:= N[ntount /1000000] %4

Qut[46] = 3.14136

Figure 6.4:
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o

Figure 6.5: Example of Monte Carlo integration for the integral of Eq. (6.58).
= 22 and open circles are

Filled dots are random points under the curve f(x)

outside this region.

e_$2/2/\/ﬂ

Figure 6.6: Example of Monte Carlo integration for the integral of Eq. (6.59),

for Q = 2. Filled dots are random points under the curve f(z)

and open circles are outside this region.
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APPENDIX - GAUSSIAN TABLE

O (w

1 w
):E/_Ooe

_“2/2du, O(—w) =1-0(w), @(0)=05

O(w)

O(w)

O(w)

O(w)

O(w)

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.11
0.12
0.13
0.14
0.15
0.16
0.17
0.18
0.19
0.20
0.21
0.22
0.23
0.24
0.25

0.503989
0.507978
0.511966
0.515953
0.519939
0.523922
0.527903
0.531881
0.535856
0.539828
0.543795
0.547758
0.551717
0.555670
0.559618
0.563559
0.567495
0.571424
0.575345
0.579260
0.583166
0.587064
0.590954
0.594835
0.598706

0.26
0.27
0.28
0.29
0.30
0.31
0.32
0.33
0.34
0.35
0.36
0.37
0.38
0.39
0.40
0.41
0.42
0.43
0.44
0.45
0.46
0.47
0.48
0.49
0.50

0.602568
0.606420
0.610261
0.614092
0.617911
0.621720
0.625516
0.629300
0.633072
0.636831
0.640576
0.644309
0.648027
0.651732
0.655422
0.659097
0.662757
0.666402
0.670031
0.673645
0.677242
0.680822
0.684386
0.687933
0.691462

0.51
0.52
0.53
0.54
0.55
0.56
0.57
0.58
0.59
0.60
0.61
0.62
0.63
0.64
0.65
0.66
0.67
0.68
0.69
0.70
0.71
0.72
0.73
0.74
0.75

0.694974
0.698468
0.701944
0.705401
0.708840
0.712260
0.715661
0.719043
0.722405
0.725747
0.729069
0.732371
0.735653
0.738914
0.742154
0.745373
0.748571
0.751748
0.754903
0.758036
0.761148
0.764238
0.767305
0.770350
0.773373

0.76
0.77
0.78
0.79
0.80
0.81
0.82
0.83
0.84
0.85
0.86
0.87
0.88
0.89
0.90
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99
1.00

0.776373
0.779350
0.782305
0.785236
0.788145
0.791030
0.793892
0.796731
0.799546
0.802337
0.805105
0.807850
0.810570
0.813267
0.815940
0.818589
0.821214
0.823814
0.826391
0.828944
0.831472
0.833977
0.836457
0.838913
0.841345

1.01
1.02
1.03
1.04
1.05
1.06
1.07
1.08
1.09
1.10
1.11
1.12
1.13
1.14
1.15
1.16
1.17
1.18
1.19
1.20
1.21
1.22
1.23
1.24
1.25

0.843752
0.846136
0.848495
0.850830
0.853141
0.855428
0.857690
0.859929
0.862143
0.864334
0.866500
0.868643
0.870762
0.872857
0.874928
0.876976
0.879000
0.881000
0.882977
0.884930
0.886861
0.888768
0.890651
0.892512
0.894350




6.4. RANDOM NUMBERS

183

O (w)

O (w)

O (w)

O (w)

O(w)

1.26
1.27
1.28
1.29
1.30
1.31
1.32
1.33
1.34
1.35
1.36
1.37
1.38
1.39
1.40
1.41
1.42
1.43
1.44
1.45
1.46
1.47
1.48
1.49
1.50

0.896165
0.897958
0.899727
0.901475
0.903200
0.904902
0.906582
0.908241
0.909877
0.911492
0.913085
0.914657
0.916207
0.917736
0.919243
0.920730
0.922196
0.923641
0.925066
0.926471
0.927855
0.929219
0.930563
0.931888
0.933193

1.51
1.52
1.53
1.54
1.55
1.56
1.57
1.58
1.59
1.60
1.61
1.62
1.63
1.64
1.65
1.66
1.67
1.68
1.69
1.70
1.71
1.72
1.73
1.74
1.75

0.934478
0.935745
0.936992
0.938220
0.939429
0.940620
0.941792
0.942947
0.944083
0.945201
0.946301
0.947384
0.948449
0.949497
0.950529
0.951543
0.952540
0.953521
0.954486
0.955435
0.956367
0.957284
0.958185
0.959070
0.959941

1.76
1.77
1.78
1.79
1.80
1.81
1.82
1.83
1.84
1.85
1.86
1.87
1.88
1.89
1.90
1.91
1.92
1.93
1.94
1.95
1.96
1.97
1.98
1.99
2.00

0.960796
0.961636
0.962462
0.963273
0.964070
0.964852
0.965620
0.966375
0.967116
0.967843
0.968557
0.969258
0.969946
0.970621
0.971283
0.971933
0.972571
0.973197
0.973810
0.974412
0.975002
0.975581
0.976148
0.976705
0.977250

2.01
2.02
2.03
2.04
2.05
2.06
2.07
2.08
2.09
2.10
2.11
2.12
2.13
2.14
2.15
2.16
2.17
2.18
2.19
2.20
2.21
2.22
2.23
2.24
2.25

0.977784
0.978308
0.978822
0.979325
0.979818
0.980301
0.980774
0.981237
0.981691
0.982136
0.982571
0.982997
0.983414
0.983823
0.984222
0.984614
0.984997
0.985371
0.985738
0.986097
0.986447
0.986791
0.987126
0.987455
0.987776

2.26
2.27
2.28
2.29
2.30
2.31
2.32
2.33
2.34
2.35
2.36
2.37
2.38
2.39
2.40
241
2.42
2.43
2.44
2.45
2.46
2.47
2.48
2.49
2.50

0.988089
0.988396
0.988696
0.988989
0.989276
0.989556
0.989830
0.990097
0.990358
0.990613
0.990863
0.991106
0.991344
0.991576
0.991802
0.992024
0.992240
0.992451
0.992656
0.992857
0.993053
0.993244
0.993431
0.993613
0.993790




