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O
ne of the nice features of M

A
TLA

B
 is its ease of com

putations w
ith vectors and m

atrices. In
this tutorial the follow

ing topics are discussed: vectors and m
atrices in M

A
TLA

B
, solving

system
s of linear equations, the inverse of a m

atrix, determ
inants, vectors in n-dim

ensional
Euclidean space, linear transform

ations, real vector spaces and the m
atrix eigenvalue problem

.
A

pplications of linear algebra to the curve fitting, m
essage coding and com

puter graphics are also
included.
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For the reader's convenience w
e include lists of special characters and M

A
TLA

B
 functions that

are used in this tutorial.

Special characters
;

Sem
icolon operator

'
C

onjugated transpose
.'

Transpose
*

Tim
es

.
D

ot operator
^

Pow
er operator

[ ]
Em

ty vector operator
:

C
olon operator

=
A

ssignm
ent

==
Equality

\
B

ackslash or left division
/

R
ight division

i, j
Im

aginary unit
~

Logical not
~=

Logical not equal
&

Logical and
|

Logical or
{ }

C
ell

2

Function
D

escription
acos

Inverse cosine
axis

C
ontrol axis scaling and appearance

char
C

reate character array
chol

C
holesky factorization

cos
C

osine function
cross

V
ector cross product

det
D

eterm
inant

diag
D

iagonal m
atrices and diagonals of a m

atrix
double

C
onvert to double precision

eig
Eigenvalues and eigenvectors

eye
Identity m

atrix
fill

Filled 2-D
 polygons

fix
R

ound tow
ards zero

fliplr
Flip m

atrix in left/right direction
flops

Floating point operation count
grid

G
rid lines

hadam
ard

H
adam

ard m
atrix

hilb
H

ilbert m
atrix

hold
H

old current graph
inv

M
atrix inverse

isem
pty

True for em
pty m

atrix
legend

G
raph legend

length
Length of vector

linspace
Linearly spaced vector

logical
C

onvert num
erical values to logical

m
agic

M
agic square

m
ax

Largest com
ponent

m
in

Sm
allest com

ponent
norm

M
atrix or vector norm

null
N

ull space
num

2cell
C

onvert num
eric array into cell array

num
2str

C
onvert num

ber to string
ones

O
nes array

pascal
Pascal m

atrix
plot

Linear plot
poly

C
onvert roots to polynom

ial
polyval

Evaluate polynom
ial

rand
U

niform
ly distributed random

 num
bers

randn
N

orm
ally distributed random

 num
bers

rank
M

atrix rank
reff

R
educed row

 echelon form
rem

R
em

ainder after division
reshape

C
hange size

roots
Find polynom

ial roots
sin

Sine function
size

Size of m
atrix

sort
Sort in ascending order
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subs
Sym

bolic substitution
sym

C
onstruct sym

bolic bum
bers and variables

tic
Start a stopw

atch tim
er

title
G

raph title
toc

R
ead the stopw

atch tim
er

toeplitz
Tioeplitz m

atrix
tril

Extract low
er triangular part

triu
Extract upper triangular part

vander
V

anderm
onde m

atrix
varargin

V
ariable length input argum

ent list
zeros

Zeros array
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The purpose of this section is to dem
onstrate how

 to create and transform
 vectors and m

atrices in
M

A
TLA

B
.

This com
m

and creates a row
 vector

a
 
=
 
[
1
 
2
 
3
]

a
 
=

 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
3

C
olum

n vectors are inputted in a sim
ilar w

ay, how
ever, sem

icolons m
ust separate the com

ponents
of a vector

b
 
=
 
[
1
;
2
;
3
]

b
 
=

 
 
 
 
 
1

 
 
 
 
 
2

 
 
 
 
 
3

The quote operator' is used to create the conjugate transpose of a vector (m
atrix) w

hile the dot-
quote operator.'creates the transpose vector (m

atrix). To illustrate this let us form
 a com

plex
vector a + i*b' and next apply these operations to the resulting vector to obtain

(
a
+
i
*
b
'
)
'

a
n
s
 
=

 
 
 
1
.
0
0
0
0
 
-
 
1
.
0
0
0
0
i

 
 
 
2
.
0
0
0
0
 
-
 
2
.
0
0
0
0
i

 
 
 
3
.
0
0
0
0
 
-
 
3
.
0
0
0
0
i

w
hile

4

(
a
+
i
*
b
'
)
.
'

a
n
s
 
=

 
 
 
1
.
0
0
0
0
 
+
 
1
.
0
0
0
0
i

 
 
 
2
.
0
0
0
0
 
+
 
2
.
0
0
0
0
i

 
 
 
3
.
0
0
0
0
 
+
 
3
.
0
0
0
0
i

C
om

m
and length returns the num

ber of com
ponents of a vector

l
e
n
g
t
h
(
a
)

a
n
s
 
=

 
 
 
 
 
3

The dot operator.  plays a specific role in M
A

TLA
B

. It is used for the com
ponentw

ise application
of the operator that follow

s the dot operator

a
.
*
a

a
n
s
 
=

 
 
 
 
 
1
 
 
 
 
 
4
 
 
 
 
 
9

The sam
e result is obtained by applying the pow

er operator^
to the vector a

a
.
^
2

a
n
s
 
=

 
 
 
 
 
1
 
 
 
 
 
4
 
 
 
 
 
9

C
om

ponentw
ise division of vectors a and b can be accom

plished by using the backslash operator
\together w

ith the dot operator .

a
.
\
b
'

a
n
s
 
=

 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1

For the purpose of the next exam
ple let us change vector a to the colum

n vector

a
 
=
 
a
'

a
 
=

 
 
 
 
 
1

 
 
 
 
 
2

 
 
 
 
 
3

The dot product and the outer product of vectors a
and b are calculated as follow

s

d
o
t
p
r
o
d
 
=
 
a
'
*
b
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d
o
t
p
r
o
d
 
=

 
 
 
 
1
4

o
u
t
p
r
o
d
 
=
 
a
*
b
'

o
u
t
p
r
o
d
 
=

 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
3

 
 
 
 
 
2
 
 
 
 
 
4
 
 
 
 
 
6

 
 
 
 
 
3
 
 
 
 
 
6
 
 
 
 
 
9

The cross product of tw
o three-dim

ensional vectors is calculated using com
m

and cross. Let the
vector a be the sam

e as above and let

b
 
=
 
[
-
2
 
1
 
2
]
;

N
ote that the sem

icolon after a com
m

and avoids display of the result. The cross product of a and
b is

c
p
 
=
 
c
r
o
s
s
(
a
,
b
)

c
p
 
=

 
 
 
 
 
1
 
 
 
 
-
8
 
 
 
 
 
5

The cross product vector cp is perpendicular to both a and b

[
c
p
*
a
 
c
p
*
b
'
]

a
n
s
 
=

 
 
 
 
 
0
 
 
 
 
 
0

W
e w

ill now
 deal w

ith operations on m
atrices. A

ddition, subtraction, and scalar m
ultiplication are

defined in the sam
e w

ay as for the vectors.

This creates a 3-by-3 m
atrix

A
 
=
 
[
1
 
2
 
3
;
4
 
5
 
6
;
7
 
8
 
1
0
]

A
 
=

 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
3

 
 
 
 
 
4
 
 
 
 
 
5
 
 
 
 
 
6

 
 
 
 
 
7
 
 
 
 
 
8
 
 
 
 
1
0

N
ote that the sem

icolon operator;separates the row
s. To extracta subm

atrix B
 consisting of

row
s 1 and 3 and colum

ns 1 and 2 of the m
atrix A

 do the follow
ing

B
 
=
 
A
(
[
1
 
3
]
,
 
[
1
 
2
]
)

B
 
=

 
 
 
 
 
1
 
 
 
 
 
2

 
 
 
 
 
7
 
 
 
 
 
8

To interchange row
s 1 and 3 of A

use the vector of row
 indices together w

ith the colon operator

C
 
=
 
A
(
[
3
 
2
 
1
]
,
:
)

6

C
 
=

 
 
 
 
 
7
 
 
 
 
 
8
 
 
 
 
1
0

 
 
 
 
 
4
 
 
 
 
 
5
 
 
 
 
 
6

 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
3

The colon operator:stands for all colum
ns or all rows. For the m

atrix A
 from

 the last exam
ple

the follow
ing com

m
and

A
(
:
)

a
n
s
 
=

 
 
 
 
 
1

 
 
 
 
 
4

 
 
 
 
 
7

 
 
 
 
 
2

 
 
 
 
 
5

 
 
 
 
 
8

 
 
 
 
 
3

 
 
 
 
 
6

 
 
 
 
1
0

creates a vector version of the m
atrix A

. W
e w

ill use this operator on several occasions.

To delete
a row

(colum
n) use the em

pty vectoroperator[  ]

A
(
:
,
 
2
)
 
=
 
[
]

A
 
=

 
 
 
 
 
1
 
 
 
 
 
3

 
 
 
 
 
4
 
 
 
 
 
6

 
 
 
 
 
7
 
 
 
 
1
0

Second colum
n of the m

atrix A
 is now

 deleted. To insert a row
 (colum

n) w
e use the technique for

creating m
atrices and vectors

A
 
=
 
[
A
(
:
,
1
)
 
[
2
 
5
 
8
]
'
 
A
(
:
,
2
)
]

A
 
=

 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
3

 
 
 
 
 
4
 
 
 
 
 
5
 
 
 
 
 
6

 
 
 
 
 
7
 
 
 
 
 
8
 
 
 
 
1
0

M
atrix A

 is now
 restored to its original form

.

U
sing M

A
TLA

B
 com

m
ands one can easily extract those entries of a m

atrix that satisfy an im
psed

condition. Suppose that one w
ants to extract all entries of that are greater than one. First, w

e
define a new

 m
atrix A

A
 
=
 
[
-
1
 
2
 
3
;
0
 
5
 
1
]

A
 
=

 
 
 
 
-
1
 
 
 
 
 
2
 
 
 
 
 
3

 
 
 
 
 
0
 
 
 
 
 
5
 
 
 
 
 
1
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C
om

m
and A

 > 1 creates a m
atrix of zeros and ones

A
 
>
 
1

a
n
s
 
=

 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
1

 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
0

w
ith ones on these positions w

here the entries of A
 satisfy the im

posed condition and zeros
everyw

here else. This illustrates logical addressing in M
A

TLA
B

. To extract those entries of the
m

atrix A
 that are greater than one w

e execute the follow
ing com

m
and

A
(
A
 
>
 
1
)

a
n
s
 
=

 
 
 
 
 
2

 
 
 
 
 
5

 
 
 
 
 
3

The dot operator . w
orks for m

atrices too. Let now

A
 
=
 
[
1
 
2
 
3
;
 
3
 
2
 
1
]
 
;

The follow
ing com

m
and

A
.
*
A

a
n
s
 
=

 
 
 
 
 
1
 
 
 
 
 
4
 
 
 
 
 
9

 
 
 
 
 
9
 
 
 
 
 
4
 
 
 
 
 
1

com
putes the entry-by-entry product of A

 w
ith A

. H
ow

ever, the follow
ing com

m
and

A
*
A

¨
?
?
?
 
E
r
r
o
r
 
u
s
i
n
g
 
=
=
>
 
*

I
n
n
e
r
 
m
a
t
r
i
x
 
d
i
m
e
n
s
i
o
n
s
 
m
u
s
t
 
a
g
r
e
e
.

generates an error m
essage.

Function diag w
ill be used on several occasions. This creates a diagonal m

atrix w
ith the diagonal

entries stored in the vector d

d
 
=
 
[
1
 
2
 
3
]
;

D
 
=
 
d
i
a
g
(
d
)

D
 
=

 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
2
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
0
 
 
 
 
 
3

8

To extract the m
ain diagonal of the m

atrix D
 w

e use function diag again to obtain

d
 
=
 
d
i
a
g
(
D
)

d
 
=

 
 
 
 
 
1

 
 
 
 
 
2

 
 
 
 
 
3

W
hat is the result of executing of the follow

ing com
m

and?

d
i
a
g
(
d
i
a
g
(
d
)
)
;

In som
e problem

s that arise in linear algebra one needs to calculate a linear com
bination of

several m
atrices of the sam

e dim
ension. In order to obtain the desired com

bination both the
coefficients and the m

atrices m
ust be stored in cells. In M

A
TLA

B
 a cell is inputted using curly

braces{ }. This

c
 
=
 
{
1
,
-
2
,
3
}

c
 
=

 
 
 
 
[
1
]
 
 
 
 
[
-
2
]
 
 
 
 
[
3
]

is an exam
ple of the cell. Function lincom

b w
ill be used later on in this tutorial.

f
u
n
c
t
i
o
n

M
 
=
 
l
i
n
c
o
m
b
(
v
,
A
)

%
 
L
i
n
e
a
r
 
c
o
m
b
i
n
a
t
i
o
n
 
M
 
o
f
 
s
e
v
e
r
a
l
 
m
a
t
r
i
c
e
s
 
o
f
 
t
h
e
 
s
a
m
e
 
s
i
z
e
.

%
 
C
o
e
f
f
i
c
i
e
n
t
s
 
v
 
=
 
{
v
1
,
v
2
,
…
,
v
m
}
 
o
f
 
t
h
e
 
l
i
n
e
a
r
 
c
o
m
b
i
n
a
t
i
o
n
 
a
n
d
 
t
h
e

%
 
m
a
t
r
i
c
e
s
 
A
 
=
 
{
A
1
,
A
2
,
.
.
.
,
A
m
}
 
m
u
s
t
 
b
e
 
i
n
p
u
t
t
e
d
 
a
s
 
c
e
l
l
s
.

m
 
=
 
l
e
n
g
t
h
(
v
)
;

[
k
,
 
l
]
 
=
 
s
i
z
e
(
A
{
1
}
)
;

M
 
=
 
z
e
r
o
s
(
k
,
 
l
)
;

f
o
r

i
 
=
 
1
:
m

 
 
 
M
 
=
 
M
 
+
 
v
{
i
}
*
A
{
i
}
;

e
n
d

�
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M
A

TLA
B

 has several tool needed for com
puting a solution of the system

 of linear equations.

Let A
 be an m

-by-n m
atrix and let b

be an m
-dim

ensional (colum
n) vector. To solve

the linear system
 A

x = b one can use the backslash operator\, w
hich is also called the left

division.
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1.
C

ase m
 = n

In this case M
A

TLA
B

 calculates the exact solution (m
odulo the roundoff errors) to the system

 in
question.

 Let

A
 
=
 
[
1
 
2
 
3
;
4
 
5
 
6
;
7
 
8
 
1
0
]

A
 
=

 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
3

 
 
 
 
 
4
 
 
 
 
 
5
 
 
 
 
 
6

 
 
 
 
 
7
 
 
 
 
 
8
 
 
 
 
1
0

and let

b
 
=
 
o
n
e
s
(
3
,
1
)
;

Then

x
 
=
 
A
\
b

x
 
=

 
 
 
-
1
.
0
0
0
0

 
 
 
 
1
.
0
0
0
0

 
 
 
 
0
.
0
0
0
0

In order to verify correctness of the com
puted solution let us com

pute the residual vectorr

r
 
=
 
b
 
-
 
A
*
x

r
 
=

 
 
1
.
0
e
-
0
1
5
 
*

 
 
 
 
0
.
1
1
1
0

 
 
 
 
0
.
6
6
6
1

 
 
 
 
0
.
2
2
2
0

Entries of the com
puted residual r

theoretically should all be equal to zero. This exam
ple

illustrates an effect of the roundoff erros on the com
puted solution .

2.
C

ase m
 > n

If m
 > n, then the system

 A
x = b is overdeterm

ined and in m
ost cases system

 is inconsistent. A
solution to the system

 A
x = b, obtained w

ith the aid of the backslash operator \, is the least-
squares solution.

Let now

A
 
=
 
[
2
 
–
1
;
 
1
 
1
0
;
 
1
 
2
]
;

and let the vector of the right-hand sides w
ill be the sam

e as the one in the last exam
ple. Then

10

x
 
=
 
A
\
b

x
 
=

 
 
 
 
0
.
5
8
4
9

 
 
 
 
0
.
0
4
9
1

The residual r
of the com

puted solution is equal to

r
 
=
 
b
 
-
 
A
*
x

r
 
=

 
 
 
-
0
.
1
2
0
8

 
 
 
-
0
.
0
7
5
5

 
 
 
 
0
.
3
1
7
0

Theoretically the residual r is orthogonal to the colum
n space of A

. W
e have

r
'
*
A

a
n
s
 
=

 
 
1
.
0
e
-
0
1
4
 
*

 
 
 
 
0
.
1
1
1
0

 
 
 
 
0
.
6
9
9
4

3.
C

ase m
 < n

If the num
ber of unknow

ns exceeds the num
ber of equations, then the linear system

 is
underdeterm

ined. In this case M
A

TLA
B

 com
putes a particular solution provided the system

 is
consistent. Let now

A
 
=
 
[
1
 
2
 
3
;
 
4
 
5
 
6
]
;

b
 
=
 
o
n
e
s
(
2
,
1
)
;

Then

x
 
=
 
A
\
b

x
 
=

 
 
 
-
0
.
5
0
0
0

 
 
 
 
 
 
 
 
 
0

 
 
 
 
0
.
5
0
0
0

A
 general solution to the given system

 is obtained by form
ing a linear com

bination of x w
ith the

colum
ns of the null space of A

. The latter is com
puted using M

A
TLA

B
 function null

z
 
=
 
n
u
l
l
(
A
)

z
 
=

 
 
 
 
0
.
4
0
8
2

 
 
 
-
0
.
8
1
6
5

 
 
 
 
0
.
4
0
8
2
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Suppose that one w
ants to com

pute a solution being a linear com
bination of x and z, w

ith
coefficients 1 and –1. U

sing function lincom
b

w
e obtain

w
 
=
 
l
i
n
c
o
m
b
(
{
1
,
-
1
}
,
{
x
,
z
}
)

w
 
=

 
 
 
-
0
.
9
0
8
2

 
 
 
 
0
.
8
1
6
5

 
 
 
 
0
.
0
9
1
8

The residual r is calculated in a usual w
ay

r
 
=
 
b
 
-
 
A
*
w

r
 
=

 
 
1
.
0
e
-
0
1
5
 
*

 
 
 
-
0
.
4
4
4
1

 
 
 
 
0
.
1
1
1
0

�
�$
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The built-in function rref allow
s a user to solve several problem

s of linear algebra. In this section
w

e shall em
ploy this function to com

pute a solution to the system
 of linear equations and also to

find the rank of a m
atrix. O

ther applications are discussed in the subsequent sections of this
tutorial.

Function rref takes a m
atrix and returns the reduced row

 echelon form
 of its argum

ent. Syntax of
the

rref com
m

and is

B
 = rref(A

)
or

[B
, pivot] = rref(A

)

The second output param
eter pivot holds the indices of the pivot colum

ns.

Let

A
 
=
 
m
a
g
i
c
(
3
)
;
 
b
 
=
 
o
n
e
s
(
3
,
1
)
;

A
 solution x

to the linear system
 A

x = b is obtained in tw
o steps. First the augm

ented m
atrix of

the system
 is transform

ed to the reduced echelon form
 and next its last colum

n is extracted

[
x
,
 
p
i
v
o
t
]
 
=
 
r
r
e
f
(
[
A
 
b
]
)

x
 
=

 
 
 
 
1
.
0
0
0
0
 
 
 
 
 
 
 
 
 
0
 
 
 
 
 
 
 
 
 
0
 
 
 
 
0
.
0
6
6
7

 
 
 
 
 
 
 
 
 
0
 
 
 
 
1
.
0
0
0
0
 
 
 
 
 
 
 
 
 
0
 
 
 
 
0
.
0
6
6
7

 
 
 
 
 
 
 
 
 
0
 
 
 
 
 
 
 
 
 
0
 
 
 
 
1
.
0
0
0
0
 
 
 
 
0
.
0
6
6
7

p
i
v
o
t
 
=

 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
3

12

x
 
=
 
x
(
:
,
4
)

x
 
=

 
 
 
 
0
.
0
6
6
7

 
 
 
 
0
.
0
6
6
7

 
 
 
 
0
.
0
6
6
7

The residual of the com
puted solution is

b
 
-
 
A
*
x

a
n
s
 
=

 
 
 
 
 
0

 
 
 
 
 
0

 
 
 
 
 
0

Inform
ation stored in the output param

eter pivot can be used to com
pute the rank of the m

atrix A

l
e
n
g
t
h
(
p
i
v
o
t
)

a
n
s
 
=

 
 
 
 
 
3

�
�&
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M
A

TLA
B

 function inv is used to com
pute the inverse m

atrix.

Let the m
atrix A

 be defined as follow
s

A
 
=
 
[
1
 
2
 
3
;
4
 
5
 
6
;
7
 
8
 
1
0
]

A
 
=

 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
3

 
 
 
 
 
4
 
 
 
 
 
5
 
 
 
 
 
6

 
 
 
 
 
7
 
 
 
 
 
8
 
 
 
 
1
0

Then

B
 
=
 
i
n
v
(
A
)

B
 
=

 
 
 
-
0
.
6
6
6
7
 
 
 
-
1
.
3
3
3
3
 
 
 
 
1
.
0
0
0
0

 
 
 
-
0
.
6
6
6
7
 
 
 
 
3
.
6
6
6
7
 
 
 
-
2
.
0
0
0
0

 
 
 
 
1
.
0
0
0
0
 
 
 
-
2
.
0
0
0
0
 
 
 
 
1
.
0
0
0
0

In order to verify that B
 is the inverse m

atrix of A
 it sufficies to show

 that A
*B

 = I  and
B

*A
 = I, w

here I is the 3-by-3 identity m
atrix. W

e have
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A
*
B

a
n
s
 
=

 
 
 
 
1
.
0
0
0
0
 
 
 
 
 
 
 
 
 
0
 
 
 
-
0
.
0
0
0
0

 
 
 
 
 
 
 
 
 
0
 
 
 
 
1
.
0
0
0
0
 
 
 
 
 
 
 
 
 
0

 
 
 
 
 
 
 
 
 
0
 
 
 
 
 
 
 
 
 
0
 
 
 
 
1
.
0
0
0
0

In a sim
ilar w

ay one can check that B
*A

 = I.

The Pascal m
atrix, nam

ed in M
A

TLA
B

 pascal, hasseveral interesting properties. Let

A
 
=
 
p
a
s
c
a
l
(
3
)

A
 
=

 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1

 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
3

 
 
 
 
 
1
 
 
 
 
 
3
 
 
 
 
 
6

Its inverse B

B
 
=
 
i
n
v
(
A
)

B
 
=

 
 
 
 
 
3
 
 
 
 
-
3
 
 
 
 
 
1

 
 
 
 
-
3
 
 
 
 
 
5
 
 
 
 
-
2

 
 
 
 
 
1
 
 
 
 
-
2
 
 
 
 
 
1

is the m
atrix of integers. The C

holesky triangle of the m
atrix A

 is

S
 
=
 
c
h
o
l
(
A
)

S
 
=

 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1

 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
2

 
 
 
 
 
0
 
 
 
 
 
0
 
 
 
 
 
1

N
ote that the upper triangular part of S

holds the binom
ial coefficients. O

ne can verify easily that
A

 = S'*S.

Function rref can also be used to com
pute the inverse m

atrix. Let A
is the sam

e as above. W
e

create first the augm
ented m

atrix B
w

ith A
 being follow

ed by the identity m
atrix of the sam

e size
asA

. R
unning function rref  on the augm

ented m
atrix and next extracting colum

ns four through
six of the resulting m

atrix, w
e obtain

B
 
=
 
r
r
e
f
(
[
A
 
e
y
e
(
s
i
z
e
(
A
)
)
]
)
;

B
 
=
 
B
(
:
,
 
4
:
6
)

B
 
=

 
 
 
 
 
3
 
 
 
 
-
3
 
 
 
 
 
1

 
 
 
 
-
3
 
 
 
 
 
5
 
 
 
 
-
2

 
 
 
 
 
1
 
 
 
 
-
2
 
 
 
 
 
1
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To verify this result, w
e com

pute first the product A
 *B

A
*
B

a
n
s
 
=

 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
0
 
 
 
 
 
1

and next B
*A

B
*
A

a
n
s
 
=

 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
0
 
 
 
 
 
1

This show
s that B

 is indeed the inverse m
atrix of A

.

�
�(

)
�
��
� 
��
�
�
�


In som
e applications of linear algebra know

ledge of the determ
inant of a m

atrix is required.
M

A
TLA

B
 built-in function det is designed for com

puting determ
inants.

Let

A
 
=
 
m
a
g
i
c
(
3
)
;

D
eterm

inant of A
 is equal to

d
e
t
(
A
)

a
n
s
 
=

 
 
-
3
6
0

O
ne of the classical m

ethods for com
puting determ

inants utilizes a cofactor expansion. For m
ore

details, see e.g., [2], pp. 103-114.

Function ckl = cofact(A
, k, l) com

putes the cofactor ckl of the a
kl entry of the m

atrix A

f
u
n
c
t
i
o
n

c
k
l
 
=
 
c
o
f
a
c
t
(
A
,
k
,
l
)

%
 
C
o
f
a
c
t
o
r
 
c
k
l
 
o
f
 
t
h
e
 
a
_
k
l
 
e
n
t
r
y
 
o
f
 
t
h
e
 
m
a
t
r
i
x
 
A
.

[
m
,
n
]
 
=
 
s
i
z
e
(
A
)
;

i
f

m
 
~
=
 
n

 
 
 
e
r
r
o
r
(
'
M
a
t
r
i
x
 
m
u
s
t
 
b
e
 
s
q
u
a
r
e
'
)



15

e
n
d

B
 
=
 
A
(
[
1
:
k
-
1
,
k
+
1
:
n
]
,
[
1
:
l
-
1
,
l
+
1
:
n
]
)
;

c
k
l
 
=
 
(
-
1
)
^
(
k
+
l
)
*
d
e
t
(
B
)
;

Function d = m
ydet(A

) im
plem

ents the m
ethod of cofactor expansion for com

puting
determ

inants

f
u
n
c
t
i
o
n

d
 
=
 
m
y
d
e
t
(
A
)

%
 
D
e
t
e
r
m
i
n
a
n
t
 
d
 
o
f
 
t
h
e
 
m
a
t
r
i
x
 
A
.
 
F
u
n
c
t
i
o
n
 
c
o
f
a
c
t
 
m
u
s
t
 
b
e

%
 
i
n
 
M
A
T
L
A
B
'
s
 
s
e
a
r
c
h
 
p
a
t
h
.

[
m
,
n
]
 
=
 
s
i
z
e
(
A
)
;

i
f

m
 
~
=
 
n

 
 
 
e
r
r
o
r
(
'
M
a
t
r
i
x
 
m
u
s
t
 
b
e
 
s
q
u
a
r
e
'
)

e
n
d

a
 
=
 
A
(
1
,
:
)
;

c
 
=
 
[
]
;

f
o
r

l
=
1
:
n

 
 
 
c
1
l
 
=
 
c
o
f
a
c
t
(
A
,
1
,
l
)
;

 
 
 
c
 
=
 
[
c
;
c
1
l
]
;

e
n
d

d
 
=
 
a
*
c
;

Let us note that function m
ydet uses the cofactor expansion along the row

 1 of the m
atrix A

.
M

ethod of cofactors has a high com
putational com

plexity. Therefore it is not recom
m

ended for
com

putations w
ith large m

atrices. Its is included here for pedagogical reasons only. To m
easure a

com
putational com

plexity of tw
o functions det and m

ydet w
e w

ill use M
A

TLA
B

 built-in
function flops. It counts the num

ber of floating-point operations (additions, subtractions,
m

ultiplications and divisions). Let

A
 
=
 
r
a
n
d
(
2
5
)
;

be a 25-by-25 m
atrix of uniform

ly distributed random
 num

bers in the interval ( 0, 1 ). U
sing

function det w
e obtain

f
l
o
p
s
(
0
)

d
e
t
(
A
)

a
n
s
 
=

 
 
 
-
0
.
1
8
6
7

f
l
o
p
s

a
n
s
 
=

 
 
 
 
 
 
 
1
0
1
0
0

For com
parison, a num

ber of flops used by function m
ydet is

f
l
o
p
s
(
0
)

16

m
y
d
e
t
(
A
)

a
n
s
 
=

 
 
 
-
0
.
1
8
6
7

f
l
o
p
s

a
n
s
 
=

 
 
 
 
 
 
2
2
3
3
5
0

The adjoint m
atrix adj(A

) of the m
atrix A

 is also of interest in linear algebra (see, e.g., [2],
p.108).

f
u
n
c
t
i
o
n

B
 
=
 
a
d
j
(
A
)

%
 
A
d
j
o
i
n
t
 
m
a
t
r
i
x
 
B
 
o
f
 
t
h
e
 
s
q
u
a
r
e
 
m
a
t
r
i
x
 
A
.

[
m
,
n
]
 
=
 
s
i
z
e
(
A
)
;

i
f

m
 
~
=
 
n

 
 
 
e
r
r
o
r
(
'
M
a
t
r
i
x
 
m
u
s
t
 
b
e
 
s
q
u
a
r
e
'
)

e
n
d

B
 
=
 
[
]
;

f
o
r

k
 
=
 
1
:
n

f
o
r

l
=
1
:
n

 
 
 
 
 
 
B
 
=
 
[
B
;
c
o
f
a
c
t
(
A
,
k
,
l
)
]
;

e
n
d

e
n
d

B
 
=
 
r
e
s
h
a
p
e
(
B
,
n
,
n
)
;

The adjoint m
atrix and the inverse m

atrix satisfy the equation

A
-1 = adj(A

)/det(A
)

(see [2], p.110 ). D
ue to the high com

putational com
plexity this form

ula is not recom
m

ended for
com

puting the inverse m
atrix.

�
�*

�
�
�
��
�


��

�

�

The 2-norm
 (Euclidean norm

) of a vector is com
puted in M

A
TLA

B
 using function norm

.

 Let

a
 
=
 
-
2
:
2

a
 
=

 
 
 
 
-
2
 
 
 
 
-
1
 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
2

The 2-norm
 of a is equal to

t
w
o
n
 
=
 
n
o
r
m
(
a
)
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t
w
o
n
 
=

 
 
 
 
3
.
1
6
2
3

W
ith each nonzero vector one can associate a unit vector that is parallel to the given vector. For

instance, for the vector a in the last exam
ple its unit vector is

u
n
i
t
v
 
=
 
a
 
/
t
w
o
n

u
n
i
t
v
 
=

 
 
 
-
0
.
6
3
2
5
 
 
 
-
0
.
3
1
6
2
 
 
 
 
 
 
 
 
 
0
 
 
 
 
0
.
3
1
6
2
 
 
 
 
0
.
6
3
2
5

The angle θ
 betw

een tw
o vectors a

and b
of the sam

e dim
ension is com

puted using the form
ula

� = arccos(a.b/||a|| ||b||),

w
here a.b stands for the dot product of a and b,||a|| is the norm

 of the vector a
and arccos is the

inverse cosine function.

Let the vector a
be the sam

e as defined above and let

b
 
=
 
(
1
:
5
)
'

b
 
=

 
 
 
 
 
1

 
 
 
 
 
2

 
 
 
 
 
3

 
 
 
 
 
4

 
 
 
 
 
5

Then

a
n
g
l
e
 
=
 
a
c
o
s
(
(
a
*
b
)
/
(
n
o
r
m
(
a
)
*
n
o
r
m
(
b
)
)
)

a
n
g
l
e
 
=

 
 
 
 
1
.
1
3
0
3

C
oncept of the cross product can be generalized easily to the set consisting of n -1 vectors in the

n-dim
ensional Euclidean space �

n.  Function crossprod provides a generalization of the
M

A
TLA

B
 function cross.

f
u
n
c
t
i
o
n

c
p
 
=
 
c
r
o
s
s
p
r
o
d
(
A
)

%
 
C
r
o
s
s
 
p
r
o
d
u
c
t
 
c
p
 
o
f
 
a
 
s
e
t
 
o
f
 
v
e
c
t
o
r
s
 
t
h
a
t
 
a
r
e
 
s
t
o
r
e
d
 
i
n
 
c
o
l
u
m
n
s
 
o
f
 
A
.

[
n
,
 
m
]
 
=
 
s
i
z
e
(
A
)
;

i
f

n
 
~
=
 
m
+
1

 
 
 
e
r
r
o
r
(
'
N
u
m
b
e
r
 
o
f
 
c
o
l
u
m
n
s
 
o
f
 
A
 
m
u
s
t
 
b
e
 
o
n
e
 
l
e
s
s
 
t
h
a
n
 
t
h
e
 
n
u
m
b
e
r
 
o
f

r
o
w
s
'
)
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e
n
d

i
f

r
a
n
k
(
A
)
 
<
 
m
i
n
(
m
,
n
)

 
 
 
c
p
 
=
 
z
e
r
o
s
(
n
,
1
)
;

e
l
s
eC
 
=
 
[
o
n
e
s
(
n
,
1
)
 
A
]
'
;

 
 
 
c
p
 
=
 
z
e
r
o
s
(
n
,
1
)
;

f
o
r

j
=
1
:
n

 
 
 
 
 
 
c
p
(
j
)
 
=
 
c
o
f
a
c
t
(
C
,
1
,
j
)
;

e
n
d

e
n
d

Let

A
 
=
 
[
1
 
-
2
 
3
;
 
4
 
5
 
6
;
 
7
 
8
 
9
;
 
1
 
0
 
1
]

A
 
=

 
 
 
 
 
1
 
 
 
 
-
2
 
 
 
 
 
3

 
 
 
 
 
4
 
 
 
 
 
5
 
 
 
 
 
6

 
 
 
 
 
7
 
 
 
 
 
8
 
 
 
 
 
9

 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
1

The cross product of colum
n vectors of A

 is

c
p
 
=
 
c
r
o
s
s
p
r
o
d
(
A
)

c
p
 
=

 
 
 
 
-
6

 
 
 
 
2
0

 
 
 
-
1
4

 
 
 
 
2
4

V
ector cp is orthogonal to the colum

n space of the m
atrix A

. O
ne can easily verify this by

com
puting the vector-m

atrix product

c
p
'
*
A

a
n
s
 
=

 
 
 
 
 
0
 
 
 
 
 
0
 
 
 
 
 
0

�
�+

�
��
�
�
�
���

�


��
� 
�
���
�



���
 


�
�
��

�
�

Let L
:
�

n
�
�

m  be a linear transform
ation. It is w

ell know
n that any linear transform

ation in
question is represented by an m

-by-n m
atrix A

, i.e., L
(x) = A

x  holds true for any  x
�
�

n.
M

atrices of som
e linear transform

ations including those of reflections and rotations are discussed
in detail in Tutorial 4, Section 4.3.

W
ith each m

atrix
one can associate four subspaces called the four fundam

entalsubspaces. The
subspaces in question are called the colum

n space, the nullspace, the row
 space, and the left
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nullspace. First tw
o subspaces are tied closely to the linear transform

ations on the finite-
dim

ensional spaces.

Throughout the sequel the sym
bols �

(L) and �
(L) w

ill stand for the range and the kernel of the
linear transform

ation L
, respectively. B

ases of these subspaces can be com
puted easily. R

ecall
that �

(L
) = colum

n space of A
 and �

(L
) = nullspace of A

. Thus the problem
 of com

puting the
bases of the range and the kernel of a linear transform

ation L
is equivalent to the problem

 of
finding bases of the colum

n space and the nullspace of a m
atrix that represents transform

ation L
.

Function fourb uses tw
o M

A
TLA

B
 functions rref and null to cam

pute bases of four fundam
ental

subspaces associated w
ith a m

atrix A
.

f
u
n
c
t
i
o
n

[
c
s
,
 
n
s
,
 
r
s
,
 
l
n
s
]
 
=
 
f
o
u
r
b
(
A
)

%
 
B
a
s
e
s
 
o
f
 
f
o
u
r
 
f
u
n
d
a
m
e
n
t
a
l
 
v
e
c
t
o
r
 
s
p
a
c
e
s
 
a
s
s
o
c
i
a
t
e
d

%
 
w
i
t
h
 
t
h
e
 
m
a
t
r
i
x
 
A
.

%
 
c
s
-
 
 
b
a
s
i
s
 
o
f
 
t
h
e
 
c
o
l
u
m
n
 
s
p
a
c
e
 
o
f
 
A

%
 
n
s
-
 
 
b
a
s
i
s
 
o
f
 
t
h
e
 
n
u
l
l
s
p
a
c
e
 
o
f
 
A

%
 
r
s
-
 
 
b
a
s
i
s
 
o
f
 
t
h
e
 
r
o
w
 
s
p
a
c
e
 
o
f
 
A

%
 
l
n
s
-
 
b
a
s
i
s
 
o
f
 
t
h
e
 
l
e
f
t
 
n
u
l
l
s
p
a
c
e
 
o
f
 
A

[
V
,
 
p
i
v
o
t
]
 
=
 
r
r
e
f
(
A
)
;

r
 
=
 
l
e
n
g
t
h
(
p
i
v
o
t
)
;

c
s
 
=
 
A
(
:
,
p
i
v
o
t
)
;

n
s
 
=
 
n
u
l
l
(
A
,
'
r
'
)
;

r
s
 
=
 
V
(
1
:
r
,
:
)
'
;

l
n
s
 
=
 
n
u
l
l
(
A
'
,
'
r
'
)
;

In this exam
ple w

e w
ill find bases of four fundam

ental subspaces associated w
ith the random

m
atrix of zeros and ones.

This set up the seed of the randn function to 0

r
a
n
d
n
(
'
s
e
e
d
'
,
0
)

R
ecall that this function generates norm

ally distributed random
 num

bers. N
ext a 3-by-5 random

m
atrix is generated using function randn

A
 
=
 
r
a
n
d
n
(
3
,
5
)

A
 
=

 
 
 
 
1
.
1
6
5
0
 
 
 
 
0
.
3
5
1
6
 
 
 
 
0
.
0
5
9
1
 
 
 
 
0
.
8
7
1
7
 
 
 
 
1
.
2
4
6
0

 
 
 
 
0
.
6
2
6
8
 
 
 
-
0
.
6
9
6
5
 
 
 
 
1
.
7
9
7
1
 
 
 
-
1
.
4
4
6
2
 
 
 
-
0
.
6
3
9
0

 
 
 
 
0
.
0
7
5
1
 
 
 
 
1
.
6
9
6
1
 
 
 
 
0
.
2
6
4
1
 
 
 
-
0
.
7
0
1
2
 
 
 
 
0
.
5
7
7
4

The follow
ing trick creates a m

atrix of zeros and ones from
 the random

 m
atrix A

A
 
=
 
A
 
>
=
 
0

A
 
=

 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1

 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
1
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B
ases of four fundam

ental subspaces of m
atrix A

are now
 com

puted using function fourb

[
c
s
,
 
n
s
,
 
r
s
,
 
l
n
s
]
 
=
 
f
o
u
r
b
(
A
)

c
s
 
=

 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1

 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
0

n
s
 
=

 
 
 
 
-
1
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
-
1

 
 
 
 
 
1
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
1

r
s
 
=

 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
0

 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
0
 
 
 
 
 
1

 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
0

l
n
s
 
=

 
 
 
E
m
p
t
y
 
m
a
t
r
i
x
:
 
3
-
b
y
-
0

V
ectors that form

 bases of the subspaces under discussion are saved as the colum
n vectors.

The Fundam
ental Theorem

 of Linear Algebra states that the row
 space of A

 is orthogonal to the
nullspace of A

 and also that the colum
n space of A

 is orthogonal to the left nullspace of A
(see [6] ). For the bases of the subspaces in this exam

ple w
e have

r
s
'
*
n
s

a
n
s
 
=

 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
0

 
 
 
 
 
0
 
 
 
 
 
0

c
s
'
*
l
n
s

a
n
s
 
=

 
 
 
E
m
p
t
y
 
m
a
t
r
i
x
:
 
3
-
b
y
-
0

�
�,

-
�
�
	
!
�
�
��
�


�
�
�
�



In this section w
e discuss som

e com
putational tools that can be used in studies of real vector

spaces. Focus is on linear span, linear independence, transition m
atrices and the G

ram
-Schm

idt
orthogonalization.
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L
inear span

C
oncept of the linear span of a set of vectors in a vector space is one of the m

ost im
portant ones

in linear algebra. U
sing M

A
TLA

B
 one can determ

ine easily w
hether or not given vector is in the

span of a set of vectors. Function span
takes a vector, say v, and an unspecified num

bers of
vectors that form

 a span. A
ll inputted vectors m

ust be of the sam
e size. O

n the output a m
essage

is displayed to the screen. It says that either v is in the span or that v is not in the span.

f
u
n
c
t
i
o
n

s
p
a
n
(
v
,
 
v
a
r
a
r
g
i
n
)

%
 
T
e
s
t
 
w
h
e
t
h
e
r
 
o
r
 
n
o
t
 
v
e
c
t
o
r
 
v
 
i
s
 
i
n
 
t
h
e
 
s
p
a
n
 
o
f
 
a
 
s
e
t

%
 
o
f
 
v
e
c
t
o
r
s
.

A
 
=
 
[
]
;

n
 
=
 
l
e
n
g
t
h
(
v
a
r
a
r
g
i
n
)
;

f
o
r

i
=
1
:
n

 
 
 
u
 
=
 
v
a
r
a
r
g
i
n
{
i
}
;

 
 
 
u
 
=
 
u
'
;

 
 
 
A
 
=
 
[
A
 
u
(
:
)
]
;

e
n
d

v
 
=
 
v
'
;

v
 
=
 
v
(
:
)
;

i
f

r
a
n
k
(
A
)
 
=
=
 
r
a
n
k
(
[
A
 
v
]
)

 
 
 
d
i
s
p
(
'
 
G
i
v
e
n
 
v
e
c
t
o
r
 
i
s
 
i
n
 
t
h
e
 
s
p
a
n
.
'
)

e
l
s
ed
i
s
p
(
'
 
G
i
v
e
n
 
v
e
c
t
o
r
 
i
s
 
n
o
t
 
i
n
 
t
h
e
 
s
p
a
n
.
'
)

e
n
d

The key fact used in this function is a w
ell-know

n result regarding existence of a solution to the
system

 of linear equations. Recall that the system
 of linear equations A

x = b possesses a solution
iff rank(A

) = rank( [A
 b] ). M

A
TLA

B
 function varargin used here allow

s a user to enter a
variable num

ber of vectors of the span.

To test function span w
e w

ill run this function on m
atrices. Let

v
 
=
 
o
n
e
s
(
3
)
;

and choose m
atrices

A
 
=
 
p
a
s
c
a
l
(
3
)
;

and

B
 
=
 
r
a
n
d
(
3
)
;

to determ
ine w

hether or not v belongs to the span of A
 and B

. Executing function span w
e obtain

s
p
a
n
(
v
,
 
A
,
 
B
)

 
G
i
v
e
n
 
v
e
c
t
o
r
 
i
s
 
n
o
t
 
i
n
 
t
h
e
 
s
p
a
n
.
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L
inear independence

Suppose that one w
ants to check w

hether or not a given set of vectors is linearly independent.
U

tilizing som
e ideas used in function span one can w

rite his/her function that w
ill take an

uspecified num
ber of vectors and return a m

essage regarding linear independence/dependence of
the given set of vectors. W

e leave this task to the reader (see Problem
 32).

Transition m
atrix

 Problem
 of finding the transition m

atrix from
 one vector space to another vector space is interest

in linear algebra. W
e assum

e that the ordered bases of these spaces are stored in colum
ns of

m
atrices T

 and S, respectively. Function transm
at im

plem
ents a w

ell-know
n m

ethod for finding
the transition m

atrix.

f
u
n
c
t
i
o
n

V
 
=
 
t
r
a
n
s
m
a
t
(
T
,
 
S
)

%
 
T
r
a
n
s
i
t
i
o
n
 
m
a
t
r
i
x
 
V
 
f
r
o
m
 
a
 
v
e
c
t
o
r
 
s
p
a
c
e
 
h
a
v
i
n
g
 
t
h
e
 
o
r
d
e
r
e
d

%
 
b
a
s
i
s
 
T
 
t
o
 
a
n
o
t
h
e
r
 
v
e
c
t
o
r
 
s
p
a
c
e
 
h
a
v
i
n
g
 
t
h
e
 
o
r
d
e
r
e
d
 
b
a
s
i
s
 
S
.

%
 
B
a
s
e
s
 
o
f
 
t
h
e
 
v
e
c
t
o
r
 
s
p
a
c
e
s
 
a
r
e
 
s
t
o
r
e
d
 
i
n
 
c
o
l
u
m
n
s
 
o
f
 
t
h
e

%
 
m
a
t
r
i
c
e
s
 
T
 
a
n
d
 
S
.

[
m
,
 
n
]
 
=
 
s
i
z
e
(
T
)
;

[
p
,
 
q
]
 
=
 
s
i
z
e
(
S
)
;

i
f

(
m
 
~
=
 
p
)
 
|
 
(
n
 
~
=
 
q
)

 
 
 
 
 
 
 
 
 
e
r
r
o
r
(
'
M
a
t
r
i
c
e
s
 
m
u
s
t
 
b
e
 
o
f
 
t
h
e
 
s
a
m
e
 
d
i
m
e
n
s
i
o
n
'
)

e
n
d

V
 
=
 
r
r
e
f
(
[
S
 
T
]
)
;

V
 
=
 
V
(
:
,
(
m
 
+
 
1
)
:
(
m
 
+
 
n
)
)
;

Let

T
 
=
 
[
1
 
2
;
3
 
4
]
;
 
S
 
=
 
[
0
 
1
;
1
 
0
]
;

be the ordered bases of tw
o vector spaces. The transition m

atrix V
 form

 a vector space having the
ordered basis T

 to a vector space w
hose ordered basis is stored in colum

ns of the m
atrix S is

V
 
=
 
t
r
a
n
s
m
a
t
(
T
,
 
S
)

V
 
=

 
 
 
 
 
3
 
 
 
 
 
4

 
 
 
 
 
1
 
 
 
 
 
2

W
e w

ill use the transition m
atrix V

 to com
pute a coordinate vector in the basis S. Let

[x]T  =
⎥⎦ ⎤

⎢⎣ ⎡1 1

be the coordinate vector in the basis T
. Then the coordinate vector [x]S , is

 
x
s
 
=
 
V
*
[
1
;
1
]
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x
s
 
=

 
 
 
 
 
7

 
 
 
 
 
3

G
ram

-Schm
idt orthogonalization

Problem
 discussed in this subsection is form

ulated as follow
s. G

iven a basis A
 = {u

1 , u
2 , …

 , u
m }

of a nonzero subspace W
 of �

n. Find an orthonorm
al basis V

 = {v
1 , v

2 , …
 , v

m } for W
.

A
ssum

e that the basis S
of the subspace W

 is stored in colum
ns of the m

atrix A
, i.e.,

A
 = [u

1 ; u
2 ; …

 ; u
m ], w

here each u
k  is a colum

n vector. Function gs(A
) com

putes an orthonorm
al

basis V
 for W

 using a classical m
ethod of G

ram
 and Schm

idt.

f
u
n
c
t
i
o
n

V
 
=
 
g
s
(
A
)

%
 
G
r
a
m
-
S
c
h
m
i
d
t
 
o
r
t
h
o
g
o
n
a
l
i
z
a
t
i
o
n
 
o
f
 
v
e
c
t
o
r
s
 
s
t
o
r
e
d
 
i
n

%
 
c
o
l
u
m
n
s
 
o
f
 
t
h
e
 
m
a
t
r
i
x
 
A
.
 
O
r
t
h
o
n
o
r
m
a
l
i
z
e
d
 
v
e
c
t
o
r
s
 
a
r
e

%
 
s
t
o
r
e
d
 
i
n
 
c
o
l
u
m
n
s
 
o
f
 
t
h
e
 
m
a
t
r
i
x
 
V
.

[
m
,
n
]
 
=
 
s
i
z
e
(
A
)
;

f
o
r

k
=
1
:
n

 
 
 
V
(
:
,
k
)
 
=
 
A
(
:
,
k
)
;

f
o
r

j
=
1
:
k
-
1

 
 
 
 
 
 
R
(
j
,
k
)
 
=
 
V
(
:
,
j
)
'
*
A
(
:
,
k
)
;

 
 
 
 
 
 
V
(
:
,
k
)
 
=
 
V
(
:
,
k
)
 
-
 
R
(
j
,
k
)
*
V
(
:
,
j
)
;

e
n
d

 
 
 
R
(
k
,
k
)
 
=
 
n
o
r
m
(
V
(
:
,
k
)
)
;

 
 
 
V
(
:
,
k
)
 
=
 
V
(
:
,
k
)
/
R
(
k
,
k
)
;

e
n
d

Let W
 be a subspace of �

3 and let the colum
ns of the m

atrix A
, w

here

⎥ ⎥ ⎥⎦ ⎤

⎢ ⎢ ⎢⎣ ⎡
=

1
3

1
2

1
1

A

form
 a basis for W

. A
n orthonorm

al basis V
 for W

 is com
puted using function gs

V
 
=
 
g
s
(
[
1
 
1
;
2
 
1
;
3
 
1
]
)

V
 
=

 
 
 
 
0
.
2
6
7
3
 
 
 
 
0
.
8
7
2
9

 
 
 
 
0
.
5
3
4
5
 
 
 
 
0
.
2
1
8
2

 
 
 
 
0
.
8
0
1
8
 
 
 
-
0
.
4
3
6
4

To verify that the colum
ns of V

 form
 an orthonorm

al set it sufficies to check that V
TV

 = I. W
e

have
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V
'
*
V

a
n
s
 
=

 
 
 
 
1
.
0
0
0
0
 
 
 
 
0
.
0
0
0
0

 
 
 
 
0
.
0
0
0
0
 
 
 
 
1
.
0
0
0
0

W
e w

ill now
 use m

atrix V
 to com

pute the coordinate vector [v]V , w
here

v
 
=
 
[
1
 
0
 
1
]
;

W
e have

v
*
V

a
n
s
 
=

 
 
 
 
1
.
0
6
9
0
 
 
 
 
0
.
4
3
6
4

�
��
.
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M
A

TLA
B

 function eig is designed for com
puting the eigenvalues and the eigenvectors of the

m
atrix A

. Its syntax is show
n below

                                                [V
, D

]  =  eig(A
)

The eigenvalues of A
 are stored as the diagonal entries of the diagonal m

atrix D
 and the

associated eigenvectors are stored in colum
ns of the m

atrix V
.

Let

A
 
=
 
p
a
s
c
a
l
(
3
)
;

Then

[
V
,
 
D
]
 
=
 
e
i
g
(
A
)

V
 
=

 
 
 
 
0
.
5
4
3
8
 
 
 
-
0
.
8
1
6
5
 
 
 
 
0
.
1
9
3
8

 
 
 
-
0
.
7
8
1
2
 
 
 
-
0
.
4
0
8
2
 
 
 
 
0
.
4
7
2
2

 
 
 
 
0
.
3
0
6
5
 
 
 
 
0
.
4
0
8
2
 
 
 
 
0
.
8
5
9
9

D
 
=

 
 
 
 
0
.
1
2
7
0
 
 
 
 
 
 
 
 
 
0
 
 
 
 
 
 
 
 
 
0

 
 
 
 
 
 
 
 
 
0
 
 
 
 
1
.
0
0
0
0
 
 
 
 
 
 
 
 
 
0

 
 
 
 
 
 
 
 
 
0
 
 
 
 
 
 
 
 
 
0
 
 
 
 
7
.
8
7
3
0

C
learly, m

atrix A
 is diagonalizable. The eigenvalue-eigenvector decom

position
A

 = V
D

V
 -1ofA

is calculated as follow
s

V
*
D
/
V
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a
n
s
 
=

 
 
 
 
1
.
0
0
0
0
 
 
 
 
1
.
0
0
0
0
 
 
 
 
1
.
0
0
0
0

 
 
 
 
1
.
0
0
0
0
 
 
 
 
2
.
0
0
0
0
 
 
 
 
3
.
0
0
0
0

 
 
 
 
1
.
0
0
0
0
 
 
 
 
3
.
0
0
0
0
 
 
 
 
6
.
0
0
0
0

N
ote the use of the right division

operator /instead of using the inverse m
atrix function inv. This

is m
otivated by the fact that com

putation of the inverse m
atrix takes longer than the execution of

the  right division operation.

The characteristic polynom
ial of a m

atrix is obtained by invoking the function poly.
Let

A
 
=
 
m
a
g
i
c
(
3
)
;

be the m
agic square. In this exam

ple the vector chpol holds the coefficients of the characteristic
polynom

ial of the m
atrix A

. R
ecall that a polynom

ial is represented in M
A

TLA
B

 by its
coefficients that are ordered by descending pow

ers

c
h
p
o
l
 
=
 
p
o
l
y
(
A
)

c
h
p
o
l
 
=

 
 
 
 
1
.
0
0
0
0
 
 
-
1
5
.
0
0
0
0
 
 
-
2
4
.
0
0
0
0
 
 
3
6
0
.
0
0
0
0

The eigenvalues of A
 can be com

puted using function roots

e
i
g
e
n
v
a
l
s
 
=
 
r
o
o
t
s
(
c
h
p
o
l
)

e
i
g
e
n
v
a
l
s
 
=

 
 
 
1
5
.
0
0
0
0

 
 
 
 
4
.
8
9
9
0

 
 
 
-
4
.
8
9
9
0

This m
ethod, how

ever, is not recom
m

ended for num
erical com

puting the eigenvalues of a m
atrix.

There are several reasons for w
hich this approach is not used in num

erical linear algebra. A
n

interested reader is referred to Tutorial 4.

The C
aley-H

am
ilton Theorem

 states that each m
atrix satisfies its characteristic equation, i.e.,

chpol(A
) = 0, w

here the last zero stands for the m
atrix of zeros of the appropriate dim

ension. W
e

use function lincom
b to verify this result

Q
 
=
 
l
i
n
c
o
m
b
(
n
u
m
2
c
e
l
l
(
c
h
p
o
l
)
,

{
A
^
3
,
 
A
^
2
,
 
A
,
 
e
y
e
(
s
i
z
e
(
A
)
)
}
)

Q
 
=

 
 
1
.
0
e
-
0
1
2
 
*

 
 
 
-
0
.
5
6
8
4
 
 
 
-
0
.
5
5
4
2
 
 
 
-
0
.
4
8
3
2

 
 
 
-
0
.
5
2
5
8
 
 
 
-
0
.
6
2
5
3
 
 
 
-
0
.
4
5
4
7

 
 
 
-
0
.
5
1
1
6
 
 
 
-
0
.
4
5
4
7
 
 
 
-
0
.
6
8
2
1
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List of applications of m
ethods of linear algebra is long and im

pressive. A
reas that relay heavily

on the m
ethods of linear algebra include the data fitting, m

athem
atical statistics, linear

program
m

ing, com
puter graphics, cryptography, and econom

ics, to m
ention the m

ost im
portant

ones. A
pplications discussed in this section include the data fitting, coding m

essages, and
com

puter graphics.

�
�
��

������
�

In m
any problem

s that arise in science and engineering one w
ants to fit a discrete set of points in

the plane by a sm
ooth curve or function. A

 typical choice of a sm
oothing function is a polynom

ial
of a certain degree. If the sm

oothing criterion requires m
inim

ization of the 2-norm
, then one has

to solve the least-squaresapproxim
ation problem

. Function fit takes three argum
ents, the degree

of the approxim
ating polynom

ial, and tw
o vectors holding the x- and the y- coordinates of points

to be approxim
ated. O

n the output, the coefficients of the least-squares polynom
ials are returned.

A
lso, its graph and the plot of the data points are generated.

f
u
n
c
t
i
o
n

c
 
=
 
f
i
t
(
n
,
 
t
,
 
y
)

%
 
T
h
e
 
l
e
a
s
t
-
s
q
u
a
r
e
s
 
a
p
p
r
o
x
i
m
a
t
i
n
g
 
p
o
l
y
n
o
m
i
a
l
 
o
f
 
d
e
g
r
e
e
 
n
 
(
n
>
=
0
)
.

%
 
C
o
o
r
d
i
n
a
t
e
s
 
o
f
 
p
o
i
n
t
s
 
t
o
 
b
e
 
f
i
t
t
e
d
 
a
r
e
 
s
t
o
r
e
d
 
i
n
 
t
h
e
 
c
o
l
u
m
n
 
v
e
c
t
o
r
s

%
 
t
 
a
n
d
 
y
.
 
C
o
e
f
f
i
c
i
e
n
t
s
 
o
f
 
t
h
e
 
a
p
p
r
o
x
i
m
a
t
i
n
g
 
p
o
l
y
n
o
m
i
a
l
 
a
r
e
 
s
t
o
r
e
d
 
i
n

%
 
t
h
e
 
v
e
c
t
o
r
 
c
.
 
G
r
a
p
h
s
 
o
f
 
t
h
e
 
d
a
t
a
 
p
o
i
n
t
s
 
a
n
d
 
t
h
e
 
l
e
a
s
t
-
s
q
u
a
r
e
s

%
 
a
p
p
r
o
x
i
m
a
t
i
n
g
 
p
o
l
y
n
o
m
i
a
l
 
a
r
e
 
a
l
s
o
 
g
e
n
e
r
a
t
e
d
.

i
f

(
 
n
 
>
=
 
l
e
n
g
t
h
(
t
)
)

 
 
 
e
r
r
o
r
(
'
D
e
g
r
e
e
 
i
s
 
t
o
o
 
b
i
g
'
)

e
n
d

v
 
=
 
f
l
i
p
l
r
(
v
a
n
d
e
r
(
t
)
)
;

v
 
=
 
v
(
:
,
1
:
(
n
+
1
)
)
;

c
 
=
 
v
\
y
;

c
 
=
 
f
l
i
p
l
r
(
c
'
)
;

x
 
=
 
l
i
n
s
p
a
c
e
(
m
i
n
(
t
)
,
m
a
x
(
t
)
)
;

w
 
=
 
p
o
l
y
v
a
l
(
c
,
 
x
)
;

p
l
o
t
(
t
,
y
,
'
r
o
'
,
x
,
w
)
;

t
i
t
l
e
(
s
p
r
i
n
t
f
(
'
T
h
e
 
l
e
a
s
t
-
s
q
u
a
r
e
s
 
p
o
l
y
n
o
m
i
a
l
 
o
f
 
d
e
g
r
e
e
 
n
 
=
 
%
2
.
0
f
'
,
n
)
)

l
e
g
e
n
d
(
'
d
a
t
a
 
p
o
i
n
t
s
'
,
'
f
i
t
t
i
n
g
 
p
o
l
y
n
o
m
i
a
l
'
)

To dem
onstrate functionality of this code w

e generate first a set of points in the plane. O
ur goal is

to fit ten evenly spaced points w
ith the y-ordinates being the values of the function y = sin(2t) at

these points

t
 
=
 
l
i
n
s
p
a
c
e
(
0
,
 
p
i
/
2
,
 
1
0
)
;
 
t
 
=
 
t
'
;

y
 
=
 
s
i
n
(
2
*
t
)
;

W
e w

ill fit the data by a polynom
ial of degree at m

ost three

c
 
=
 
f
i
t
(
3
,
 
t
,
 
y
)

c
 
=

 
 
 
-
0
.
0
0
0
0
 
 
 
-
1
.
6
1
5
6
 
 
 
 
2
.
5
3
7
7
 
 
 
-
0
.
0
2
3
4
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Fitting polynom

ial of degree at m
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fitting polynom
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Som
e elem

entary tools of linear algebra can be used to code and decode m
essages. A

 typical
m

essage can be represented as a string. The follow
ing  'coded m

essage' is an exam
ple of the

string in M
A

TLA
B

. Strings in turn can be converted to a sequence of positive integers using
M

A
TLA

B
's function double.To code a transform

ed m
essage m

ultiplication by a nonsingular
m

atrix is used. Process of decoding m
essages can be view

ed as the inverse process to the one
described earlier. This tim

e m
ultiplication by the inverse of the coding m

atrix is applied and next
M

A
TLA

B
's function char is applied to the resulting sequence to recover the original m

essage.
Functions code and decode im

plem
ent these steps.

f
u
n
c
t
i
o
n

B
 
=
 
c
o
d
e
(
s
,
 
A
)

%
 
S
t
r
i
n
g
 
s
 
i
s
 
c
o
d
e
d
 
u
s
i
n
g
 
a
 
n
o
n
s
i
n
g
u
l
a
r
 
m
a
t
r
i
x
 
A
.

%
 
A
 
c
o
d
e
d
 
m
e
s
s
a
g
e
 
i
s
 
s
t
o
r
e
d
 
i
n
 
t
h
e
 
v
e
c
t
o
r
 
B
.

p
 
=
 
l
e
n
g
t
h
(
s
)
;

[
n
,
n
]
 
=
 
s
i
z
e
(
A
)
;

b
 
=
 
d
o
u
b
l
e
(
s
)
;

r
 
=
 
r
e
m
(
p
,
n
)
;

i
f

r
 
~
=
 
0

 
 
 
b
 
=
 
[
b
 
z
e
r
o
s
(
1
,
n
-
r
)
]
'
;

e
n
d

b
 
=
 
r
e
s
h
a
p
e
(
b
,
n
,
l
e
n
g
t
h
(
b
)
/
n
)
;

B
 
=
 
A
*
b
;

B
 
=
 
B
(
:
)
'
;
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f
u
n
c
t
i
o
n

s
 
=
 
d
c
o
d
e
(
B
,
 
A
)

%
 
C
o
d
e
d
 
m
e
s
s
a
g
e
,
 
s
t
o
r
e
d
 
i
n
 
t
h
e
 
v
e
c
t
o
r
 
B
,
 
i
s

%
 
d
e
c
o
d
e
d
 
w
i
t
h
 
t
h
e
 
a
i
d
 
o
f
 
t
h
e
 
n
o
n
s
i
n
g
u
l
a
r
 
m
a
t
r
i
x
 
A

%
 
a
n
d
 
i
s
 
s
t
o
r
e
d
 
i
n
 
t
h
e
 
s
t
r
i
n
g
 
s
.

[
n
,
n
]
=
 
s
i
z
e
(
A
)
;

p
 
=
 
l
e
n
g
t
h
(
B
)
;

B
 
=
 
r
e
s
h
a
p
e
(
B
,
n
,
p
/
n
)
;

d
 
=
 
A
\
B
;

s
 
=
 
c
h
a
r
(
d
(
:
)
'
)
;

A
 m

essage to be coded is

s
 
=
 
'
L
i
n
e
a
r
 
a
l
g
e
b
r
a
 
i
s
 
f
u
n
'
;

A
s a coding m

atrix w
e use the Pascal m

atrix

A
 
=
 
p
a
s
c
a
l
(
4
)
;

This codes the m
essage s

B
 
=
 
c
o
d
e
(
s
,
A
)

B
 
=

 
 
C
o
l
u
m
n
s
 
1
 
t
h
r
o
u
g
h
 
6

 
 
 
 
 
 
 
 
 
3
9
2
 
 
 
 
 
 
 
 
1
0
2
0
 
 
 
 
 
 
 
 
2
0
6
1
 
 
 
 
 
 
 
 
3
6
1
6
 
 
 
 
 
 
 
 
 
3
4
0

8
0
9

 
 
C
o
l
u
m
n
s
 
7
 
t
h
r
o
u
g
h
 
1
2

 
 
 
 
 
 
 
 
1
6
0
1
 
 
 
 
 
 
 
 
2
8
1
3
 
 
 
 
 
 
 
 
 
4
1
0
 
 
 
 
 
 
 
 
1
0
0
9
 
 
 
 
 
 
 
 
2
0
0
3

3
4
9
0

 
 
C
o
l
u
m
n
s
 
1
3
 
t
h
r
o
u
g
h
 
1
8

 
 
 
 
 
 
 
 
 
3
4
8
 
 
 
 
 
 
 
 
 
8
2
4
 
 
 
 
 
 
 
 
1
6
4
7
 
 
 
 
 
 
 
 
2
9
2
2
 
 
 
 
 
 
 
 
 
3
6
6

9
5
3

 
 
C
o
l
u
m
n
s
 
1
9
 
t
h
r
o
u
g
h
 
2
4

 
 
 
 
 
 
 
 
1
9
9
3
 
 
 
 
 
 
 
 
3
6
0
3
 
 
 
 
 
 
 
 
 
1
1
0
 
 
 
 
 
 
 
 
 
1
1
0
 
 
 
 
 
 
 
 
 
1
1
0

1
1
0

To decode this m
essage w

e have to w
ork w

ith the sam
e coding m

atrix A

d
c
o
d
e
(
B
,
A
)

a
n
s
 
=

L
i
n
e
a
r
 
a
l
g
e
b
r
a
 
i
s
 
f
u
n

�
�
�
�
�
��
�
	
�

�
�
�
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Linear algebra provides m
any tools that are of interest for com

puter program
m

ers especially for
those w

ho deal w
ith the com

puter graphics. O
nce the graphical object is created one has to

transform
 it to another object. C

ertain plane and/or space transform
ations are linear. Therefore

they can be realized as the m
atrix-vector m

ultiplication. For instance, the reflections, translations,
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rotations all belong to this class of transform
ations. A

 com
puter code provided below

 deals w
ith

the plane rotations in the counterclockw
ise direction. Function rot2d takes a planar object

represented by tw
o vectors x and y and returns its im

age. The angle of rotation is supplied in the
degree m

easure.

f
u
n
c
t
i
o
n

[
x
t
,
 
y
t
]
 
=
 
r
o
t
2
d
(
t
,
 
x
,
 
y
)

%
 
R
o
t
a
t
i
o
n
 
o
f
 
a
 
t
w
o
-
d
i
m
e
n
s
i
o
n
a
l
 
o
b
j
e
c
t
 
t
h
a
t
 
i
s
 
r
e
p
r
e
s
e
n
t
e
d
 
b
y
 
t
w
o

%
 
v
e
c
t
o
r
s
 
x
 
a
n
d
 
y
.
 
T
h
e
 
a
n
g
l
e
 
o
f
 
r
o
t
a
t
i
o
n
 
t
 
i
s
 
i
n
 
t
h
e
 
d
e
g
r
e
e
 
m
e
a
s
u
r
e
.

%
 
T
r
a
n
s
f
o
r
m
e
d
 
v
e
c
t
o
r
s
 
x
 
a
n
d
 
y
 
a
r
e
 
s
a
v
e
d
 
i
n
 
x
t
 
a
n
d
 
y
t
,
 
r
e
s
p
e
c
t
i
v
e
l
y
.

t
1
 
=
 
t
*
p
i
/
1
8
0
;

r
 
=
 
[
c
o
s
(
t
1
)
 
-
s
i
n
(
t
1
)
;
s
i
n
(
t
1
)
 
c
o
s
(
t
1
)
]
;

x
 
=
 
[
x
 
x
(
1
)
]
;

y
 
=
 
[
y
 
y
(
1
)
]
;

h
o
l
d
 
o
n

g
r
i
d
 
o
n

a
x
i
s
 
e
q
u
a
l

f
i
l
l
(
x
,
 
y
,
'
b
'
)

z
 
=
 
r
*
[
x
;
y
]
;

x
t
 
=
 
z
(
1
,
:
)
;

y
t
 
=
 
z
(
2
,
:
)
;

f
i
l
l
(
x
t
,
 
y
t
,
'
r
'
)
;

t
i
t
l
e
(
s
p
r
i
n
t
f
(
'
P
l
a
n
e
 
r
o
t
a
t
i
o
n
 
t
h
r
o
u
g
h
 
t
h
e
 
a
n
g
l
e
 
o
f
 
%
3
.
2
f
 
d
e
g
r
e
e
s
'
,
t
)
)

h
o
l
d
 
o
f
f

V
ectors x

and
y

x
 
=
 
[
1
 
2
 
3
 
2
]
;
 
y
 
=
 
[
3
 
1
 
2
 
4
]
;

are the vertices of the parallelogram
. W

e w
ill test function rot2d on these vectors using as the

angle of rotation t = 75.

[
x
t
,
 
y
t
]
 
=
 
r
o
t
2
d
(
7
5
,
 
x
,
 
y
)

x
t
 
=

 
 
 
-
2
.
6
3
9
0
 
 
 
-
0
.
4
4
8
3
 
 
 
-
1
.
1
5
5
4
 
 
 
-
3
.
3
4
6
1
 
 
 
-
2
.
6
3
9
0

y
t
 
=

 
 
 
 
1
.
7
4
2
4
 
 
 
 
2
.
1
9
0
7
 
 
 
 
3
.
4
1
5
4
 
 
 
 
2
.
9
6
7
1
 
 
 
 
1
.
7
4
2
4
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-3
-2

-1
0

1
2

3
0

0.5 1

1.5 2

2.5 3

3.5 4

4.5 5
Plane rotation through the angle of 75.00 degrees

The right object is the original parallelogram
 w

hile the left one is its im
age.
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In Problem
s 1 – 12 you cannot use loops for and/or w

hile.
Problem

s 40 - 42 involve sym
bolic com

putations. In order to do these problem
s you have to use

the
Sym

bolic M
ath T

oolbox.

1.
C

reate a ten-dim
ensional row

 vector w
hose all com

ponents are equal 2. Y
ou cannot enter

num
ber 2 m

ore than once.

2.
G

iven a row
 vector a = [1 2 3 4 5]. Create a colum

n vector b that has the sam
e com

ponents as
the vector a but they m

ust bestored in the reversed order.

3.
M

A
TLA

B
 built-in function sort(a) sorts com

ponents of the vector a in the ascending order.
U

se function sort to sort com
ponents of the vector a in the descending order.

4.
To find the largest (sm

allest) entry of a vector you can use function m
ax (m

in). Suppose that
these functions are not available. H

ow
 w

ould you calculate

(a)
the largest entry of a vector ?

(b)
the sm

allest entry of a vector?

5.
Suppose that one w

ants to create a vector a of ones and zeros w
hose length is equal to 2n

       ( n = 1, 2, …
 ). For instance, w

hen n = 3, then a = [1 0 1 0 1 0]. G
iven value of n

create a
       vector a w

ith the desired property.

6.
Let a be a vector of integers.

(a)
C

reate a vector b w
hose all com

ponents are the even entries of the vector a.
(b)

R
epeat part (a) w

here now
 b consists of all odd entries of the vector a.

H
int:   Function logical is often used to logical tests. A

nother useful function you m
ay

consider to use is rem
(x, y) - the rem

ainder after division of x by y.

7.
G

iven tw
o nonem

pty row
 vectors a and b and tw

o vectors ind1and ind2 w
ith

length(a) =
length(ind1)and

length(b) = length(ind2).C
om

ponents of ind1 and ind2 are positive
integers. C

reate a vector c  w
hose com

ponents are those of vectors a and b. Their indices are
determ

ined by vectors ind1 and ind2, respectively.

8.
U

sing function rand, generate a vector of random
 integers that are uniform

ly distributed in
the interval (2, 10). In order to insure that the resulting vector is not em

pty begin w
ith a

vector that has a sufficient num
ber of com

ponents.
H

int: Function fix m
ight be helpful. Type help fix in the C

om
m

and W
indow

 to learn m
ore

about this function.

9.
Let A

 be a square m
atrix. C

reate a m
atrix B

 w
hose entries are the sam

e as those of A
 except

the entries along the m
ain diagonal. The m

ain diagonal of the m
atrix B

should consist entierly
of ones .
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10.Let A
 be a square m

atrix. C
reate a tridiagonal m

atrix T
 w

hose subdiagonal, m
ain diagonal,

and the superdiagonal are taken from
 the m

atrix A
.

H
int:  Y

ou m
ay w

ish to use M
A

TLA
B

 functions triu and tril. These functions take a second
optional argum

ent. To learn m
ore about these functions use M

A
TLA

B
's help.

11.In this exercise you are to test a square m
atrix A

for sym
m

etry. W
rite M

A
TLA

B
 function

s = issym
m

(A
) that takes a m

atrix A
 and returns a num

ber s. If A
 is sym

m
etric, then s = 1,

      otherw
ise s = 0.

12.  Let A
be an m

-by-n and let B
 be an n-by-p m

atrices. C
om

puting the product C
 = A

B
requires m

np m
ultiplications. If either A

 or B
 has a special structure, then the num

ber of
m

ultiplications can be reduced drastically. Let A
 be a full m

atrix of dim
ension m

-by-n and let
B

 be an upper triangular m
atrix of dim

ension n-by-n w
hose all nonzero entries are equal to

one. The product A
B

 can be calculated w
ithout using a single m

ultiplicationa. W
rite an

algorithm
 for com

puting the m
atrix product C

 = A
*B

 that does not require m
ultiplications.

Test your code w
ith the follow

ing m
atrices A

 = pascal(3)and
B

 = triu(ones(3)).

13.G
iven square invertible m

atrices A
 and B

 and the colum
n vector b. A

ssum
e that the m

atrices
A

 and B
 and the vector b have the sam

e num
ber of row

s. Suppose that one w
ants to solve a

linear system
 of equations A

B
x = b. W

ithout com
puting the m

atrix-m
atrix product A

*B
, find

a solution x to to this system
 using the backslash operator \.

14.Find all solutions to the linear system
 A

x = b, w
here the m

atrix A
 consists of row

s one
through three of the 5-by-5 m

agic square

 
 
 
A
 
=
 
m
a
g
i
c
(
5
)
;

 
 
 
A
 
=
 
A
(
1
:
3
,
:
 
)

A
 
=

 
 
 
 
1
7
 
 
 
 
2
4
 
 
 
 
 
1
 
 
 
 
 
8
 
 
 
 
1
5

 
 
 
 
2
3
 
 
 
 
 
5
 
 
 
 
 
7
 
 
 
 
1
4
 
 
 
 
1
6

 
 
 
 
 
 
 
 
4
 
 
 
 
 
6
 
 
 
 
1
3
 
 
 
 
2
0
 
 
 
 
2
2

and b = ones(3; 1) .

15.D
eterm

ine w
hether or not the system

 of linear equations A
x = b, w

here

 
 
 
A
 
=
 
o
n
e
s
(
3
,
 
2
)
;
 
 
b
 
=
 
[
1
;
 
2
;
 
3
]
;

possesses an exact solution x.

16.The purpose of this exercise is to dem
onstrate that for som

e m
atrices the com

puted solution
to

A
x = b can be poor. D

efine

 
 
 
A
 
=
 
h
i
l
b
(
5
0
)
;
 
 
 
b
 
=
 
r
a
n
d
(
5
0
,
1
)
;

Find the 2-norm
 of the residual r = A

*x – b. H
ow

 w
ould you explain a fact that the com

puted
       norm

 is essentially bigger than zero?
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17.In this exercise you are to com
pare com

putational com
plexity of tw

o m
ethods for finding a

solution to the linear system
 A

x = b w
here A

 is a square m
atrix. First m

ethod utilizes the
backslash operator \ w

hile the second m
ethod requires a use of the function rref. U

se
M

A
TLA

B
 function flops to com

pare both m
ethods for various linear system

s of your choice.
W

hich of these m
ethods require, in general, a sm

aller num
ber of flops?

18.R
epeat an experim

ent described in Problem
 17 using as a m

easure of efficiency a tim
e needed

      to com
pute the solution vector. M

A
TLA

B
 has a pair of functions tic and toc that can be used

      in this experim
ent. This illustrates use of the above m

entioned functions
tic; x = A

\b; toc. U
sing linear system

s of your choice com
pare both m

ethods for speed.
      W

hich m
ethod is a faster one? Experim

ent w
ith linear system

s having at least ten equations.

19.Let A
be a real m

atrix. U
se M

A
TLA

B
 function rref to extract all

(a)
colum

ns of A
 that are linearly independent

(b)
row

s of A
 that are linearly independent

20.In this exercise you are to use M
A

TLA
B

 function rref to com
pute the rank of the follow

ing
m

atrices:

(a)
A

 = m
agic(3)

(b)
A

 = m
agic(4)

(c)
A

 = m
agic(5)

(d)
A

 = m
agic(6)

      B
ased on the results of your com

putations w
hat hypotheses w

ould you form
ulate about

      the rank(m
agic(n)), w

hen n is odd, w
hen n is even?

21. U
se M

A
TLA

B
 to dem

onstrate that det(A
 + B) �

 det(A
) + det(B

) for m
atrices of your choice.

22.Let A
 = hilb(5). H

ilbert m
atrix is often used to test com

puter algorithm
s for reliability. In this

exercise you w
ill use M

A
TLA

B
 function num

2str that converts num
bers to strings, to see

that contrary to the w
ell-know

n theorem
 of Linear A

lgebra the com
puted determ

inant
det(A

*A
') is not necessarily the sam

e as det(A
)*det(A

'). Y
ou can notice a difference in

com
puted quantities by executing the follow

ing com
m

ands: num
2str(det(A

*A
'), 16) and

num
2str(det(A

)*det(A
'), 16).

23.The inverse m
atrix of a sym

m
etric nonsingular m

atrix is a sym
m

etric m
atrix. C

heck this
property using function inv and a sym

m
etric nonsingular m

atrix of your choice.

24.The follow
ing m

atrix

 
 
 
A
 
=
 
o
n
e
s
(
5
)
 
+
 
e
y
e
(
5
)

 
 
 
A
 
=

 
 
 
 
 
 
 
 
2
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1

 
 
 
 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1

 
 
 
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
1
 
 
 
 
 
1

 
 
 
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
2
 
 
 
 
 
1

 
 
 
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
2
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       is a special case of the Pei m
atrix. N

orm
alize colum

ns of the m
atrix A

 so that all colum
ns of

       the resulting m
atrix, say B

, have the Euclidean norm
 (2-norm

) equal to one.

25.Find the angles betw
een consecutive colum

ns of the m
atrix B

of Problem
 24.

26.Find the cross product vector cp that is perpendicular to colum
ns one through four of the Pei

m
atrix of Problem

 24.

27.Let L
be a linear transform

ation from
 �

5 to �
5 that is represented by the Pei m

atrix of
Problem

 24. U
se M

A
TLA

B
 to determ

ine the range and the kernel of this transform
ation.

28.Let �
n  denote a space of algebraic polynom

ials of degree at m
ost n. Transform

ation L
from

 �
n  to �

3 is defined as follow
s

⎥ ⎥ ⎥ ⎥ ⎥ ⎥⎦ ⎤

⎢ ⎢ ⎢ ⎢ ⎢ ⎢⎣ ⎡

=

∫

0
)0

(p

dt
)t

(p

)p
(

L

10

(a)
Show

 that L
 is a linear transform

ation.
(b)

Find a m
atrix that represents transform

ation L
w

ith respect to the ordered basis
{t n, t n –1, …

 1}.
(c)

U
se M

A
TLA

B
 to com

pute bases of the range and the kernel of L
. Perform

 your
experim

ent for the follow
ing values of n = 2, 3, 4.

29.Transform
ation L

 from
 �

n  to �
n –1  is defined as follow

s L
(p) = p'(t). Sym

bol �
n , is

introduced in Problem
 28. A

nsw
er questions (a) through (c) of Problem

 28 for the
transform

ation L
of this problem

.

30.G
iven vectors a = [1; 2; 3] and b = [-3; 0; 2]. D

eterm
ine w

hether or not vector  c = [4; 1;1] is
in the span of vectors a and b.

31.D
eterm

ine w
hether or not the Toeplitz m

atrix

 
 
 
A
 
=
 
t
o
e
p
l
i
t
z
(
 
[
1
 
0
 
1
 
1
 
1
]
 
)

A
 
= 
 
1
 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
1

 
 
0
 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
1

 
 
1
 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
1

 
 
1
 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
1
 
 
 
 
 
0

 
 
1
 
 
 
 
 
1
 
 
 
 
 
1
 
 
 
 
 
0
 
 
 
 
 
1

        is in the span of m
atrices B

 = ones(5) and C
 = m

agic(5).
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32.W
rite M

A
TLA

B
 function linind(varargin) that takes an arbitrary num

ber of vectors
(m

atrices) of the sam
e dim

ension and determ
ines w

hether or not the inputted vectors
(m

atrices) are linearly independent. Y
ou m

ay w
ish to reuse som

e lines of code that are
contained in the function span presented in Section 3.9 of this tutorial.

33.U
se function linind of Problem

 32 to show
 that the colum

ns of the m
atrix A

 of Problem
31 are linearly independent.

34.Let [a]A  = ones(5,1) be the coordinate vector w
ith respect to the basis A

 – colum
ns of the

m
atrix A

 of Problem
 31. Find the coordinate vector [a]P  , w

here P is the basis of the vector
space spanned by the colum

ns of the m
atrix pascal(5).

35.Let A
 be a real sym

m
etric m

atrix. U
se the w

ell-know
n fact from

 linear algebra to determ
ine

the interval containing all the eigenvalues of A
. W

rite M
A

TLA
B

 function
[a, b] = interval(A

) that takes a sym
m

etric m
atrix A

and returns the endpoints a and b of the
       interval that contains all the eigenvalues of A

.

36.W
ithout solving the m

atrix eigenvalue problem
 find the sum

 and the product of all
eigenvalues of the follow

ing m
atrices:

(a)
P = pascal(30)

(b)
M

= m
agic(40)

(c)
H

 = hilb(50)
(d)

H
 = hadam

ard(64)

37.Find a m
atrix B

 that is sim
ilar to A

 = m
agic(3).

38.In this exercise you are to com
pute a pow

er of the diagonalizable m
atrix A

. Let
A

 = pascal(5). U
se the eigenvalue decom

position of A
 to calculate the ninth

      pow
er of A

. Y
ou cannot apply the pow

er operator ^ to the m
atrix A

.

39.Let A
 be a square m

atrix. A
 m

atrix B
is said to be the square root of A

 if B
^2 = A

.
In M

A
TLA

B
 the square root of a m

atrix can be found using the pow
er operator ^. In this

exercise you are to use the eigenvalue-eigenvector decom
position of a m

atrix find the square
root of A

 = [3 3;-2 -2].

40.D
eclare a variable k to be a sym

bolic variable typing sym
s k in the C

om
m

and W
indow

.
Find a value of k

for w
hich the follow

ing sym
bolic m

atrix
A

 =  sym
( [1 k^2 2; 1 k -1; 2 –1 0] ) is not invertible.

41.Let the m
atrix A

 be the sam
e as in Problem

 40.

(a)
W

ithout solving the m
atrix eigenvalue problem

, determ
ine a value of k for w

hich all the
eigenvalues of A

are real.
(b)

Let v be a num
ber you found in part (a). C

onvert the sym
bolic m

atrix A
 to a num

eric
m

atrix B
using the substitution com

m
and subs, i.e., B

 = subs(A
, k, v).

(c)
D

eterm
ine w

hether or not the m
atrix B

 is diagonalizable. If so, find a diagonal m
atrix D

that is sim
ilar to B

.
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(d)
If m

atrix B
is diagonalizable use the results of part (c) to com

pute all the eigenvectors of
the m

atrix B
. D

o not use M
A

TLA
B

's function eig.

42.G
iven a sym

bolic m
atrix A

 = sym
( [1 0 k; 2 2 0; 3 3 3]).

(a)
Find a nonzero value of k for w

hich all the eigenvalues of A
 are real.

(b)
For w

hat value of k tw
o eigenvalues of A

 are com
plex and the rem

aining one is real?


