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Abstract

In this short paper, we present three distinct numerical treatments for immersed bound-
aries with different mass density than the surrounding fluid. We start with some background
information on the immersed boundary method and its application in the modeling of biolog-
ical fluids. The selected numerical example demonstrates the potential in modeling complex

biological fluids involving charged particles under both viscous fluid and electrokinetic forces.
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1 Introduction

The coupling of fluids and solids is the central feature in the study of the mechanics of the
heart, arteries, veins, microcirculation, and pulmonary blood flow. Nevertheless, the mod-
eling of strong hemodynamic interaction with flexible structures is often limited by severe
fluid mesh distortions around structures experiencing large deformations. These computa-
tions often require adaptive meshing which is impractical in the modeling of deformable cells

interacting with viscous fluid and flexible vessels.



The immersed boundary method was originally developed by Peskin [5] for the compu-
tation of blood flows interacting with the heart and heart valves. It has since then been
extended to three-dimensional heart-flow interactions and a variety of other biomechanics
problems, which included the design of prosthetic cardiac valves (McQueen and Peskin, 1985
[4]), swimming motions of marine worms (Fauci and Peskin, 1988 [2]), wood pulp fiber dy-
namics (Stockie and Wetton, 1999 [9]), wave propagation in cochlea (Beyer, 1992 [8]), and
biofilm processes (Fogelson et al., 1996 [1]). Recently, the extended immersed boundary
method (EIBM) was also proposed to model the entire submerged elastic structure as a col-
lection of nodal points connected through a regular finite element method (FEM) or meshless

reproducing kernel particle method (RKPM) (Wang and Liu, 2002 [10]).

2 Problem Description

Consider an immersed flexible structure contained in a viscous incompressible fluid with
periodic boundary conditions. The immersed elastic structure is assumed to have a density
p that is the same as the fluid.

Let F(r, t) and f(x, t) stand for the elastic fiber point force and the corresponding effective
body force in the fluid domain at time ¢ where the submerged point and the fluid domain
are represented by a Lagrangian parametric coordinate r = (r1,73,73) and the Eulerian
coordinate x, respectively. Denote {2 as the domain of influence or support attached to
every immersed elastic nodal point X(r, ¢), along a single smooth submerged elastic fiber T,
the elastic fiber point force F(r,?) is evaluated as

P = 200 0

where T represents the tension within the fiber, t is the unit tangent vector, and s stands
for the arc length.

Notice that at a typical point A, the resultant force F 4 is determined by the fiber con-



figuration and material property. Furthermore, if there are I arcs passing through the point
A, assuming that each fiber has a constant tension 7, the nodal force F 4(x, t) is calculated

as

FA(X’ t) = ZFQ(I" t) = Z s (2)

=1 i=1

where t?, represents the unit tangent vector of the i arc at the point A.
Therefore, the governing equations of the fluid-structure interaction system involving a

single smooth submerged elastic fiber I'; can be stated as

gy +v-Vv) = —Vp+ pV>v +f, (3)
Vv = 0 (4)

f(x,t) = / F(r, )0(x — X(r,1))ds, 5)
v(X(r,1),t) = /Q v(x, )3(x — X(r, t))dx, (6)

where v(x,t), p(x,t), p, and p represent the fluid velocity, pressure, density, and dynamic
viscosity of the fluid.

Note that the line integrals are performed for all the submerged elastic fiber lines and
the corresponding nodal forces are distributed as body forces in the fluid domain. Although
Egs. (3) and (4) can be solved with various Navier-Stokes solvers, if the fluid equations are
discretized on a regular Eulerian lattice, a discretized Fast Fourier Transform is employed,
which can greatly improve the computation efficiency. It is clear that Eq. (6) represents
the equation of motion for immersed boundary points, and also implies that the immersed
boundary points move at the local fluid velocity interpolated through the same discretized

delta function, which is equivalent to the no-slip condition along the fluid-structure interface

[6] [7].



3 Numerical Procedures

Consider two typical fibers £ — 1 and k£ connected at the point k£, the nodal force at the
point k is determined by tensions within the two adjacent fibers £ — 1 and k& that are linked
to this point. The submerged elastic point k£ is subjected to the fluid force Ry, which will
balance the resultant elastic nodal force Fy. The fluid force Ry is entirely dependent upon
the tension 7j_; and Ty, if the elastic structure has the same density as the fluid. However,
if the elastic structure has a different density, the surrounding fluid force Ry must achieve a
dynamic equilibrium with the difference of the resultant nodal force F; and the D’Alembert
force Iy. If the lumped mass and the acceleration of the point k£ are denoted as M and
ay, respectively, the D’Alembert force I, can be expressed as —Ma;. Therefore, the force
exerted on the fluid by the submerged structure at the point £ is equal to the nodal force Fy,
if the structure has the same density as the fluid, or Fy — I if the structure has a different
density. Naturally, the distribution of the nodal force in Eq. (5) represents the distribution
of the resultant fluid forces at nodal points as the equivalent body forces.

There are three different treatments of the inertia effects of the submerged points if the
immersed boundary has different density from the surrounding fluid. The first method is
the straightforward employment of the D’Alembert force —Ma, where M and a stand for
the concentrated mass at that submerged point and the corresponding acceleration. In the
actual numerical implementation, the n'® step acceleration at the immersed boundary point

k is denoted as

n n—1
Vi — Vg

ap = A (7)
where v} represents the immersed boundary point velocity at the time step n which is

directly calculated with Eq. 6, and At is the time step.

The second method in dealing with the mass of immersed boundaries employs a penalty



idea [3]. To do this, we first introduce Yy, of a massive boundary as a copy of X and then
assume that there is no additional mass attached to X;. In addition, we assume that the
massive boundary Y has a mass M which has no direct interaction with the fluid. On the
other hand, the massless boundary X does interact with the fluid, namely, it moves with
the local fluid velocity and exerts force locally on the fluid. The couple of the massless and
massive boundary points occupy the exactly same positions initially and are linked through
stiff springs. Therefore, if a pair of corresponding points move apart, the following restoring

force G ensues

G’k = C(Yk - Xk)a (8)

where C stands for a large spring constant.

Since the submerged elastic boundary X, is neutrally buoyant, Ma; has no meaning for
Xy. Instead, the massive boundary Y, moves by the equation Ma, = —Gy. Here a; can
be calculated by the velocities of Y}, in two time steps: a, = (v — vi~!)/At, where v} is
the velocity of Yy, and different from the above definition. The mass effect is now given to
the fluid equation by changing the resultant nodal force Fy, into Fy + Gy.

Note that the restoring force —Gy acting on the massive boundary is also acting on the
fluid in the opposite direction, and that the massive boundary does not interact with the
fluid directly. Consider the case in which the coefficient C' goes to the infinity. Then the
massless boundary X; and the massive boundary Y, should be the same and the resultant
force of the surrounding fluid Ry becomes exactly Fy + May. Of course, in practice, C
cannot be infinite but we can still keep X, and Y} close by choosing a sufficiently large
constant C.

The third method in treating immersed boundary with mass is to use the conventional IB
method with inhomogeneous fluid mass density [11] [4] [7], where the mass of the immersed

boundary is assigned to the nearby surrounding fluid by the Dirac ¢ function, in exactly the



same way the Lagrangian force defined at the immersed boundary is spread to the ambient

fluid. The Eulerian mass density is defined by

pxt) = pr + [ (ps = p7)3lx = X(x,1))dV. ©)
where py is the fluid mass density, p, is the mass density of the immersed boundary, x is the
Eulerian coordinate, V' represents the solid domain, and X is the parametric representation
of the immersed boundary location.

The discrete form of the above expression is as follows,

= by + Xlos — pr)0ulx — XAV, (10)

where d;, is the same discretized delta function employed for the distribution of the nodal
force at the immersed boundary, k£ stands for the discretized solid nodal points, and the
incremental volume AV? is often denoted as h3.

Note that after the additional mass of the immersed boundary is transfered to the sur-
rounding fluid, the composite material (fluid plus immersed boundary) is still incompressible,
even though the Eulerian mass density p(x,t) is no longer a constant. However, because of
this nonuniform mass density, we can no longer employ the discretized Fast Fourier Trans-
form solver. Therefore, in the third method, we employ an iterative procedure, e.g., the
multigrid method for the solution of the discretized incompressible Navier-Stokes equations.
In the multigrid method, a correct way to spread the mass of immersed boundary to a series

of gradually coarsened meshes is as follows:

Px) = oy + [ oy = pp)on(x = X")aV, (1)

here [h stands for the grid whose meshwidth is [ x h, where h is the meshwidth of the finest

grid, 0y, means the discretized delta function on a grid with spacing I x h, and p}, (x) is the
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Figure 1: Velocity bandplots of a particle accelerating in a viscous fluid.

density defined on a mesh with spatial width [ x h at the n'* time step.

4 Numerical Examples

Consider a two-dimensional straight channel with a viscous fluid and a moving particle. The
particle with a mass of 0.003 g is released from a stationary position as the uniform flow is
driven from one side of the channel to the other. To avoid the sudden change of velocity,
the inlet velocity ramps up from 0 to 0.3 cm/s within 5 s. In our simulations, we compare
results within 10 s.

If the particle has no mass, it moves like a passive particle and the motion coincides
with the streamline trajectory passing through the initial location. The massive particle,
however, needs some time to start up and reach to the speed of the surrounding flow. In
this process, the inertia force exerts an effect on the surrounding fluid as shown in Fig. 1.

Obviously, this transient time delay depends on the mass of the particle: the bigger the
mass, the longer the delay is. After the speed of the particle reaches its steady state, the
particle will move with the fluid at a constant velocity and then its mass will not play any

further role. Figs. 2 and 3 show the particle position and speed in terms of time. Note
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Figure 2: Comparison of the particle position.
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Figure 3: Comparison of the particle velocity.




that three methods which we explained above give very similar results which match with the
physical intuition. In particular, the first and second methods (direct D’Alembert force and
penalty method) yield virtually identical results. Because of the fact that the third method
uses an iterative solver and a fairly different approach, there exist discernible numerical

discrepancies of both position and velocity results.

5 Conclusions

To summarize, this work demonstrates the feasibility of three numerical treatments for im-
mersed boundaries with mass. It is found that the first method, namely, a direct D’ Alembert
force approach, is most straightforward, yet it requires small time step for large mass; whereas
the second method, namely, a penalty approach, yields virtually the same result as the first
method, yet it is not feasible in handling relatively small mass and there also exist high fre-
quency oscillations due to the attached stiff spring-mass system. Finally, the third method,
namely, a distribution of boundary mass to the fluid along with a multigrid fluid solver, pro-
vides similar results, yet the required solver is not as efficient as the Fast Fourier Transform

solver employed in the first two methods.
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