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Abstract. We calculate the Chern-Simons invariants of the hyperbolic J(2n,−2m)
knot orbifolds using the Schläfli formula for the generalized Chern-Simons func-

tion on the family of cone-manifold structures of J(2n,−2m) knot. We present

the concrete and explicit formula of them. We apply the general instructions
of Hilden, Lozano, and Montesinos-Amilibia and extend the Ham and Lee’s

methods to a bi-infinite family. We dealt with even slopes just as easily as odd

ones. As an application, we calculate the Chern-Simons invariants of cyclic
coverings of the hyperbolic J(2n,−2m) knot orbifolds. For the fundamental

group of J(2n,−2m) knot, we take and tailor Hoste and Shanahan’s. As a

byproduct, we give an affirmative answer for their question whether their pre-
sentation is actually derived from Schubert’s canonical 2-bridge diagram or

not.

1. Introduction

Chern-Simons invariants of hyperbolic knot orbifolds are computed explicitly for
a few infinite families in [9, 10, 11] using the Schläfli formula. In [8], Chern-Simons
invariants of hyperbolic alternating knot orbifolds are computed explicitly using
ideal triangulations by extending Neumann’s Methods. This paper is written to
compare the Chern-Simons invariants computed in [8] with those of this paper. We
wish to provide an efficient algorithm to compute the Chern-Simons invarinats of
hyperbolic orbifolds of knots and links with SnapPy in a near future.

In this paper, we present the explicit formulae for Chern-Simons invariants of
the hyperbolic J(2n,−2m) knot orbifolds and we present them numerically for
some of J(2n,−2m) knot orbifolds. We expect our methods directly extend to
any two-bridge knot of the Conway’s notation C(2m1, 2m2, . . . , 2m2r). Note that
J(2n,−2m) knot is equal to C(2m, 2n) knot.

For a two-bridge hyperbolic link, there exists an angle α0 ∈ [ 2π3 , π) for each link
K such that the cone-manifold K(α) is hyperbolic for α ∈ (0, α0), Euclidean for
α = α0, and spherical for α ∈ (α0, π] [25, 13, 19, 26]. We will use the Chern-
Simons invariant of the lens space L (4nm+ 1, 2n(2m− 1) + 1) calculated in [15].
Let us denote J(2n,−2m) by T 2m

2n . The following theorem gives the Chern-Simons
invariant formulae for T 2m

2n . The following theorem applies to the hyperbolic T 2m
2n

knots. Let Sk(v) be the Chebychev polynomials defined by S0(v) = 1, S1(v) = v
and Sk(v) = vSk−1(v)− Sk−2(v) for all integers k.

Theorem 1.1. Let X2m
2n (α), 0 ≤ α < α0 be the hyperbolic cone-manifold with

underlying space S3 and with singular set T 2m
2n of cone-angle α. Let k be a positive
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Figure 1. J(2n,−2m) knot

integer such that k-fold cyclic covering of X2m
2n ( 2π

k ) is hyperbolic. Then the Chern-

Simons invariant of X2m
2n ( 2π

k ) (mod 1
k if k is even or mod 1

2k if k is odd) is given
by the following formula:

cs

(
X2m

2n

(
2π

k

))
≡ 1

2
cs (L (4nm+ 1, 2n(2m− 1) + 1))

+
1

4π2

∫ α0

2π
k

Im

(
2 ∗ log

(
−M

2(Sn(v)− Sn−1(v))− (Sn−1(v)− Sn−2(v))

(Sn(v)− Sn−1(v))−M2(Sn−1(v)− Sn−2(v))

))
dα

+
1

4π2

∫ π

α0

Im

(
log

(
−M

2(Sn(v1)− Sn−1(v1))− (Sn−1(v1)− Sn−2(v1))

(Sn(v1)− Sn−1(v1))−M2(Sn−1(v1)− Sn−2(v1))

))
dα

+
1

4π2

∫ π

α0

Im

(
log

(
−M

2(Sn(v2)− Sn−1(v2))− (Sn−1(v2)− Sn−2(v2))

(Sn(v2)− Sn−1(v2))−M2(Sn−1(v2)− Sn−2(v2))

))
dα,

where for M = e
iα
2 , x = v−M2−M−2 (Im((Sn(v)−Sn−1(v))(Sn−1(v)− Sn−2(v))) ≥

0 [32, Lemma 3.9]), x1 = v1 −M2 −M−2, and x2 = v2 −M2 −M−2 are zeroes of
Riley-Mednykh polynomial φ2m2n (x,M) which is given in Theorem 2.3 and x1 and
x2 approach common x as α decreases to α0 and they come from the components
of x and x.

2. J(2n,−2m) knots

A general reference for this section is [16]. A knot is J(2n,−2m) knot if it has a
regular two-dimensional projection of the form in Figure 1. J(2n,−2m) knot has 2n
right-handed vertical crossings and 2m left-handed horizontal crossings. Recall that
we denote it by T 2m

2n . One can easily check that the slope of T 2m
2n is 2m/(4nm+ 1)

which is equivalent to the knot with slope (2n(2m− 1) + 1) /(4nm+ 1) [28].
We will use the following fundamental group of J(2n,−2m) knot in [16]. The

following proposition can also be obtained by reading off the fundamental group
from the Schubert normal form of T 2m

2n with slope 2m/(4nm + 1) [28, 27] which
answers Hoste-Shanahan’s question completely for J(2n,−2m) knots. A little cau-

tion is needed. Since the slope is even, instead of εj = (−1)b
2jm

4nm+1 c for the power
of t in w, we need to use −εj if the same orientation of two meridians, s and t, is
preferred. LetX2m

2n be S3\J(2n,−2m).

Proposition 2.1.

π1(X2m
2n ) =

〈
s, t | swmt−1w−m = 1

〉
,
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where w = (t−1s)n(ts−1)n.

2.1. The Chebychev polynomial. Let Sk(v) be the Chebychev polynomials de-
fined by S0(v) = 1, S1(v) = v and Sk(v) = vSk−1(v) − Sk−2(v) for all integers
k. The following explicit formula for Sk(v) can be obtained by solving the above
recurrence relation [33].

Sn(v) =
∑

0≤i≤bn2 c

(−1)i
(
n− i
i

)
vn−2i

for n ≥ 0, Sn(v) = −S−n−2(v) for n ≤ −2, and S−1(v) = 0. The following
proposition 2.2 can be proved using the Cayley-Hamilton theorem [30].

Proposition 2.2. [30, Proposition 2.4] Suppose V =

[
a b
c d

]
∈ SL2(C). Then

V k =

[
Sk(v)− dSk−1(v) bSk−1(v)

cSk−1(v) Sk(v)− aSk−1(v)

]
where v = tr(V ) = a+ d.

2.2. The Riley-Mednykh polynomial. Let

ρ(s) =

[
M 1
0 M−1

]
, ρ(t) =

[
M 0

2− v M−1

]
,

and let

c =

[
0 −

(√
2− v

)−1
√

2− v 0

]
.

Then from the above Proposition 2.2, we get the following Theorem 2.3. Let
ρ(s) = S, ρ(t) = T and ρ(w) = W . Then tr(T−1S) = v = tr(TS−1). Let
v = x+M2 +M−2. Theorem 2.3 can be found in [8, 32]. We include the proof for
readers’ convenience.
Theorem 2.3. [8, 32] ρ is a representation of π1(X2m

2n ) if and only if x is a root
of the following Riley-Mednykh polynomial,

φ2m2n (x,M) = Sm(z) + [−1 + xSn−1(v) (Sn(v) + (1− v)Sn−1(v))]Sm−1(z).

Proof. Since

T−1S =

[
1 M−1

M(M−2 + (x− 2) +M2) M−2 + x− 1 +M2

]
and

TS−1 =

[
1 −M

−M−1(M−2 + (x− 2) +M2) M−2 + x− 1 +M2

]
,

(T−1S)n =

[
Sn(v)− (v − 1)Sn−1(v) M−1Sn−1(v)
M(v − 2)Sn−1(v) Sn(v)− Sn−1(v)

]
,

(TS−1)n =

[
Sn(v)− (v − 1)Sn−1(v) −MSn−1(v)
−M−1(v − 2)Sn−1(v) Sn(v)− Sn−1(v)

]
Hence

W = (T−1S)n(TS−1)n =

[
W11 W12

(2− v)W12 W22

]
where
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W11 = S2
n(v) + (2− 2v)Sn(v)Sn−1(v) + (1 + 2M−2 − 2v −M−2v + v2)S2

n−1(v)

W12 = (M−1 −M)Sn(v)Sn−1(v) + (Mv −M −M−1)S2
n−1(v)

W22 = S2
n(v)− 2Sn(v)Sn−1(v) + (1 + 2M2 −M2v)S2

n−1(v).

Let z = Tr(W ). Then, since S2
n(v) − vSn(v)Sn−1(v) + S2

n−1(v) = 1 (by [31,
Lemma 2.1] or by induction),

z = W11 +W22 = 2(S2
n(v)− vSn(v)Sn−1(v) + S2

n−1(v))

+ (2M−2 + 2M2 − 2v −M−2v −M2v + v2)S2
n−1(v)

= 2 + (v − 2)xS2
n−1(v).

By Proposition 2.2, we have

(W )m =

[
Sm(z)−W22Sm−1(z) W12Sm−1(z)

(2− v)W12Sm−1(z) Sm(z)−W11Sm−1(z)

]
.

Therefore tr(SWmc)/
√

2− v
(
= (M −M−1)W12Sm−1(z) + Sm(z)−W11Sm−1(z)

)
gives φ2m2n (x,M) [11]. �

3. Longitude

Let l = wm(w∗)m, where w∗ is the word obtained by reversing w. Let L = ρ(l)11.
Then l is the longitude which is null-homologus in X2m

2n . Recall ρ(w) = W . Let

W̃ = ρ(w∗). It is easy to see that W̃ can be written as

W̃ =

[
W̃22 W̃12

(2− v)W̃12 W̃11

]
where W̃ij is obtained by Wij by replacing M with M−1. Similar computation was
introduced in [16]. Hence,

W̃11 = S2
n(v) + (2− 2v)Sn(v)Sn−1(v) + (1 + 2M2 − 2v −M2v + v2)S2

n−1(v)

W̃12 = (M −M−1)Sn(v)Sn−1(v) + (M−1v −M−1 −M)S2
n−1(v)

W̃22 = S2
n(v)− 2Sn(v)Sn−1(v) + (1 + 2M−2 −M−2v)S2

n−1(v).

Definition. The complex length of the longitude l is the complex number γα mod-
ulo 4πZ satisfying

tr(ρ(l)) = 2 cosh
γα
2
.

Note that lα = |Re(γα)| is the real length of the longitude of the cone-manifold
X2m

2n (α).

The following lemma was introduced in [16] with slightly different coordinates.

Lemma 3.1. [16] W21L+ W̃21 = 0.

Theorem 3.2.

L = −M
2(Sn(v)− Sn−1(v))− (Sn−1(v)− Sn−2(v))

(Sn(v)− Sn−1(v))−M2(Sn−1(v)− Sn−2(v))
.
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Proof. By directly computing W21L + W̃21 = 0 in Lemma 3.1 and substituting
Sn(v) + Sn−2(v) for vSn−1(v), the theorem follows. �

4. Schläfli formula for the generalized Chern-Simons function

The general references for this section are [14, 15, 34, 21, 9, 10] and [11].
In [14], Hilden, Lozano, and Montesinos-Amilibia defined the generalized Chern-

Simons function on the oriented cone-manifold structures which matches up with
the Chern-Simons invariant when the cone-manifold is the Riemannian manifold.
On the generalized Chern-Simons function on the family of J(2n,−2m) cone-
manifold structures we have the following Schläfli formula.

Theorem 4.1. (Theorem 1.2 of [15]) For a family of geometric cone-manifold
structures, X2m

2n (α), and differentiable functions α(t) and β(t) of t we have

dI
(
X2m

2n (α)
)

= − 1

4π2
βdα.

5. Proof of the theorem 1.1

For n ≥ 1 and M = ei
α
2 , φ2m2n (x,M) have 2mn component zeros. The component

which passes through (x1, x2) =
(

2− 2 cos
(
π(2m+1)
4nm+1

)
, 2− 2 cos

(
π(2m−1)
4nm+1

))
at α =

π is the geometric component by [15, Theorem 2.1], 2 − x1 > 0 and 2 − x2 > 0.
For each T 2m

2n , there exists an angle α0 ∈ [ 2π3 , π) such that T 2m
2n is hyperbolic for

α ∈ (0, α0), Euclidean for α = α0, and spherical for α ∈ (α0, π] [25, 13, 19, 26].
Denote by D(X2m

2n (α)) be the set of zeros of the discriminant of φ2m2n (x, ei
α
2 ) over

x. Then α0 will be one of D(X2m
2n (α)).

On the geometric component we can calculate the Chern-Simons invariant of an
orbifold X2m

2n ( 2π
k ) (mod 1

k if k is even or mod 1
2k if k is odd), where k is a positive

integer such that k-fold cyclic covering of X2m
2n ( 2π

k ) is hyperbolic:

cs

(
X2m

2n

(
2π

k

))
≡ I

(
X2m

2n

(
2π

k

)) (
mod

1

k

)
≡ I

(
X2m

2n (π)
)

+
1

4π2

∫ π

2π
k

β dα

(
mod

1

k

)
≡ 1

2
cs (L(4nm+ 1, 2n(2m− 1) + 1))

+
1

4π2

∫ α0

2π
k

Im

(
2 ∗ log

(
−M

2(Sn(v)− Sn−1(v))− (Sn−1(v)− Sn−2(v))

(Sn(v)− Sn−1(v))−M2(Sn−1(v)− Sn−2(v))

))
dα

+
1

4π2

∫ π

α0

Im

(
log

(
−M

2(Sn(v1)− Sn−1(v1))− (Sn−1(v1)− Sn−2(v1))

(Sn(v1)− Sn−1(v1))−M2(Sn−1(v1)− Sn−2(v1))

))
dα

+
1

4π2

∫ π

α0

Im

(
log

(
−M

2(Sn(v2)− Sn−1(v2))− (Sn−1(v2)− Sn−2(v2))

(Sn(v2)− Sn−1(v2))−M2(Sn−1(v2)− Sn−2(v2))

))
dα(

mod
1

k
if k is even or mod

1

2k
if k is odd

)
where the second equivalence comes from Theorem 4.1 and the third equivalence
comes from the fact that I

(
X2m

2n (π)
)
≡ 1

2cs (L(4nm+ 1, 2n(2m− 1) + 1))
(
mod 1

2

)
,

Theorem 3.2, and geometric interpretations of hyperbolic and spherical holonomy
representations.
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The following theorem gives the Chern-Simons invariant of the Lens space L(4nm+
1, 2n(2m− 1) + 1).

Theorem 5.1. (Theorem 1.3 of [15])

cs (L (4nm+ 1, 2n(2m− 1) + 1)) ≡ m− n
4nm+ 1

(mod 1).

6. Chern-Simons invariants of the hyperbolic J(2n,−2m) knot
orbifolds and of its cyclic coverings

The table 1 gives the approximate Chern-Simons invariant of T 2m
2n for n between

1 and 4, m between 1 and 4 with n ≥ m. Since T 2
2 , T 4

4 , T 6
6 , T 8

8 are amphicheiral
knots, their Chern-Simons invariants are zero as expected. We used Simpson’s rule
for the approximation with 2 × 104 (104 in Simpson’s rule) intervals from 0 to α0

and 2 × 104 (104 in Simpson’s rule) intervals from α0 to π. The table 2 gives the
approximate Chern-Simons invariant of the hyperbolic orbifold, cs

(
X2m

2n ( 2π
k )
)

for n
between 1 and 4, m between 1 and 4 with n ≥ m, and for k between 3 and 10, and
of its cyclic covering, cs

(
Mk(X2m

2n )
)

except amphicheiral knots. We used Simpson’s

rule for the approximation with 2×102 (102 in Simpson’s rule) intervals from 2π/k
to α0 and 2× 102 (102 in Simpson’s rule) intervals from α0 to π.

We used Mathematica for the calculations. We record here that our data in
Table 1 and those obtained from SnapPy match up up to existing decimal points
and our data in Table 2 and those presented in [8] match up up to existing decimal
points when Chern-Simons invariants presented in [8] are divided by −2π2 and then
read by modulo 1/r for r even and are divided by −π2, read by modulo 1/r and
then divided by 2 for r odd.

Table 1: Chern-Simons invariant of X2m
2n for n between 1 and 4, m between 1 and

4 with n ≥ m except amphicheiral knots.

2n 2m α0 cs
(
X2m

2n

)
2 2 2.094395102393195 0
4 2 2.574140778131840 0.34402298
6 2 2.750685152010280 0.27786688
8 2 2.843209532683532 0.24222232
4 4 2.847642272262783 0
6 4 2.942465754372979 0.42782933
8 4 2.990939179603150 0.38923730
6 6 3.007517657179940 0
8 6 3.040474611156828 0.46103929
8 8 3.065453796328835 0

Acknowledgements. The authors would like to thank Alexander Mednykh, Hyuk
Kim, Nathan Dunfield.
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