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Abstract—We propose the signal-to-noise ratio (SNR) transfer
characteristic band (TCB) chart of extrinsic information (EI) as a
basic tool for the probabilistic convergence analysis of iterative de-
coding. The proposed SNR TCB chart is a general version of the
widely used SNR transfer chart, and it can model the behavior of
EI in iterative decoding with any blocklength. We propose an algo-
rithm using the SNR TCB chart to obtain the information, which is
both quantitative and qualitative, on the probabilistic convergence
behavior of iterative decoding. We also propose the bit-error rate
(BER) estimate, in the form of a lower bound, of turbo codes over
an additive white Gaussian noise channel. The proposed estimate is
especially useful in estimating the BER of finite-length turbo codes
in a waterfall region, while it is meaningful for all blocklengths and
all Eb=N0.

Index Terms—Bit-error rate (BER) estimate, convergence, finite-
length turbo codes, iterative decoding, signal-to-noise ratio (SNR)
transfer characteristic band (TCB) chart.

I. INTRODUCTION

SINCE turbo codes were introduced [1] by Berrou et al. in
1993, the analysis and the prediction of the bit-error rate

(BER) performance have been important issues. However, due
to the mathematical complexity of the iterative turbo decoding
algorithm, the analytical evaluation of the BER has not been
successful. Instead, we usually rely on extensive simulations
in order to obtain the BER of turbo codes. As an alternative
to avoid the exhaustive simulation, some bounding techniques
have been successfully applied [2]–[4] to obtain the upper bound
on the BER performance by considering maximum-likelihood
(ML) decoding instead of iterative decoding. However, those
upper bounds diverge at low including the waterfall re-
gion, and thus, are not that useful as the BER estimates of turbo
codes in the waterfall region, which is the region of most in-
terest. Some tighter BER evaluations in the waterfall region have
also been proposed [5], [6], but they are still based on ML de-
coding instead of iterative decoding.

Since the waterfall in the BER curve, drawn with respect to
, is achieved with the abrupt change in the distribution of
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extrinsic information (EI), there has been the need for an anal-
ysis of the EI in order to study the iterative decoding behavior.
El Gamal and Hammons [7], and Divsalar et al. [8] proposed
an engineering tool for the analysis of the iterative decoding be-
havior considering the signal-to-noise ratio (SNR) transfer char-
acteristics of Gaussian EI with the consistency property [9], [10]
in each constituent decoder. In a similar manner, ten Brink [11]
proposed the EI transfer (EXIT) chart considering the mutual
information transfer characteristics. These tools are useful to es-
timate [7], [11], [12] the threshold value of at which the
waterfall occurs in the BER curve of turbo codes with a very
long information block.

However, the information blocklength, which determines the
abruptness of the waterfall in the BER curve, cannot be ex-
tremely large in many applications, because the longer informa-
tion block causes higher latency, higher frame-error rate (FER)
and higher decoding complexity. Thus, in practice, the infor-
mation blocklength is constrained to finite length at the sacri-
fice of the capacity-approaching performance achieved by the
abrupt waterfall. The universal mobile telecommunication sys-
tems (UMTS) standard proposed by the Third Generation Part-
nership Project (3GPP) [13] limits the information blocklength
of turbo codes to be less than or equal to 5114 bits.

Turbo codes with a finite (or short) information block have
some interesting characteristics [14], [15] as will be discussed
in Section III. The first characteristic is a gentle waterfall in
the BER curve over a wide waterfall region, which makes the
threshold less meaningful and thus makes the SNR transfer chart
[7], [8] and the EXIT chart [11] less useful, where shorter turbo
codes have a wider waterfall region. The second characteristic is
the bimodal histogram of the EI for each information bit over the
ensemble of all possible channel realizations, interleavers, and
iterations obtained at in the waterfall region. The anal-
ysis on the phase trajectory of EI [16] can explain qualitatively,
but not quantitatively, the existence of two modes in the distri-
bution. The ordinary SNR transfer chart or EXIT chart based on
the Gaussian assumption of EI for each information bit may not
model the iterative decoding behavior having above two charac-
teristics. Moreover, the average SNR trajectory and the average
mutual information trajectory of EI obtained from the iterative
decoding simulation with short information blocks do not follow
well the guidelines formed by the pair of SNR transfer functions
[7], [8] or the pair of EXIT functions [11]. The average trajecto-
ries die out [11] before they approach the expected convergent
points where the pair of SNR transfer functions or the pair of
EXIT functions cross. Thus, there is the need for a new analysis
tool for the finite-length iterative decoding algorithm.

As a solution, we propose, in Section IV, the SNR transfer
characteristic band (TCB) chart, which is the basic tool for the
analysis of the probabilistic convergence behavior of iterative
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decoding. As shown in Section III, for each channel realiza-
tion, interleaver and iteration, the EI sequence over all bit posi-
tions will be regarded as the observation sequence of a Gaussian
random variable with the consistency property [9] although the
blocklength is short. Then, for given channel realization, in-
terleaver and iteration, the behavior of constituent decoder can
be modeled by the transfer function of the SNRs of Gaussian
random variables representing EIs over all possible bit positions,
where the SNR transfer function varies depending on channel
realization, interleaver and iteration. Thus by plotting the SNR
transfer functions associated with all possible channel realiza-
tions, interleavers and iterations, a band of SNR transfer func-
tions, which is called the SNR TCB, is formed. The SNR TCB
for each constituent decoder can be obtained by the open loop
simulation, and the SNR TCB chart is obtained by plotting two
SNR TCBs corresponding to both constituent decoders in one
plane by swapping axes. The SNR TCB chart is a general ver-
sion of the ordinary SNR transfer chart, where the SNR TCB
shrinks to the SNR transfer function as the information block-
length grows to infinity. Note that we can obtain the conditional
probability density functions (pdfs) of the SNR of EI in each
constituent decoder from the SNR TCB.

We divide the SNR plane, on which the SNR TCB chart is
drawn, into nonoverlapping square cells. We consider iterative
decoding a Markov-like process whose states are represented by
those cells. The transition probability between each pair of cells
is computed by using the conditional pdfs of the SNR of EI,
which are obtained from the SNR TCB chart. Then, we propose
an algorithm to evaluate the probability that iterative decoding
converges at each cell. The obtained result provides the infor-
mation, which is both quantitative and qualitative, on the proba-
bilistic convergence of iterative decoding which has aforemen-
tioned characteristics. These are described in Section V.

In Section VI, we obtain the BER estimates of turbo codes
in the form of a lower bound by using the proposed SNR TCB
chart and the algorithm proposed in Section V. The obtained
estimates are in reasonable agreement with the simulated BER
over all even in the wide waterfall region of finite-length
turbo codes. The proposed method to get the BER estimates
needs much less computation than the full simulation of iterative
decoding. Thus, the proposed SNR TCB chart can be used as an
efficient tool to predict the BER of finite-length turbo codes.

II. PRELIMINARIES

Iterative turbo decoding uses the maximum a posteriori prob-
ability (MAP) decision algorithm composed of two serially con-
catenated constituent decoders [1], which are named DEC1 and
DEC2, respectively. The basic function of constituent decoders
is to compute the log-likelihood ratio (LLR) of a posteriori
probabilities of each bit in the information block by using the
LLR of a priori probabilities of all information bits and the re-
ceived codeword, or the channel output sequence [1]. The EI is
obtained by subtracting the channel information and the LLR of
a priori probabilities from the LLR of a posteriori probabilities
of each information bit [1]. In iterative decoding, EI messages
obtained in one constituent decoder are fed back to the next con-
stituent decoder after they are interleaved or deinterleaved to be
used as the LLR of a priori probabilities, as shown in Fig. 1.

Fig. 1. Simple structure of iterative turbo decoding, where zzz represents the
channel output sequence or the received codeword.

In this manner, EI messages are iteratively updated for a given
received codeword. Thus, the behavior of each constituent de-
coder can be represented by the function of input and output
EIs for a given received codeword. Throughout this paper, we
assume the all-zero information sequence without loss of gen-
erality and binary phase-shift keying (BPSK) signaling, which
maps a bit 0 to 1 and a bit 1 to , over a binary additive white
Gaussian noise (AWGN) channel. Then, the all-one sequence is
assumed to be transmitted. Throughout this paper, we also as-
sume a random interleaver. Let , , denote the

th information bit in the information block of length , and
let be the channel output of the BPSK signal corresponding
to . Then, we can write the LLR of a posteriori probabilities,
denoted by , for in turbo decoding over an AWGN channel
with the noise variance as

(1)

where is the channel information corresponding to
, and and denote the EI of obtained at the point

and , respectively, marked in Fig. 1. Note that , , ,
and for a given are random variables.

It is generally accepted by observations [17] that in iterative
decoding with a very long information block, the EIs for each

are identically distributed Gaussian random variables. It is
also known that the distribution of EI in a symmetric channel in-
cluding an AWGN channel is consistent [9]. Readers are encour-
aged to refer to [9] for the knowledge of the consistency prop-
erty. The Gaussian random variable with a consistency prop-
erty has the variance which is twice the absolute value of mean.
Then, statistics of EI for each can be described by a single vari-
able, SNR, where the SNR is a half of the mean and one quarter
of the variance, where the mean is positive under the assump-
tion that the all-one sequence is transmitted. So, the behavior
of each constituent decoder can be represented by the transfer
function of the SNRs of input and output EIs with a param-
eter [7], [8]. The behavior of each constituent decoder
can also be studied by using the mutual information transfer
function of input and output EIs, so-called the EXIT function
[11]. By using these transfer functions, it is sufficient to study
open-loop constituent decoders for the analysis of the overall it-
erative decoding process with a very long information block. In
this paper, we focus on the SNR transfer function.
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TABLE I
OBSERVATIONS, � sss , OF RANDOM VARIABLES � AND � sss, WHERE

k = 1; 2; . . . ; N AND sss = sss ; sss ; . . . ; sss

III. MODELING OF EI AND ITS SNR

Consider a certain snapshot of the iterative turbo decoding
process, in which the realization seeds1 of channel and inter-
leaver are denoted by and , respectively, and the iteration
step is denoted by . Let be the condition vector
at the chosen snapshot of iterative turbo decoding, and define

resulting in . The vectors and are
indexed2 as , and , where and

, , correspond to the th snapshot of iterative
decoding. Iterative turbo decoding can be divided into two sub-
processes: one is from the point to the point through DEC1
and another is from the point to the point through DEC2
(see Fig. 1).

Let us define two random variables and at point .
denotes a random variable representing the EI for the th

information bit over the ensemble of all possible channel real-
izations, interleavers and iterations, while denotes a random
variable representing the EI for the given channel realization, in-
terleaver and iteration, denoted by a given , over all choices of
bit positions. We let denote the EI for the information bit
with a given condition vector obtained at the point . Then,

can be interpreted as the observation of a random variable
associated with the th information bit as well as the obser-

vation of a random variable associated with a given condition
vector , which is described in Table I. In the same manner, we
define random variables and at , random variables
and at , and random variables and at . Then,

, and represent the observations of random vari-
ables , and , respectively, associated with a given
information bit position as well as the observations of random
variables , and , respectively, associated with a given

condition vector . Note that and

for any , where denotes a

permutation or interleaving operator for a sequence.
We obtain the average histogram of EI from the collection of

with a given iteration step , where

is the number of condition vectors used in the experiment and
is used as the superscript instead of because .

The average histogram of EI with small appears to be a mix-
ture of several histograms so that it may not be Gaussian. This

1The terminology “seed” means the “realization” of a probabilistic process.
2Note that the indexing sss = sss ; sss ; . . ., is similar to that of k = 1; 2; . . ..

Only one difference is that sss is a vector so we do not index it as sss = 1; 2; . . ..
Instead, we index sss as sss = sss ; sss ; . . . to clarify that it is a vector.

Fig. 2. Average histograms of EI after 20 iterations of turbo decoding with
G = (37; 21), N = 1024, and the code rate R = 1=2.

observation is different from the average histogram of EI with
large , which is Gaussian. Especially for in the wa-
terfall region and large , the average histogram with small
has mainly two modes, one with a high mean and the other
with a low mean, as shown in Fig. 2. An interesting observa-
tion is that as grows, the probability mass associated
with the mode with a low mean decreases in value but the proba-
bility mass associated with the mode with a high mean increases

in value. For a given , the sequence with a

certain fixed also has a histogram similar to the histogram

of which may not be Gaussian. So, the

Gaussian assumption may not work for the EI ensemble over
all possible channel realizations and interleavers, i.e., over all ,
for each bit position and iteration with small . It follows
that the ordinary SNR transfer function of EI, which is based on
the Gaussian assumption of the EI for each , may not work for
small .

Let us break the average histogram into individual
histograms of for each . It is observed that for
each , the EI sequence has a roughly Gaussian
histogram, whose mean and variance vary depending on ,
although is small. For each , let us normalize elements
in the sequence . The normalization can be
conducted in the following two manners. The first one is

and the second one is

where

and denote the average and the standard
deviation, respectively, of a sequence. The first normalization
is based on the consistency property of EI [9], where the
variance of a Gaussian variable is twice its absolute mean.
The cumulative histograms of the individual sequences

for some and are plotted in Fig. 3(a).
Note that we plot the cumulative histograms of individual
sequences because the number of elements in the sequences



1036 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 55, NO. 5, MAY 2007

is not large enough to draw the histograms. We also plot the
logarithm of the average histograms of and

over various in Fig. 3(b). These verify
empirically that the EI sequence for each and

can be considered a realization sequence of a Gaussian
random variable with the consistency property. We have the

same observation for and
with a given . Thus, the Gaussian assumption with the
consistency property works for the EI ensemble over all bit
positions for each given channel realization, interleaver, and
iteration, i.e., for each condition vector . It follows that the
SNR transfer function of EIs must be defined for each .

Thus, the behavior of iterative turbo decoding with given
and can be analyzed by studying the SNR transfer

characteristics of Gaussian random variables representing
EIs over all choices of bit positions for a given . Note that
for a given , elements of are the same as those
of because the original sequence and the scram-
bled sequence have the same elements. Thus, we regard
both and as observation sequences of
a Gaussian random variable with the consistency property,

, where denotes the SNR
of . Likewise, we regard both and
as observation sequences of a Gaussian random variable with
the consistency property, , where

is the SNR of . The SNRs of and can be
estimated from the sequences as

or (2)

or (3)

At each constituent decoder, for given and the SNR of
Gaussian input EI, we may obtain various SNRs of Gaussian
output EI depending on the realization of input variables. Thus,
we regard SNRs of EI as random variables, which are denoted by

and . Recall that is the observation of a random
variable associated with . Likewise, , and are
observations of random variables , and , respectively,
associated with . We define random variables and
as

or (4)

or (5)

By comparing (2) with (4) and (3) with (5), it is clear that
and are observations of random variables

and , respectively, associated3 with .
The condition vector at a certain snapshot of iterative

turbo decoding determines the realization of Gaussian input
EI, although the rule of mapping is not clearly defined. Let

3This representation will be extended to any forms of condition vector with
the abuse of notation. For example, snr sss will denote the observation of
snr associated with sss which will be introduced later.

us define some symbols as follows. and will de-
note the realization seeds of Gaussian input EIs in DEC1
and DEC2, respectively, where we let and

. and will denote the th realiza-
tions of the input EI in DEC1 and DEC2 associated with
and , respectively. will denote the output EI
sequence obtained at DEC1 by using the input EI sequence
associated with and the channel output sequence associ-
ated with . Likewise, will denote the output EI
sequence obtained at DEC2 by using the input EI sequence
associated with and the channel output sequence asso-
ciated with . Note that and can be regarded
as the th observations of Gaussian random variables
and , respectively, with the consistency property. As
mentioned above, for a certain , there exist and such

that and ,

respectively. If at the input of
DEC1 and is used, then . If

at the input of DEC2 and is used,
then . The random choice of , ,
and is equivalent to the random choice of in the iterative
decoding simulation. Thus, the SNR transfer characteristics of
EIs at each constituent decoder in iterative decoding can be
studied by the open-loop analysis of constituent decoders with
ignoring the interleaver and the deinterleaver between them,
which makes the analysis of turbo decoding much simpler.

IV. SNR TCB CHART

Let and denote SNRs of output EIs at
DEC1 and DEC2 obtained by using input EIs generated with

and , respectively, and the channel realization associated
with . Note that and are estimated from

and by (2) and (3), respectively. SNR
transfer functions of EIs in DEC1 and DEC2 for given and

, respectively, are written as

for DEC1 (6)

for DEC2 (7)

where and are used as the superscript of and , respec-
tively, to denote that the SNR transfer function of EI in DEC1
and DEC2 depend on and , respectively. SNR transfer char-
acteristics of EI in DEC1 and DEC2 are random functions, and
the functions given in (6) and (7) are their sample functions as-
sociated with and , respectively. For each , a band
of [or ] will be formed by plotting observations of
the SNR of output EI, [or ], obtained with various

[or ] for each SNR of input EI, [or ], in DEC1
[or DEC2]. This band will be called the SNR TCB. Since SNR
transfer characteristics cannot be analytically derived, we em-
pirically obtain SNR TCBs by using the open loop simulation
[7], [8]. SNR TCBs can model the probabilistic behavior of
DEC1 and DEC2.

Let us consider DEC1 and a fixed to describe how
to obtain the SNR TCB in detail. For a given value of ,

we generate a sequence which is the realization
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Fig. 3. Cumulative histograms and the logarithm of average histograms of normalized EI sequences, obtained at the point T marked in Fig. 1, for various sss and
E =N in turbo decoding with G = (37; 21), N = 1024, and R = 1=2 over AWGN channel.

Fig. 4. Logarithm of the average histogram of normalized snr sss obtained
for various sss from the open loop simulation of DEC1 with a certain snr and
E =N , where G = (23;35) and N = 1024.

sequence of a Gaussian random variable with the consistency
property associated with , whose mean and variance are

and , respectively. Then, we input this sequence
to DEC1 with a sequence of channel realization associated
with . We obtain the sequence as the output of
DEC1, and estimate in the similar manner to (2). We
repeat the same procedure for various , and we obtain the col-
lection of estimates for which has an approximately
Gaussian histogram as shown in Fig. 4. We will represent the
distribution of the collection of estimates for obtained
at each by the mean, denoted by , and the
standard deviation, denoted by . By interpolating

and , respectively, computed for
various , we obtain smooth functions and

. Then, for any value of , we get the
conditional Gaussian pdf with the mean

and the standard deviation . For a graphical
representation of the SNR TCB, we plot
with respect to , where are values read on the -axis.
The band bound by a pair of curves,
and , represents the SNR TCB for DEC1

as shown in Fig. 5, where we also plot with respect
to in the middle of the SNR TCB. We will call the SNR
TCB for DEC1 the -band. To obtain the SNR TCB for DEC2,
we consider the input and the output, and do
the similar procedure to what was used in obtaining the SNR
TCB for DEC1. The SNR TCB for DEC2 is represented by
using and , which denote the mean and the
standard deviation of the collection of estimates for
obtained with various by (3), at all , where are values
of . We will call the SNR TCB for DEC2 the -band.
From the -band, we can get the conditional Gaussian pdf

with the mean and the standard
deviation for any . The resulting two SNR
TCBs corresponding to DEC1 and DEC2 are plotted together in
one plane by swapping axes as shown in Fig. 5, which is named
the SNR TCB chart. The above procedure is performed for
various of interest. Note that the representation of the
SNR TCB by using the curves of one standard deviation above
and below the mean of the collection of output SNRs is just
one way to describe the SNR TCB. Many other ways may exist
to represent SNR TCBs. As shown in Fig. 5, the -band and
the -band move slowly upward and rightward, respectively,
as grows. We plot in Fig. 6 the SNR trajectories of
individual EI sequences with obtained at the snap-
shots of the iterative turbo decoding simulation with successive
iterations for given channel realization, interleaver and ,
in which we also plot SNR TCBs. As observed in Fig. 6,
vertices of individual SNR trajectories fit in SNR TCBs quite
well, which shows that the SNR TCB can model the behavior
of EIs in iterative decoding with small . Note that all vertices
of each SNR trajectory are associated with fixed and but
with different which is successive. If at least one of elements
in varies, it may correspond to different and

. Thus, points in the SNR TCBs corresponding to vertices
of a SNR trajectory with given and may be obtained from
different and .

For a given , the width of the -band in the direction
of -axis depends on . It is observed that if
the input sequences of a constituent decoder are realizations
of Gaussian random variables with fixed distributions, the en-
semble histogram of randomly scrambled output EI for each bit
position and iteration , e.g., in DEC1, looks
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Fig. 5. SNR TCB chart of EI in turbo decoding with G = (37; 21), N = 1024, and R = 1=2.

Fig. 6. Sample SNR trajectories of EI sequences obtained from the iterative
decoding simulation, which are depicted with the SNR TCB chart, where N =
1024,G = (37;21), R = 1=2, and E =N = 0.5 dB.

identical and Gaussian [18]. This observation implies that the
Gaussian assumption may work for the ensemble distribution of
the randomly scrambled output EI, say in DEC1 for each .
However, the SNR transfer characteristic between the input EI
and the scrambled output EI in each constituent decoder should
be obtained by considering the interleaver and the deinterleaver.
Thus, the analysis of this SNR transfer characteristic has no ad-
vantage over the full simulation of iterative decoding. However,
the Gaussian assumption of scrambled EI is useful to find the
relationship between the information blocklength and the width
of the SNR TCBs as the following.

It is observed that for each , the ensemble histogram of
scrambled EI is almost independent of , unless is too small.
Suppose that is not too small. Consider the open loop simula-
tion used to obtain the -band for given and . Since
the realization sequences of Gaussian random variables with
fixed distributions are input to DEC1, the distribution of ,

, which denotes the randomly scrambled output

EI in DEC1, is identical and Gaussian, and is independent of
. Then, for any choice of , we obtain the same

which is the middle curve, , in the -band shown
in Fig. 5. Let and be the mean and the variance of , re-
spectively, for any . Then, the mean of for
a given is obtained by using the second equation in (4) as

(8)

Let be the correlation coefficient between and . Let
be the average correlation coef-

ficient between and over all . Then, the variance of
for a given is obtained by

(9)

where it is supposed that as observed usually.
It is observed that the larger is, the less correlated

and are. This observation can be explained by consid-
ering the BCJR algorithm [19] or the sum-product algorithm
[17], [20] used to decode turbo codes. The EI at the output of
DEC1, , , is computed by using probability
functions and which are obtained recursively by for-
ward and backward process, respectively, in the sum-product
algorithm. For details, readers are encouraged to refer to [20].
The sum-product algorithm is a Markov process in which is
obtained by using and is obtained by using . Thus,
for and with , and are weakly correlated,
and so are and . This results in the weak correlation be-
tween EIs whose epochs are far apart. As grows, the EI of
any selected information bit becomes less correlated on the av-
erage with EIs of other information bits. Then, it is clear that
the larger is, the less mutually correlated output EIs can be
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Fig. 7. Grid in the plane S and the cells S , 0 � k; j � T .

made on the average after a random scramble. Therefore, is
decreasing with respect to , where the speed of the increase
of has much lower order than because .
It is clear that in (9) decreases as grows, and so
does the width of -band. Likewise, decreases as

grows, and so does the width of -band. As goes to in-
finity, goes to zero and thus, and de-
crease to zero, which result in the widths of the -band and the

-band approaching zero. With a very long information block,
the -band and the -band can be represented asymptotically by
single curves which are SNR transfer functions proposed in [7].
Thus, we claim that the proposed SNR TCB is a general version
of the ordinary SNR transfer function.

V. PROBABILISTIC CONVERGENCE ANALYSIS

OF ITERATIVE DECODING

We can obtain the information on the probabilistic conver-
gence behavior of iterative decoding from the SNR TCB chart
and the following algorithm. Given SNR TCBs, we obtain
the conditional pdfs for all
and for all from SNR TCBs
as introduced in Section IV. Let us define a plane in the

-plane bound by for
sufficiently large , which is shown in Fig. 7. We define a
grid with a spacing whose intersecting points are denoted
by , where with and

. Let us define square cells
, whose centers are the points , ,

which are bound by and
. Note that means

and .
Let be the probability that the point
obtained at the th iteration of the decoding process is located
in the cell . With the abuse of notation for the iteration
step , we let represent the iteration step after
decoding by DEC1 but before decoding by DEC2, and we let

represent the iteration step after decoding by DEC2,
where ’s are positive integers. We let denote the
probability that for a given

, and let denote the probability that

for a given . It is
clear that

(10)

(11)

where for any and
for any . We obtain

(12)

by decoding at DEC1, and

(13)

by decoding at DEC2. The update of ,
, basically follows (12) and (13) with the initial

condition

if and
otherwise.

(14)

This process is similar to the discrete time Markov process
whose states are , , with the probability

at the iteration . The transition probabilities be-
tween states are the following. When , the transition
probability from to is if and
is 0, otherwise. When , the transition probability from

to is if and is 0, otherwise.
Let us call the transition from to with a
vertical transition, and the transition from to with

a horizontal transition. We also call the “self-transition”
from to a hold. Note that a vertical transition
and a horizontal transition follow the updating rule in (12)
and (13), respectively. Iterative decoding starts from the cell

and forms a SNR trajectory along the SNR TCB chart by

, where , and .

Note that both a hold and a vertical transition can occur at the
first iteration . After that, a horizontal transition and
a vertical transition occur alternately as iterations go on. If a
hold occurs in at the iteration either after a vertical
transition from or after a horizontal transition from

in the SNR trajectory, iterative decoding is considered
to converge at this iteration because there is no update in the
SNR of EI. A hold at following a hold at also
implies the convergence of iterative decoding at .

For easy understanding, let us consider the case of ,
by which the cells are regarded as points, and consider a
SNR trajectory associated with certain and . This SNR tra-
jectory will experience vertical transitions and horizontal tran-
sitions alternately along a pair of corresponding SNR transfer
curves, and representing
DEC1 and DEC2, respectively. Note that and are conceptu-
ally defined, but are not actually obtained. If the SNR trajectory
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TABLE II
ALGORITHM TO OBTAIN p (x ; y ), 0 � k; j � T

experiences a hold on a certain point after a vertical transition or
after a horizontal transition, this implies that and intersect
at this point and the SNR trajectory reaches this point. Then,
the SNR trajectory gets stuck at this point, at which iterative
decoding with chosen and converges. Let us consider a
hold at the iteration , which results from . If

, two transfer curves and do not meet at the point
(0,0) and thus the SNR trajectory does not get stuck at (0,0),
which implies that iterative decoding does not converge at this
point. On the other hand, if , two transfer curves
and meet at the point (0,0) and the SNR trajectory gets stuck
at (0,0), which implies that iterative decoding converges at this
point. Note that the latter event is considered a hold at the it-
eration . Therefore, a hold at the iteration does
not imply the convergence of iterative decoding at this iteration,
which is different from a hold at . The description for the
SNR trajectory given above can be generalized for any size of

.
At every iteration with , the cell is mapped

either from by a hold or from by a vertical transi-
tion, where . At every iteration with , the cell
is mapped either from by a hold or from by a hor-
izontal transition, where . The portion of
associated with a self-transition’ at is the probability that
iterative decoding converges at the cell at the iteration .
We subtract this portion from the obtained and use
the rest portion as the probability of the state in the next
iteration of Markov-like process. The portion of as-
sociated with a self-transition at is saved and accumulated
every half iteration, which will be denoted by . We
repeat this updating process for predetermined number of itera-
tions, . The value of obtained after iter-
ations is the estimate of the probability that iterative decoding
converges at the cell , where
if is very large. The updating process of is
summarized in Table II, where the steps 1–9 are performed for
all .

In summary, given SNR TCBs providing the conditional
pdfs of the SNR of EI, we obtain the transition probability be-
tween cells, which are considered the states of the Markov-like
process, by (10) and (11). Then, by the algorithm given in
Table II, we compute the probability of convergence at each
cell. Each iteration of the Markov-like process models the itera-
tion of the turbo decoding process in the view of the SNR of EI.

Fig. 8. Value of p (x ; y ) obtained from the SNR TCB chart and the al-
gorithm in Table II, where G = (37; 21), N = 1024, and R = 1=2.

Fig. 9. Value of p (x ; y ) obtained from the SNR TCB chart and the al-
gorithm in Table II, where G = (37;21), N = 4096, and R = 1=2.

We can obtain the information on the probabilistic convergence
of iterative decoding with a small amount of computation by
using the proposed algorithm based on a given SNR TCB chart.
Since the large results in a large amount of computation, the
size of should be chosen appropriately.

Figs. 8 and 9 show the values of , ,
obtained by the SNR TCB chart and the algorithm given in
Table II. It is observed that has two modes, where
one mode is with low values of and another mode
is with high values of . This is similar to the bi-
modal average histogram of EI shown in Fig. 2. As
grows, the probability mass associated with the mode with low
SNRs decreases in value while the probability mass associated
with the mode with high SNRs increases in value. When the in-
formation block is short, the decrease and increase of the prob-
ability mass associated with two modes occur slowly with the
increase of , which corresponds to a slow improvement
of the BER with respect to . We note that the higher SNR
of EI results in the lower BER as will be shown in the next sec-
tion. By comparing Figs. 8 and 9, it is observed that as the infor-
mation block gets longer, the decrease and increase of the prob-
ability mass associated with two modes occur faster due to the
narrower SNR TCBs obtained by using the longer information
block. The faster decrease and increase of the probability mass
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Fig. 10. Value of p (x ; y ) obtained from the ordinary SNR transfer chart
and the algorithm in Table II, where G = (37; 21) and R = 1=2

associated with two modes correspond to a faster improvement
of the BER and thus a sharper waterfall.

Let us see what information we can get regarding the con-
vergence behavior of iterative decoding by using the ordinary
SNR transfer chart. Fig. 10 shows the values of ,

, obtained by the ordinary SNR transfer chart ac-
companied by the algorithm given in Table II. For each ,
the convergence probability is 1 at only one cell,
and is 0 at all other cells. Thus, the convergence behavior pre-
dicted from the ordinary SNR transfer chart looks deterministic.
In addition, there is no room for considering the information
blocklength when predicting the convergence behavior. Thus,
the ordinary SNR transfer chart cannot model the probabilistic
convergence behavior of iterative decoding, which depends on
the information blocklength. The peak of with the
height 1 transitions abruptly from a cell with low SNR to a cell
with high SNR when surpasses a threshold value. Con-
sequently, the ordinary SNR transfer chart can only predict the
value of threshold .

VI. BER ESTIMATES OF TURBO CODES

Given the condition vector defined in Section III, decoding
for is conducted by considering which is the observation of
a random variable in (1) associated with . Since the channel
output sequence and EI sequences for each are regarded as ob-
servation sequences of Gaussian random variables as mentioned
in Section III, the sequence can also be regarded as
an observation sequence of a Gaussian random variable . In
other words, we will regard , , and as the th ob-
servations of Gaussian random variables , , and ,
respectively, where

(15)

and . It is observed [1] that , , and
are weakly and nonnegatively correlated. The mean of is
written as

(16)

where the last equality is obtained by the consistency property
of and , and where with the

code rate . By the nonnegative correlation among , ,
and , the variance of is lower-bounded as

(17)

where and denote the variance of and , re-

spectively, and the consistency property of and is used.
Let and denote SNRs of output EIs in DEC1 and
DEC2, respectively, at the convergence of iterative decoding.
We also let denote the BER obtained after iterative decoding
converges. Note that , and are random vari-
ables over the ensemble of channel realizations and interleavers.
Let be the con-
dition vector at the convergence of iterative decoding, where

represents the convergence. Given , the bit-error
probability (BEP) is measured in a decoded information block
after the convergence of iterative decoding. This BEP is esti-
mated by using the Gaussian random variable as

(18)

where is regarded as the observation of a random variable
associated with . Since

(19)

by (16) and (17), and is a decreasing function, it follows
from (18) that the BER in a decoded information block associ-
ated with is lower-bounded as

(20)

Note that and are observations of

and , respectively, associated with . Thus, the
random variable is lower-bounded as

(21)

We estimate the right-hand side of (21) by using the SNR TCB
chart and the algorithm given in Table II, by which the analysis
on the probabilistic convergence behavior of iterative decoding
is available.

In the rest of this section, we consider a fixed and a
corresponding SNR TCB chart. The value of ob-
tained from the algorithm given in Table II is the estimate of the
probability that . We can estimate the
lower bound on the BER given in (21) by

(22)

Note that by considering a small plane , we obtain a larger
probability that the point is placed outside
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Fig. 11. BER estimates and simulations of turbo codes for sample encoders
with N = 1024 and R = 1=2 over an AWGN channel.

the plane , which is denoted by . The
right-hand side of (22) gets smaller as a smaller is considered,
so that the right hand side of (22) obtained from a small is still
estimating a certain lower bound on BER. It is observed that the
degradation in estimating the lower bound on BER resulted from
considering a small plane with is negligible against
considering a very large , while the amount of computation can
be saved a lot. For a given , the value of is,

roughly speaking, the probability that is in the
mode with low SNRs, while is the prob-

ability that is in the mode with high SNRs, as
shown in Figs. 8 and 9. The mode with high SNRs produces neg-

ligible value of com-
pared with the mode with low SNRs. Thus, the use of a small
plane with appropriately chosen , say , does
not result in the noticeable degradation in estimating the BER.
It is well known that the BER is lower bounded by the free dis-
tance asymptote [21], denoted by , over all , where
the free distance asymptote is a good estimate of the BER at
high . Thus, we add to the right-hand side of (22)
to obtain the tight estimate of BER at high . We define

as

(23)
and propose this as the BER estimate in the form of a lower
bound, where . The same procedure is repeated for
various of interest. The proposed BER estimates for
sample turbo codes obtained from the SNR TCB chart and the
algorithm given in Table II are plotted together with the corre-
sponding BER simulations in Figs. 11 and 12, where we used

, and . We also plotted the BER esti-
mates obtained from the ordinary SNR transfer chart in Figs. 11
and 12. The proposed BER estimates obtained from the SNR
TCB chart are reasonably tight to the corresponding BER sim-
ulations over all range of including the waterfall region.

Fig. 12. BER estimates and simulations of turbo codes withG = (15; 13) and
R = 1=2 over an AWGN channel for various blocklengths.

Fig. 13. BER estimates and simulations for some candidate encoders withN =
4096 and R = 1=2 achieving good waterfall performances.

On the other hand, the ordinary SNR transfer chart can only pre-
dict the threshold . The gentle waterfall of BER cannot
be predicted by using the ordinary SNR transfer chart. As
grows, the proposed BER estimate decreases faster with respect
to in the waterfall region. If is very long, the situation
is the same as the case of using the ordinary SNR transfer chart,
which shows that the proposed SNR TCB chart is a general ver-
sion of the ordinary SNR transfer chart. In Fig. 13, the BER es-
timates and simulations for some encoders with and

achieving good waterfall performances are plotted.
Since the proposed BER estimates are obtained by using the

open-loop analysis, it definitely needs much less computation
than a full simulation of iterative turbo decoding. Thus, the pro-
posed tool enables us to estimate efficiently the BER of turbo
codes even with short information block in the waterfall region.
We can obtain tighter BER estimates to the BER simulation by
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using the EXIT band chart [22], which imposes a looser assump-
tion on the Gaussian distribution of output EI at each constituent
decoder, with more computation amount than needed in the pro-
posed method.

VII. CONCLUSION

We proposed the SNR TCB chart as a probabilistic model for
the convergence analysis of iterative decoding. The SNR TCB
can model the probabilistic transfer characteristics of the SNRs
of input and output EIs in each constituent decoder. The SNR
TCB chart is a general model of the widely used SNR transfer
chart, where the width of SNR TCBs decreases as the infor-
mation blocklength grows. We proposed an algorithm using the
SNR TCB chart to get the information on the probabilistic con-
vergence of iterative decoding. By using this probabilistic infor-
mation, we obtained the BER estimates of turbo codes, which
are reasonably tight to the simulated BER curve over all ranges
of , including the waterfall region. The proposed tool
needs much less amount of computation than what is needed
for the full simulation of iterative decoding. The proposed tool
is especially useful to estimate the BER of finite-length turbo
codes having a wide waterfall region, which has not been avail-
able with other existing tools such as the SNR transfer chart or
the EXIT chart.
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